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For  a  twoNstation  system  where  the  stations  know  that  N  =  2  we  derive  a  closep  form  expression 
for  the  expected  value  of  the  system  delay.  For  an  N  station  system  we  deriv/ a  closed  form  ex¬ 
pression  approximating  the  expected  delay  in  a  symmetric  system  under  hepy  load  conditions. 
For  a  two  station  system  where  the  stations  do  not  know  that  N  -  2  we  de/ive  the  approximate 
behavior.  The  values  predicted  by  this  approximation  are  compared  to  Emulation  results  and 
found  to  be  very  accurate. 

We  also  analyze  the  throughput  of  a  slotted  ALOHA  directional  tandem/n  a  multi-hop  packet  ra¬ 
dio  environment.  Thi\  study  considers  a  model  consisting  of  N  station^ach  of  which  is  equipped 
with  an  infinite  buffenand  each  of  which  transmits  to  its  downstream  neighbor.  The  access 
scheme  used  is  symmetnc  slotted  ALOHA  according  to  which  a  station  whose  buffer  is  not  empty 
will  transmit  with  probability  p.  Our  point  of  departure  is  a  pre/friously  reported  result  which 
states  that  when p  -  1  thetandem  is  fully  synchronized  and  the  swtem  throughput  is  1/3,  which  is 
the  maximum  achievable  throughput  in  a  tandem.  We  extend  this  result  and  show  that  for  p  <  1 
the  system  is  "partially  synchronized"  and  derive  an  expressioiyapproximating  the  throughput  (S) 
for  high  values  of  p.  This  expression  is: 

5  =  1 

For  low  values  of  p  we  approxima^  the  throughput  by  the  following  expression: 

S  =P(l-/>)2 


For  the  medium  range  of  p  we  suggest  an  approxim^ 
linear  combination  of  the  two  expressions  given  aboy 
pared  to  simulation  results  and  are  found  to^be  very  i 
which  consist  of  less  than  20  stations). 


'ion  to  the  system  throughput  by  using  a 
The  approximations  suggested  are  com- 
irate  for  most  practical  tandems  (tandems 


Lastly,  we  study  the  behavior  of  a  very  fast  biaireotional  bus  system.  We  assume  that  the  system 
consists  of  N  stations  located  on  a  bidirectionaVous  and  analyze  the  system  throughput  for  dif¬ 
ferent  transmission  policies.  A  major  assumption,  in  this  analysis  is  that  the  bus  is  very  fast,  so 
that  the  time  for  a  packet  (one  unit  of  transmitted  information)  to  propagate  from  one  station  to  its 
neighbor  is  equal  to  or  greater  than  the  transmission^ me  of  the  packet.  This  study  is  in  contrast 
to  the  results  reported  in  previous  studies  wllich  predict  that  certain  access  schemes  like  CSMA 
(which  uses  the  carrier  sense  mechanism)  will  perform  very  poorly  in  this  environment  Our 
prediction  shows  that  due  to  synchronization  properties  observed  in  this  system,  the  system 
throughput  is  relatively  high.  Our  results/also  provide  evidence  that  the  very  fast  bus  system  is 
very  stable  and  does  not  need  any  artificial  mechanism  to  coHtrol  its  stability. 


This  contract  has  three  primary  designated  research  areas:  distributed  communications  access,  dis¬ 
tributed  processing,  and  distributed  control  and  algorithms. 

This  report  contains  the  abstracts  of  the  publications  which  summarize  our  research  results  in 
those  areas  during  this  semi-annual  period,  followed  by  the  main  body  of  the  report  which  con¬ 
sists  of  the  Ph.D.  dissertation  by  Hanoch  Levy,  "Non-Uniform  Structures  and  Synchronizations 
Patterns  In  Shared-Channel  Communications  Networks",  conducted  under  die  supervision  of  Pro¬ 
fessor  Leonard  Kleinrock  (Principal  Investigator  for  this  contract).  In  this  study,  we  begin  with 
some  purely  theoretical  results  which  we  later  applied  to  some  practical  communication  systems. 

First,  a  single-server  queueing  system  in  which  a  start-up  delay  is  incurred  whenever  an  idle 
period  ends  and  a  single-server  queueing  system  in  which  the  server  takes  vacation  periods  when 
the  system  is  idle  are  both  analyzed.  In  these  systems,  the  start-up  delays  (or  the  vacation  periods) 
are  assumed  to  be  random  variables  independent  of  the  system  state.  The  main  result  of  this  prel¬ 
iminary  analysis  states  that  the  delay  distribution  in  the  queue  with  starter  is  composed  of  the 
direct  sum  of  two  independent  random  variables:  1)  The  delay  in  the  equivalent  queue  without 
starter,  called  the  original  delay.  2)  The  additional  delay  suffered  due  to  the  start-up  delay.  It  is 
further  shown  that  M/G/l  with  vacations  is  just  a  special  case  of  M/G/l  with  starter,  so  that  the 
delay  in  M/G/l  with  vacations  can  be  easily  found  by  using  the  formula  for  the  delay  of  M/G/l 
with  starter.  Second,  using  geometric  arguments  it  is  explained  why  the  additional  delay  in  the 
vacation  system  is  distributed  as  the  residual  life  of  the  vacation  period. 

Next,  we  analyze  the  delay  of  a  single  server  queue  with  a  starter.  However,  now  the  start-up  de¬ 
lay  is  not  assumed  to  be  independent  of  the  system  stette.  Rather,  it  is  assumed  that  the  length  of 
the  start-up  duration  depends  on  the  arrival  proccess.  Two  types  of  systems  are  analyzed:  1)  A 
system  where  the  start-up  delay  depends  on  the  amount  of  work  (or  the  number  of  customers)  ar¬ 
riving  to  the  system  at  the  beginning  of  the  start-up  period.  2)  A  system  where  the  start-up  delay 
depends  or  the  length  of  the  idle  period  preceding  the  start-up  operation.  For  these  systems  we 
derive  the  expected  value  of  the  additional  delay  suffered  in  tire  system.  This  value  can  be  added 
to  to  the  expected  value  of  the  original  delay  (which,  for  most  systems  without  a  starter  is  easy  to 
derive)  to  yield  the  expected  value  of  the  total  delay  in  the  system  with  starter.  It  is  shown  that 
these  results  can  be  easily  applied  to  systems  with  bulk  arrivals  as  well  as  for  systems  with  single 
arrivals. 

Then,  we  analyze  the  behavior  of  random  polling  systems.  The  polling  systems  considered  con¬ 
sist  of  N  stations,  each  equipped  with  an  infinite  buffer,  and  of  a  single  server  who  serves  them  in 
some  order.  In  contrast  to  previously  studied  polling  systems  where  the  order  of  service  used  by 
the  server  is  periodic  (and  usually  cyclic),  in  the  systems  considered  here  the  next  station  to  be 
served  after  station  i  is  determined  by  probabilistic  means.  Three  service  policies  are  considered: 
l)  Exhaustive  policy.  2)  Gated  policy.  3)  Non  exhaustive  policy.  For  all  these  service  policies  we 
derive  a  closed  form  expression  for  the  expected  delay  in  the  system  when  the  stations  are  as¬ 
sumed  to  be  symmetric.  For  non  symmetric  systems  we  present  a  sent  of  AT*  linear  equations  that 
must  be  solved  numerically  to  yield  the  expected  value  of  the  delay.  The  results  reported  in  this 
chapter  are  applied  in  chapter  5  in  the  analysis  of  exhaustive  ALOHA  schemes.  The  queueing 
behavior  of  exhaustive  slotted  ALOHA,  a  method  which  is  used  to  control  the  transmission  of  N 
stations  in  a  one-hop  environment  is  presented  next 
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For  a  two  station  system  where  the  stations  know  that  N  =  2  we  derive  a  closed  form  es;  -ess:,  n 
for  the  expected  value  of  the  system  delay.  For  an  N  station  system  we  derive  a  closed  form  ex¬ 
pression  approximating  the  expected  delay  in  a  symmetric  system  under  heavy  load  conditions. 
For  a  two  station  system  where  the  stations  do  not  know  that  N  -  2  we  derive  the  approximate 
behavior.  The  values  predicted  by  this  approximation  are  compared  to  simulation  results  and 
found  to  be  very  accurate. 

We  also  analyze  the  throughput  of  a  slotted  ALOHA  directional  tandem  in  a  multi-hop  packet  ra¬ 
dio  environment.  This  study  considers  a  model  consisting  of  N  stations  each  of  which  is  equipped 
with  an  infinite  buffer  and  each  of  which  transmits  to  its  downstream  neighbor.  The  access 
scheme  used  is  symmetric  slotted  ALOHA  according  to  which  a  station  whose  buffer  is  not  empty 
will  transmit  with  probability  p.  Our  point  of  departure  is  a  previously  reported  result  which 
states  that  when  p  =  I  the  tandem  is  fully  synchronized  and  the  system  throughput  is  1/3,  which  is 
the  maximum  achievable  throughput  in  a  tandem.  We  extend  this  result  and  show  that  for  p  <  I 
the  system  is  "partially  synchronized"  and  derive  an  expression  approximating  the  throughput  (S) 
for  high  values  of  p.  This  expression  is: 


3'  [2-ph*\ 

For  low  values  of  p  we  approximate  the  throughput  by  the  following  expression: 

S  ~p(\-p)7 

For  the  medium  range  of  p  we  suggest  an  approximation  to  the  system  throughput  by  using  a 
linear  combination  of  the  two  expressions  given  above.  The  approximations  suggested  are  com¬ 
pared  to  simulation  results  and  are  found  to  be  very  accurate  for  most  practical  tandems  (tandems 
which  consist  of  less  than  20  stations). 

Lastly,  we  study  the  behavior  of  a  very  fast  bidirectional  bus  system.  We  assume  that  the  system 
consists  of  /V  stations  located  on  a  bidirectional  bus  and  analyze  the  system  throughput  for  dif¬ 
ferent  transmission  policies.  A  major  assumption  in  this  analysis  is  that  the  bus  is  very  fast,  so 
that  the  time  for  a  packet  (one  unit  of  transmitted  information)  to  propagate  from  one  station  to  its 
neighbor  is  equal  to  or  greater  than  the  transmission  time  of  the  packet  This  study  is  in  contract 
to  the  results  reported  in  previous  studies  which  predict  that  certain  access  schemes  like  CSMA 
(which  uses  the  carrier  sense  mechanism)  will  perform  very  poorly  in  this  environment  Our 
prediction  shows  that  due  to  synchronization  properties  observed  in  this  system,  the  system 
throughput  is  relatively  high.  Our  results  also  provide  evidence  that  the  very  fast  bus  system  is 
very  stable  and  does  not  need  any  artificial  mechanism  to  control  its  stability. 
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TASK  HI.  DISTRIBUTED  CONTROL  AND  ALGORITHMS 


Routing,  flow  control  and  survivability  in  large  packet  radio  networks  as 
well  as  in  public  data  networks  will  be  studied  as  control  algorithms  in  a 
distributed  environment.  Measures  of  performance,  including 
throughput,  response  time,  blocking,  power,  fairness,  and  robustness  will 
be  applied  to  these  systems.  Distributed  algorithms  for  finding  shortest 
paths,  connectivity,  loops,  etc.  will  be  studied.  The  effect  of  node  and 
link  failures,  limited  amounts  of  memory  at  each  node  and  restricted 
channel  capacity  for  communications  will  be  investigated.  The  effect  of 
network  failures  and  delays  on  distributed  data  base  management  systems 
will  also  be  studied. 


A  major  contribution  of  our  research  during  this  reporting  period  is  contained  in  Reference  4  list¬ 
ed  below,  namely  "Non-Uniform  Structures  and  Synchronization  Patterns  In  Shared-Channel 
Communication  Networks",  by  Hanoch  Levy.  This  dissertation  was  supervised  by  Professor  Leo¬ 
nard  Kleinrock  (Principal  Investigator  for  this  research). 

In  this  study,  we  begin  with  some  purely  theoretical  results  which  we  later  applied  to  some  practi¬ 
cal  communication  systems. 

First,  a  single-server  queueing  system  in  which  a  start-up  delay  is  incurred  whenever  an  idle 
period  ends  and  a  single-server  queueing  system  in  which  the  server  takes  vacation  periods  when 
the  system  is  idle  are  both  analyzed.  In  these  systems,  the  start-up  delays  (or  the  vacation  periods) 
are  assumed  to  be  random  variables  independent  of  the  system  state.  The  main  result  of  this  prel¬ 
iminary  analysis  states  that  the  delay  distribution  in  the  queue  with  starter  is  composed  of  the 
direct  sum  of  two  independent  random  variables:  1)  The  delay  in  the  equivalent  queue  without 
starter,  called  the  original  delay.  2)  The  additional  delay  suffered  due  to  the  start-up  delay.  It  is 
further  shown  that  M/G/l  with  vacations  ft  just  a  special  case  of  M/G/l  with  starter,  so  that  the 
delay  in  M/G/l  with  vacations  can  be  easily  found  by  using  the  formula  for  the  delay  of  M/G/l 
with  staner.  Second,  using  geometric  arguments  it  is  explained  why  the  additional  delay  in  the 
vacation  system  is  distributed  as  the  residual  life  of  the  vacation  period. 

Next,  we  analyze  the  delay  of  a  single  server  queue  with  a  starter.  However,  now  the  start-up  de¬ 
lay  is  not  assumed  to  be  independent  of  the  system  state.  Rather,  it  is  assumed  that  the  length  of 
the  start-up  duration  depends  on  the  arrival  process.  Two  types  of  systems  are  analyzed:  1)  A 
system  where  the  start-up  delay  depends  on  the  amount  of  work  (or  the  number  of  customers)  ar¬ 
riving  to  the  system  at  the  beginning  of  the  start-up  period.  2)  A  system  where  the  start-up  delay 
depends  on  the  length  of  the  idle  period  preceding  the  start-up  operation.  For  these  systems  we 
derive  the  expected  value  of  the  additional  delay  suffered  in  the  system.  This  value  can  be  added 
to  to  the  expected  value  of  the  original  delay  (which,  for  most  systems  without  a  starter  is  easy  to 
derive)  to  yield  the  expected  value  of  the  total  delay  in  the  system  with  starter.  It  is  shown  that 
these  results  can  be  easily  applied  to  systems  with  bulk  arrivals  as  well  as  for  systems  with  single 
arrivals. 


ADVANCED  TELEPROCESSING  SYSTEMS 


Defense  Advanced  Research  Projects  Agency 
Semi  -  Annual  Technical  Report 


September  30, 1984 


INTRODUCTION 

This  Semi  -  Annual  Technical  Report  covers  research  carried  out  by  the  Advanced  Teleprocessing 
Systems  Group  at  UCLA  under  DARPA  Contract  No.  MDA  903-82-C-0064  covering  the  period 
from  April  1,  1984  to  September  30,  1984.  Under  this  contract  we  have  three  designated  tasks  as 
follows: 


TASK  I  DISTRIBUTED  COMMUNICATIONS  ACCESS 

The  general  problem  of  sharing  a  multi-access  broadcast  distributed  sys¬ 
tems  among  a  set  of  competing  users  will  be  studied.  General  issues  in¬ 
volving  exhaustive  communications,  start-up  problems  and  refined 
models  to  manifest  some  more  realistic  phenomena  in  these  systems  will 
be  studied.  Applications  to  packet  radio  systems  and  large  survivable 
networks  involving  the  study  of  tandem  networks,  multi-hop  networks, 
one-way  communication  links,  correct  reception  of  more  than  one  simul¬ 
taneous  transmission  and  mobility  will  be  included.  Further  applications 
will  include  the  stndy  of  very  high  bandwidth  channels  and/or  very  long 
propagation  delay  systems,  multiple  token  systems  and  compound 
hierarchical  network  structures. 


TASK  II  DISTRIBUTED  PROCESSING 

The  interplay  between  distributed  communications  in  a  broadcast  en¬ 
vironment  and  processing  of  distributed  data  will  be  studied.  For  exam¬ 
ple,  the  effect  of  merging  sorted  lists  in  a  broadcast  environment,  as  well 
as  finding  properties  of  elements  in  these  lists,  will  be  studied.  Con¬ 
currency  in  multiprocessor  systems  will  be  studied  in  order  to  investigate 
performance  in  terms  of  response  time  and  speedup  factors  for  various 
graph  models  of  computation.  Connection  architectures  for  multiproces¬ 
sor  systems  will  be  investigated  as  well.  One  application  here  is  the 
structure  of  the  processing  and  communication  architecture  for  super¬ 
computers. 


Then,  we  analyze  the  behavior  of  random  polling  systems.  The  polling  systems  considered  con¬ 
sist  of  N  stations,  each  equipped  with  an  infinite  buffer,  and  of  a  single  server  who  serves  them  in 
some  order.  In  contrast  to  previously  studied  polling  systems  where  the  order  of  service  used  by 
the  server  is  periodic  (and  usually  cyclic),  in  the  systems  considered  here  the  next  station  to  be 
served  after  station  i  is  determined  by  probabilistic  means.  Three  services  policies  are  con¬ 
sidered:  1)  Exhaustive  policy.  2)  Gated  policy.  3)  Non  exhaustive  policy.  For  all  these  service 
policies  we  derive  a  closed  form  expression  for  the  expected  delay  in  the  system  when  the  stations 
are  assumed  to  be  symmetric.  For  non  symmetric  systems  we  present  a  sent  of  N2  linear  equa¬ 
tions  that  must  be  solved  numerically  to  yield  the  expected  value  of  the  delay.  The  results  report¬ 
ed  in  this  chapter  are  applied  in  chapter  5  in  the  analysis  of  exhaustive  ALOHA  schemes.  The 
queueing  behavior  of  exhaustive  slotted  ALOHA,  a  method  which  is  used  to  control  the  transmis¬ 
sion  of  N  stations  in  a  one-hop  environment  is  presented  next. 

For  a  two  station  system  where  the  stations  know  that  N  =  2  we  derive  a  closed  form  expression 
for  the  expected  value  of  the  system  delay.  For  an  N  station  system  we  derive  a  closed  form  ex¬ 
pression  approximating  the  expected  delay  in  a  symmetric  system  under  heavy  load  conditions. 
For  a  two  station  system  where  the  stations  do  not  know  that  N  =  2  we  derive  the  approximate 
behavior.  The  values  predicted  by  this  approximation  are  compared  to  simulation  results  and 
found  to  be  very  accurate. 

We  also  analyze  the  throughput  of  a  slotted  ALOHA  directional  tandem  in  a  multi-hop  packet  ra¬ 
dio  environment.  This  study  considers  a  model  consisting  of  N  stations  each  of  which  L  equipped 
with  an  infinite  buffer  and  each  of  which  transmits  to  its  downstream  neighbor.  The  access 
scheme  used  is  symmetric  slotted  ALOHA  according  to  which  a  station  whose  buffer  is  not  empty 
will  transmit  with  probability  p.  Our  point  of  departure  is  a  previously  reported  result  which 
states  that  when  p  =  1  the  tandem  is  fully  synchronized  and  the  system  throughput  is  )/3,  which  is 
the  maximum  achievable  throughput  in  a  tandem.  We  extend  this  result  and  show  that  for  p  <  l 
the  system  is  "partially  synchronized"  and  derive  an  expression  approximating  the  throughput  (S) 
for  high  values  of  p.  This  expression  is: 


For  low  values  of  p  we  approximate  the  throughput  by  the  following  expression: 

S  =p(\-p)2 

For  the  medium  range  of  p  we  suggest  an  approximation  to  the  system  throughput  by  using  a 
linear  combination  of  the  two  expressions  given  above.  The  approximations  suggested  are  com¬ 
pared  to  simulation  results  and  are  found  to  be  very  accurate  for  most  practical  tandems  (tandems 
which  consist  of  less  than  20  stations). 

Lastly,  we  study  the  behavior  of  a  very  fast  bidirectional  bus  system.  We  assume  that  the  system 
consists  of  N  stations  located  on  a  bidirectional  bus  and  analyze  the  system  throughput  for  dif¬ 
ferent  transmission  policies.  A  major  assumption  in  this  analysis  is  that  the  bus  is  very  fast,  so 
that  the  time  for  a  packet  (one  unit  of  transmitted  information)  to  propagate  from  one  station  to  its 
neighbor  is  equal  to  or  greater  than  the  transmission  time  of  the  packet.  This  study  is  in  contrast 
to  the  results  reported  in  previous  studies  which  predict  that  certain  access  schemes  like  CSMA 
(which  uses  the  carrier  sense  mechanism)  will  perform  very  poorly  in  this  environment.  Our 
prediction  show  that  due  to  synchronization  properties  observed  in  this  system,  the  system 
throughput  is  relatively  high.  Our  results  also  provide  evidence  that  the  very  fast  bus  system  is 
very  stable  and  does  not  need  any  artificial  mechanism  to  control  its  stability.  The  entire  disserta¬ 
tion  is  reproduced  as  the  main  body  of  this  report.  The  following  list  of  research  publications 
summarizes  the  results  of  this  semi-annual  period  and  the  abstract  of  each  paper  is  given  along 
with  the  reference  itself. 
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1.  Aguiar  Rodrigues,  P.,  L.  Fratta  and  M.  Gerla  "Token-Less  Protocols  For  Fiber  Op¬ 
tics  Local  Area  Networks",  Proceedings,  ICC  Amsterdam,  May  1984. 

A  family  of  distributed  bus  access  protocols  is  presented.  The  medium 
consists  of  a  pair  of  unidirectional  fiber  optics  busses  to  which  stations 
are  connected  via  passive  taps.  The  protocols  provide  round  robin 
conflict  free  bounded  delay  access  to  all  stations.  Contrary  to  most  round 
robin  access  schemes,  they  do  not  require  transmission  of  special  packets 
(tokens);  rather,  they  simply  rely  on  the  detection  of  bus  activity  at  each 
station. 


2.  Nelson,  R.  and  L.  Kleinrock,  "The  Spatial  Capacity  of  a  Slotted  ALOHA  Multihop 
Packet  Radio  Network  with  Capture",  IEEE  Transactions  on  Communications ,  Vol. 
Com-32,  No.  6,  June  1984,  pp.  684-694. 

In  this  paper  we  determine  throughput  equations  for  a  packet  radio  net¬ 
work  where  terminals  are  randomly  distributed  on  the  plane,  are  able  to 
capture  transmitted  signals,  and  use  slotted  ALOHA  to  access  the  chan¬ 
nel.  We  find  that  the  throughput  of  the  network  is  a  strictly  increasing 
function  of  the  receiver’s  ability  to  capture  signals,  and  depends  on  the 
transmission  range  of  the  terminals  and  their  probability  of  transmitting 
packets.  Under  ideal  circumstances,  we  show  the  expected  fraction  of 
terminals  in  the  network  that  are  engaged  in  successful  traffic  in  any  slot 
does  not  exceed  21  percent. 


3.  Gafni  E,  and  Y.  Afek,  "Election  and  Traversal  in  Unidirectional  Networks",  ACM 
Symposium  Proceedings,  Principles  of  Distributed  Computing,  Vancouver,  British 
Columbia,  August  1984. 

This  paper  presents  distributed  algorithms  for  election  and  traversal  in 
strongly  connected  unidirectional  networks.  A  unidirectional  network 
consists  of  nodes  which  are  processors  connected  by  unidirectional  com¬ 
munication  links.  Initially,  processors  differ  by  their  identifier  but  are 
otherwise  similar.  The  election  algorithm  distinguishes  a  single  proces¬ 
sor  from  all  other  processors.  The  election  algorithm  requires  O(log  n) 
bits  of  memory  in  each  processor  and  has  communication  complexity  of 
0(  nm+n2  log  n)  bits.  In  the  traversal  algorithm  one  node  initiates  a  to¬ 
ken  which  visits  all  the  nodes  of  the  network  and  returns  to  the  initiator. 

The  traversal  algorithm  is  derived  from  the  election  algorithm.  It 
achieves  the  same  communication  complexity  and  uses  only  0(1)  bits  of 
memory  in  each  processor. 


4.  Levy,  Hanoch  "Non-Uniform  Structures  and  Synchronizations  Patterns  In  Shared- 
Channel  Communications  Networks",  Ph.D.  dissertation.  Computer  Science  Depart¬ 
ment,  University  of  California,  Los  Angeles,  Report  No.  CSD-840049,  August  1984. 
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In  this  dissertation  we  study  an  important  property  of  shared  channel  communication  networks  — 
the  self-synchronization  property.  Our  goal  is  to  study  systems  which  tend  to  naturally  synchronize  them¬ 
selves.  The  advantage  of  this  property  is  that  the  system  will  be  efficient  under  both  heavy  and  low  loads 
without  using  artificial  means.  The  contributions  of  this  dissertation  fall  into  two  disciplines:  one,  the 
discipline  of  shared  channel  communication  networks,  in  which  we  uncover  and  study  synchronization 
properties  of  several  systems;  the  other,  queueing  theory,  in  which  we  study  several  general-application 
systems,  the  studies  of  which  are  required  for  the  analysis  of  the  shared  channel  systems. 

As  related  to  queueing  theory,  the  main  contributions  of  this  dissertation  are  the  following: 

1)  We  develop  a  novel  approach  to  study  the  delay  in  the  queue  with  starter:  This  approach  is 
shown  to  be  very  powerful  in  analyzing  many  variations  of  the  queue  with  starter. 

2)  We  introduce  the  random  polling  system  as  a  queueing  model  for  distributed  control  systems.  We 
analyze  this  system  and  compare  it  with  the  "traditionaP  cyclic  polling  system. 


The  main  contributions  to  the  discipline  of  shared  channel  communication  networks  are: 

1)  We  analyze  the  expected  delay  in  the  eikauttive  tlolted  ALOHA  system. 

2)  We  study  the  throughput  of  a  tlolted  ALOHA  dirtetional  tandem  and  observe  the  demonstration 
of  its  self-synchronization  properties.  It  is  shown  that  the  "level  of  synchronization"  observed  in  the 
system  continuously  increases  with  the  transmission  rate  and,  thus,  the  system  throughput  monotoni- 
cally  increases  with  the  transmission  rate. 

3)  We  study  the  throughput  in  a  very-fatt  bidirectional  but  system.  This  system  is  analyzed  under 
the  basic  assumption  that  the  parameter  a  (packet  transmission  time  divided  by  the  propagation 
delay)  is  very  big.  Two  important  results  are  observed  for  this  system:  a)  Under  perfect  tekeduling, 
a  system  capacity  of  practically  2  is  obtained,  b)  Under  stochastic  arrivals,  the  system  synchronizes 
itself.  For  this  reason  the  system  throughput  monotonically  increases  with  the  offered  load  and 
reaches  a  value  of  1  when  the  offered  load  is  1.  Because  of  the  synchronization  property,  the  system 
is  very  stable  and  efficient,  in  contradiction  to  the  predictions  of  previous  studies. 

In  general,  it  is  observed  that  synchronization  properties  play  an  important  role  in  the  behavior  of 
shared  channel  networks.  It  is  concluded  that  any  analysis  of  shared  channel  communication  networks 
must  account  for  these  properties  and  that  neglecting  them  may  result  in  wrong  predictions. 


CHAPTER  1 
Introduction 


Shared-channel  communication  systems  have  been  developed  and  extensively  studied 
during  the  last  decade.  In  such  systems  a  broadcast  communication  channel  is  to  be  shared 
among  a  group  of  geographically  distributed  stations  each  demanding  access  to  the  channel  in  a 
random  fashion.  The  most  common  shared-channel  communication  networks  are:  1) 
Satellite  networks,  in  which  ground  stations  communicate  with  each  other  by  a  radio  channel 
and  by  using  a  satellite  aa  a  repeater.  2)  Packet  radio  networks,  in  which  many  stations  com¬ 
municate  with  each  other  by  a  ground  radio  channel.  3)  Local  area  networks,  in  which  many 
stations,  geographically  close  to  each  other,  use  a  cable  communication  media'  (like  a  coaxial 
cable  or  a  fiber  optic  cable)  to  communicate  with  each  other. 

The  main  issue  in  designing  shared-channel  networks  is  the  design  of  access  schemes.  An 
access  scheme  is  a  set  of  rules  which  determines  for  each  station  under  which  circumstances  it  is 
allowed  to  transmit.  The  main  goal  of  an  access  scheme  is  to  efficiently  control  the  stations' 
transmissions.  Two  main  approaches  are  commonly  used  to  control  access  to  the  channel: 

1.  Random  access  schemes. 

2.  "Organized”,  conflict  free  schemes. 

In  a  scheme  of  the  first  type  any  station  tries  to  acquire  the  channel  without  completely 
coordinating  its  action  with  its  neighbors.  Such  schemes  include  ALOHA  |Abra70),  Slotted- 
ALOHA  [Abra73|  and  CSMA  (see,  for  example,  (KIei76|).  While  the  performance  of  these 
schemes  is  very  good  for  low  traffic  demand  (immediate  response)  they  tend  to  become  poor  at 
times  of  high  demand.  This  is  because  collisions  are  more  likely  to  occur  when  many  stations  try 
to  access  the  channel  simultaneously  (a  collision  occurs  if  two  or  more  stations  transmit  at  the 
same  time). 


*The  distinction  between  radio  networks  to  local  area  networks  is  not  always  very  sharp.  In 
some  cases  a  local  area  network  may  use  a  radio  channel  as  a  communication  media;  in  this  case 
the  system  may  be  considered  both  as  a  local  area  network  and  as  a  packet  radio  network. 


In  a  scheme  of  the  second  type  the  system  is  "organized".  Only  one  station  at  a  time  is 
permitted  to  transmit,  so  the  access  scheme  is  conflict  (collision)  free.  Such  schemes  include 
MSAP  [Scho76]  (token-ring),  TDMA  (see,  for  example,  [Klei76]),  EXPRESS-NET  [Frat8lj  and 
others.  The  performance  of  these  schemes  is  good  for  heavy  traffic  and  poor  (due  to  a  relatively 
long  response  time)  for  light  traffic. 

In  this  work  we  study  a  special  property  of  shared-  channel  communication  networks, 
namely,  the  telf-tynckronizing  property.  We  take  a  clue  from  nature,  in  which  we  often  observe 
that  a  set  of  many  randomly  behaving  particles  may  display  a  self  organised  global  motion.  Try¬ 
ing  to  imitate  this  phenomenon,  we  look  for  these  features  in  the  behavior  of  shared-channel 
communication  networks. 

The  advantage  of  this  behavior  is  twofold.  First,  if  the  system  is  self  synchronizing,  then 
no  external  synchronization  mechanism  is  required.  Second,  such  a  system  should  behave 
efficiently  both  for  heavy  and  light  traffic:  when  the  traffic  is  light,  the  station  (as  equivalent  to 
the  independent  particle)  obeys  its  own  random  demands,  without  conflicting  with  others.  When 
the  traffic  is  heavy,  the  behavior  of  the  stations  becomes  organized  so  that  the  number  of 
conflicts  is  minimized.  In  a  sense,  this  behavior  is  a  natural  mixture  of  the  two  basic  access 
approaches:  the  random  access  approach  at  low  load  and  the  conflict  free  approach  at  heavy 
load. 

Synchronization  effects  have  not  been  studied  extensively  in  the  context  of  shared- 
channel  communication  networks.  The  complexity  of  the  models  (see  a  detailed  discussion  of 
this  issue  in  section  1.1)  and  the  limitations  of  the  available  analysis  tools  have  caused  research¬ 
ers  to  make  simplifying  assumptions  which  "hide"  (or  disregard)  these  features.  The  most  com¬ 
mon  of  these  simplifying  assumptions  are:  1)  Uniformity  of  the  network  structure.  2)  Indepen¬ 
dence  of  events.  It  is  the  absence  of  much  previous  study  that  makes  this  research  important. 
Features  that  were  not  studied  before  (or  even  were  not  observed!)  may  have  a  significant  impact 
on  the  performance  of  communication  systems.  In  general,  new  access  and  routing  schemes  are 
developed  (and  implemented)  on  the  basis  of  understanding  system  behavior.  Therefore,  it  is 
important  to  know  how  close  the  existing  modeb  (and  their  analyses)  are  to  the  behavior  of  the 
real  system.  Uncovering  the  synchronization  effects  in  shared-channel  communication  networks 
will  contribute  to  a  better  understanding  of  the  system  behavior. 

In  fact,  the  results  reported  in  this  dissertation  show  that  in  many  cases  the  predictions 
of  the  simplifying-assumption  modeb  are  mbleading.  For  example,  for  some  systems  the  simpli¬ 
fying  model  predicts  very  poor  performance  at  high  loads;  in  contrast,  this  study  shows  that,  due 
to  synchronized  behavior,  the  same  system  performs  almost  perfectly  at  high  loads. 
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We  conclude  that  synchronization  properties  must  be  considered  when  shared-channel 
communication  networks  are  analyzed.  Moreover,  it  is  important  to  consider  these  features  in  the 
design  of  shared-channel  networks.  It  is  also  concluded  that  simplifying  assumptions  about  uni¬ 
formity  of  the  structure  and  about  independence  of  events  may  cause  significantly  wrong  predic¬ 
tions,  and  thus  should  be  considered  cautiously. 

We  choose  to  study  the  synchronization  properties  by  the  means  of  case  studies.  These 
cases  are  shared-channel  communication  networks  that  possess  synchronization  properties.  Since 
each  of  these  systems  is  an  important  topic  for  itself  we  study  them  in  full  detail,  revealing, 
through  the  research,  the  synchronization  properties.  A  description  of  these  case  studies  is  given 
in  section  1.2. 

1.1  Motivation,  Difficulties  and  Solution  Approaches 

In  contrast  to  the  assumptions  commonly  used  in  the  analysis  of  communication  net¬ 
works,  namely  independence  of  events  and  uniformity,  the  two  properties  inherently  related  to 
synchronized  systems  are  quite  the  opposite,  namely: 

1.  Non-uniform  structure. 

2.  Events  which  are  statistically  correlated  to  each  other. 

In  a  non-uniform  structure  some  station  may  be  distinguishable  from  the  others.  In  contrast,  in 
a  uniform  structure  it  is  hard  to  distinguish  one  station  from  the  others;  this  property  is  strongly 
related  to  the  claim  that  in  a  symmetric  network  (no  node  identifiers)  there  is  no  distributed 
deterministic  way  to  elect  a  node  [Gall79],  To  contrast  the  uniformity  property  with  synchroni¬ 
zation  note  that  the  elements  (stations)  in  synchronized  systems  are  distinct  from  each  other  at  a 
given  time  (eg.,  one  transmits,  the  others  are  silent).  For  this  reason  we  conjecture  that  syn¬ 
chronization  features  are  strongly  related  to  non-uniform  structures,  and  that  it  is  very  unlikely 
to  observe  these  features  in  uniform  structures. 

The  second  property  (i.e.,  correlation)  simply  states  that  in  a  synchronized  system  the 
events  occurring  at  time  t  are  correlated  to  the  events  occurring  at  time  r<*. 

Not  accidently,  synchronization  patterns  have  not  been  deeply  studied  in  communication 
networks.  The  reason  is  that  both  the  non-uniformity  property  and  the  correlation  property  were 
rarely  represented  in  previous  models.  The  common  simplifying  assumptions,  namely,  the 
independence  of  events  and  the  structure  uniformity  did  not  allow  these  properties  to  show  up  in 
the  models. 
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It  should  be  dear  that  any  of  these  "simplifying  assumptions"  is  usually  necessary  for  the 
simplicity  of  the  analysis  in  all  the  models  where  it  is  used.  The  limitation  of  queueing  theory 
and  of  other  analysis  tools  do  not  allow  us  to  easily  analyte  a  system  where  the  events  are  non- 
independent  (for  example  the  reader  can  refer  to  (YemifiOj  where  a  complete  chapter  deals  with 
the  difficulties  of  solving  two  dimensional  Markov-chains).  So,  for  the  sake  of  "elegant"  analysis, 
simplifying  assumptions  usually  have  to  be  made. 

From  the  above  discussion  it  is  implied  that  our  task  of  revealing  synchronizing  patterns 
is  not  easy.  In  order  to  observe  these  properties  we  have  to  abandon  some  of  the  "good"  assump¬ 
tions,  an  action  which  will  make  the  analysis  difficult.  For  this  reason  we  will  not  always  be  able 
to  achieve  "elegant"  results.  Rather,  in  many  of  the  eases  where  queueing  theory  took  will  be 
found  to  be  too  weak  we  may  have  to  resort  to  some  of  the  following  means: 

1.  Apply  some  other  relaxing  assumption  that  still  preserves  the  properties  to  be  observed. 

2.  Apply  approximation  or  simulation  techniques. 

We  are  aware  of  the  lack  of  elegance  of  these  techniques  but  consider  them  as  the  "price"  that 
has  to  be  paid  in  order  to  better  understand  communication-network  behavior. 

Due  to  the  difficulties  in  the  analysis,  for  some  of  the  systems  to  be  analyzed  it  was 
required  to  solve  some  bask  problems  in  queueing  theory.  For  this  reason  this  dissertation  con¬ 
sists  of  two  logical  parts:  The  first  part  is  a  theoretical  part  and  is  devoted  to  the  study  of 
several  bask  queueing  systems.  The  second  part  deals  with  studying  the  synchronization  feature 
in  several  shared-channel  communkation  networks.  The  queueing  theory  results  derived  in  the 
first  part  are  used  in  the  second  part  where  we  analyse  shared-channel  communication  networks. 

1.3  The  Cane  Studies 

Three  shared-channel  communkation  systems  are  considered  in  this  work.  The  first  sys¬ 
tem  is  a  one-hop*  network  where  the  access  scheme  used  is  exhaustive  slotted  .ALOHA.  Accord¬ 
ing  to  this  scheme,  a  station  whkh  successfully  transmits  a  unit  of  information  (called  a  packet ) 
will  have  the  exclusive  right  to  continue  transmitting  other  packets  without  being  interrupted  by 
the  other  stations.  Only  after  this  station  ezhauiti  its  buffer,  are  the  other  stations  allowed  to 
access  the  channel.  This  system  ean  be  thought  of  as  "control  synchronized"  (in  contrast  to 
naturally  synchronized)  since  the  exhaustive  scheme  implies  that  the  stations  take  turns  in  their 
transmissions  so  that  the  system  is  actually  synchronized. 


*A  one-hop  network  it  a  network  where  every  station  hears  all  the  other  stations.  In  contrast,  a 
multi-hop  network  is  a  system  where  a  given  station  bears  only  some  of  the  other  stations,  which 
are  called  the  neighbor!  of  this  station. 


The  second  system  is  a  directional  tandem  in  a  multi-hop  radio  environment  where  the 
access  scheme  used  is  slotted  ALOHA.  The  tandem  is  a  basic  structural  component  of  any 
multi-hop  radio  network.  Thus  understanding  the  tandem  behavior  is  very  important  for  the 
analysis  of  multi-hop  radio  networks.  This  study  reveals  that  at  high  loads  the  tandem  network 
tends  to  synchronise  itself  and  thus  to  perform  very  efficiently  [Yemi80|.  This  is  in  contrast  to 
the  common  belief  that  the  performance  of  shared-channel  networks  significantly  degrades  at 
high  loads.  The  synchronization  feature  analysed  in  this  study  may  lead  to  the  invention  of 
efficient  access  and  routing  schemes  tailored  for  the  multi-hop  radio  network. 

The  third  and  the  last  system  is  a  very-fast-bus  network.  In  this  system  all  stations  are 
connected  to  a  very  fast  bidirectional  bus  through  which  they  communicate  with  each  other.  The 
common  belief  about  bus  networks  is  that  the  performance  of  these  systems  under  random  access 
schemes  (like  CSMA  or  CSMA/CD)  degrades  when  the  speed  of  transmission  increases.  Accord¬ 
ing  to  this  belief  the  performance  of  the  CSMA  access  scheme  will  be  very  poor  when  imple¬ 
mented  on  a  very  fast  bus  system.  In  contrast  to  this  belief,  our  study  reveals  that  in  a  very-fast 
bus  system  with  a  high  load,  the  system  tends  to  synchronize  itself.  As  a  matter  of  fact  we  dis¬ 
cover  that  the  system  throughput  monotonically  increases  with  the  offered  load  and  reaches  a 
value  of  1  at  very  high  load. 

1.3  Structurn  of  thin  Work  and  Summary  of  Results 

As  mentioned  above  this  dissertation  consists  of  two  main  parts:  The  first  part,  contain¬ 
ing  chapters  2,  3  and  <1,  deals  with  solving  general  problems  in  queueing  theory.  The  second  part, 
containing  chapters  5,  0  and  7,  deals  with  the  case  studies  discussed  above.  The  solutions 
derived  in  chapters  2,  3  and  4,  are  used  in  the  analysis  carried  in  chapter  S.  Due  to  the  nature 
of  this  work  the  previous  work  related  to  each  topic  is  separately  reviewed  in  each  of  the 
chapters. 

1.3.1  Delay  Analysis  of  a  Queue  with  an  Independent  Starter  (Chapter  3) 

A  single-server  queueing  system  in  which  a  start-up  delay  is  incurred  whenever  an  idle 
period  ends  and  a  single-server  queueing  system  in  which  the  server  takes  vacation  periods  when 
the  system  is  idle  are  both  analyzed  in  chapter  2.  In  all  systems  analyzed  in  this  chapter  the 
start-up  delays  (or  the  vacation  periods)  are  assumed  to  be  random  variables  independent  of  the 
system  state. 

The  main  result  of  this  chapter  states  that  the  delay  distribution  in  the  queue  with  star¬ 
ter  is  composed  of  the  direct  sum  of  two  independent  random  variables:  I)  The  delay  in  the 
equivalent  queue  without  starter,  called  the  original  delag.  2)  The  additional  delay  suffered  due  to 
the  start-up  delay.  Using  this  decompaction  property,  it  is  easy  to  derive  the  distribution  of  the 
delay  suffered  in  the  system  with  starter.  This  analysis  is  done  for  systems  (both  discrete  and 


continuous)  where  the  interarrival  time*  possess  the  memoryless  property  In  the  second  part  of 
this  chapter,  using  the  decomposition  approach,  we  analyte  the  M/G/l  system  with  vacation 
periods.  It  is  drat  shown  that  M/G/l  with  vacations  is  just  a  special  case  of  M/G/l  with  starter, 
so  that  the  delay  in  M/G/l  with  vacations  can  be  easily  found  by  using  the  formula  for  the 
delay  of  M/G/l  with  starter.  Second,  using  geometric  arguments  it  is  explained  why  the  addi¬ 
tional  delay  in  the  vacation  system  is  distributed  as  the  residual  life  of  the  vacation  period. 

1.3.1  Delay  Analysis  of  a  Queue  with  a  Non  Independent  Starter  (Chapter  3) 

Chapter  3  is  a  natural  extension  of  the  study  done  in  chapter  2.  Again,  in  this  chapter, 
we  analyze  the  delay  of  a  single  server  queue  with  a  starter.  However,  in  contrast  to  the  systems 
studied  in  chapter  2,  here  the  start-up  delay  is  not  aeeumed  to  be  independent  of  the  eyttem  etate. 
Rather,  it  is  assumed  that  the  length  of  the  start-up  duration  dependt  on  the  arrival  proeeet. 

The  analysis  method  used  in  this  chapter  is  similar  to  the  one  used  in  chapter  2.  Using 
the  deeomporition  property  presented  in  chapter  2,  it  is  relatively  simple  to  analyze  the  delay  in  a 
single  server  queue  with  a  non  independent  starter. 

Two  types  of  systems  are  analyzed:  1)  A  system  where  the  start-up  delay  depends  on 
the  amount  of  work  (or  the  number  of  customers)  arriving  to  the  system  at  the  beginning  of  the 
start-up  period.  2)  A  system  where  the  start-up  delay  depends  on  the  length  of  the  idle  period 
preceding  the  start-up  operation.  As  in  chapter  2  the  analysis  is  done  for  systems  (both  discrete 
and  continuous)  where  the  interarrival  periods  possess  the  memoryless  property. 

For  these  systems  we  derive  the  expected  value  of  the  additional  delay  suffered  :n  the 
system.  This  value  can  be  added  to  to  the  expected  value  of  the  original  delay  (which,  for  most 
systems  without  a  starter  is  easy  to  derive)  to  yield  the  expected  value  of  the  total  delay  in  the 
system  with  starter.  In  addition,  in  the  cases  where  the  original  delay  cannot  be  derived,  the 
expression  for  the  expected  value  of  the  additional  delay  has  its  own  importance  if  different  star¬ 
ters  are  compared  to  each  other.  It  is  shown  that  these  results  can  be  easily  applied  to  systems 
with  bulk  arrivals  aa  well  as  for  systems  with  single  arrivals. 

A  deeper  study  is  done  on  the  M/G/l  system  with  a  starter  where  the  start-up  delay 
depeods  on  the  service  time  of  the  firet  euetomer  (a  customer  arriving  at  an  empty  system).  For 
this  system  we  derive  the  Laplace-Stieitjes  transform  (LST)  of  the  total  delay  suffered  in  the  sys¬ 
tem. 


'The  delay  analysis  of  an  M/G/l  system  with  an  independent  starter  has  been  done  previously 
using  other  analysis  methods.  Using  the  decomposition  method  we  rederive  this  result. 


6 


The  result*  of  this  analysis  sad  the  results  reported  in  chapter  2  are  applied  in  chapter  5 
to  the  analysis  of  some  exhaustive  slotted  ALOHA  systems. 

1.3.3  Thu  Analysis  of  Random  Polling  Systems  (Chapter  4) 

In  chapter  4  we  analyze  the  behavior  of  random  polling  systems.  The  polling  systems 
considered  consist  of  JV  stations,  each  of  them  equipped  with  an  infinite  buffer,  and  of  a  single 
server  who  serves  them  in  some  order.  In  contrast  to  previously  studied  polling  systems  where 
the  order  of  service  used  by  the  server  is  periodic  (and  usually  cyclic),  in  the  systems  considered 
here  the  next  station  to  be  served  after  station  i  is  determined  by  probabilistic  meono.  More 
specifically,  according  to  the  model  considered  in  this  chapter,  after  serving  station  i  the  server 
will  poll  station  j  (j  — 1,2,  \iV)  with  probability  pr 

The  model  considered  here  is  a  discrete  time  model  where  the  service  time  of  a  customer 
is  assumed  to  be  fixed  and  equal  to  the  discrete  time  unit.  The  arrivals  to  each  station  are 
assumed  to  be  bulk  arrivals  with  bulk  size  taken  from  an  arbitrary  distribution,  and  the  size  of 
the  bulk  arriving  at  time  independent  of  the  size  of  the  bulk  arriving  at  time  t2  (for  2). 

Three  service  policies  are  considered  in  this  chapter:  1)  Exhaustive  policy.  2) 
Gated  policy.  3)  Non  exhaustive  policy.  For  all  these  service  policies  we  derive  a  closed  form 
expression  for  the  expected  delay  in  the  system  when  the  stations  are  assumed  to  be  symmetric. 
For  non  symmetric  systems  we  present  a  set  of  N1  linear  equations  that  must  be  solved  numeri» 
cally  to  yield  the  expected  value  of  the  delay.  Also  derived  in  this  chapter  are  relations  for  the 
z-transforms  of  the  cycle  time  and  of  the  number  of  customers  found  in  the  system  at  polling 
instants. 

The  results  reported  in  this  chapter  are  applied  in  chapter  5  in  the  analysis  of  exhaustive 
ALOHA  schemes. 


1.3.4  An  Analysis  of  tbs  Exhaustive  Slotted  ALOHA  System  (Chapter  5) 

In  this  chapter  we  study  the  queueing  behavior  of  exhaustive  slotted  .ALOHA,  a  method 
which  is  used  to  control  the  transmission  of  N  stations  in  a  one-hop  environment.  Our  main  goal 
in  this  chapter  is  to  derive  the  expected  delay  observed  in  this  system.  This  is  our  first  case 
study. 

For  a  two  station  system  where  the  stations  know  that  ,V»2  we  derive  a  closed  form 
expression  for  the  expected  value  of  the  system  delay.  This  analysis  is  done  partially  by  using 
the  queue  with  starter  approach  and  the  results  derived  in  chapters  2  and  3,  and  partially  by 
using  a  Markov  Chain  approach. 


For  aa  N  station  system  we  derive  a  closed  form  expression  approximating  the  expected 
delay  in  a  symmetric  system  under  heavy  load  conditions.  To  derive  this  expression  ve  emulate 
the  system  by  a  random  polling  system  and  use  the  results  derived  in  chapter  4. 

For  a  two  station  system  where  the  stations  do  not  know  that  iV»2  we  use  the  two 
results  reported  above:  1)  The  expression  derived  for  the  two  station  systen  'where  the  stations 
know  that  W— 2)  is  used  as  a  low  load  approximation  and  as  a  lower  bound.  2)  The  expression 
derived  for  the  N  station  system  is  used  as  a  heavy  load  approximation.  To  approximate  the 
expected  delay  in  the  middle  range  of  the  load  we  use  a  linear  combination  of  the  two  approxi¬ 
mations.  The  values  predicted  by  this  approximation  are  compared  to  simulation  results  and 
found  to  be  very  accurate. 

1.3.5  Synchronisation  properties  In  the  Behavior  of  a  Slotted  ALOHA  Tandem 
(Chapter  9) 

In  chapter  6  we  analyze  the  throughput  of  a  slotted  ALOHA  directional  tandem  in  a 
multi-hop  packet  radio  environment.  This  second  case  study  considers  a  model  consisting  of  ,V 
stations  each  of  which  is  equipped  with  an  infioite  buffer  and  each  of  which  transmits  to  its 
downstream  neighbor.  The  access  scheme  used  is  symmetric  slotted  ALOHA  according  to  which 
a  station  whose  buffer  is  not  empty  will  transmit  with  probability  p.  Our  point  of  departure  is  a 
previously  reported  result  [Yemi80|  which  states  that  when  p»l  the  tandem  is  fully  synchron¬ 
ized  and  the  system  throughput  is  1/3,  which  is  the  maximum  achievable  throughput  in  a  tan¬ 
dem.  We  extend  this  result  and  show  that  for  p  <1  the  system  is  "partially  synchronized"  and 
derive  aa  expression  approximating  the  throughput  (S)  for  high  values  of  p.  This  expression  is: 


For  low  values  of  p  we  approximate  the  throughput  by  the  following  expression: 

S  *  p(l  -p)2 

For  the  medium  range  of  p  we  suggest  an  approximation  to  the  system  throughput  by  using  a 
linear  combination  of  the  two  expressions  given  above.  The  approximations  suggested  are  com¬ 
pared  to  simulation  results  and  are  found  to  be  very  accurate  for  most  practical  tandems  (tan¬ 
dems  which  consist  of  less  than  20  stations). 

The  results  reported  in  this  chapter  show  that  when  we  account  for  synchronization  the 
tandem  throughput  monotonically  increases  with  the  transmission  probability  (p).  This  is  in 
contrast  to  what  could  be  implied  from  previous  studies  where  the  stations  are  assumed  to 
behave  independently  of  each  other  (i.e.,  not  accounting  for  synchronization). 


1.3.6  On  the  Behavior  of  a  Very  Pact  Bidirectional  Bus  Network  (Chapter  7) 

la  this  chapter  we  study  the  behavior  of  the  very  fast  bidirectional  bus  system  (ott  third 
case  study).  We  assume  that  the  system  consists  of  .V  stations  located  oa  a  bidirectional  bus  sad 
analyse  the  system  throughput  for  different  transmission  policies.  A  major  assumption  in  this 
analysis  is  that  the  bus  is  very  fast,  so  that  the  time  for  a  packet  (one  unit  of  transmitted  infor- 
raatioa)  to  propagate  from  one  station  to  its  neighbor  is  equal  to  or  greater  than  the  transmis¬ 
sion  time  of  the  packet.  This  study  is  challenged  by  the  results  reported  in  previous  studies 
which  predict  that  certain  access  schemes  like  CSMA  (which  uses  the  carrier  sense  mechanism) 
will  perform  very  poorly  in  this  environment.  In  contrast  to  this  prediction  we  show  that  due  to 
synchronisation  properties  observed  in  this  system,  the  system  throughput  is  relatively  high. 

The  ffrst  part  of  this  chapter  deala  with  the  theoretical  limitations  of  the  system.  In  this 
analysis  we  solve  for  the  system  capacity  (defined  to  be  the  maximum  achievable  throughput 
under  a  carefully  telecled  transmission  schedule).  A  surprising  result  of  this  analysis  states  that 
when  the  stations  are  not  forced  to  obey  the  carrier  sense  rule  the  system  capacity  is  approxi¬ 
mately  2.  More  precisely,  we  show  that  the  capacity  (denoted  by  C)  is  bounded  as  follows: 

2-jf  <C<  min(2,“) 

where  N  is  the  number  of  stations.  On  the  other  hand  for  a  system  where  the  carrier  sense 
mechanism  is  enforced  we  show  that  the  system  capacity  is  exactly  1. 

The  second  part  of  this  chapter,  deals  with  the  system  throughput  under  # tochaitic 
arrivals.  For  a  system  where  carrier  sense  mechanism  is  not  enforced  it  is  shown  that  the  system 
throughput  is  identical  to  the  throughput  of  the  slotted  ALOHA  scheme  when  applied  in  a  satel¬ 
lite  network  (or  in  a  one-hop  radio  network).  According  to  this  result  the  total  throughput 
(denoted  by  5)  in  a  fully  symmetric  system  is  given  by: 

5  -  (VCfl-G)"-1 

where  .V  is  the  number  of  stations  and  G  is  the  offered  load  of  each  station.  For  a  system  where 
the  carrier  sense  mechanism  is  enforced  we  caonot  derive  a  closed  form  expression  for  the 
throughput.  Rather,  we  introduce  an  approximation  yielding  a  set  of  ,V-1  non-linear  equations 
which  must  be  solved  to  give  the  system  throughput.  The  results  predicted  by  the  approxima¬ 
tion  method  are  compared  to  simulation  results  and  found  to  be  accurate.  The  behavior  observed 
for  this  system  is  rather  surprising:  we  see  that  the  total  system  throughput  moootonically 
increases  with  the  offered  load,  for  esjry  value  of  the  offered  load.  This  results  from  an  interest¬ 
ing  synchronized  behavior  of  the  system,  a  behavior  according  to  which  the  system  becomes 
more  and  more  synchronized  as  the  offered,  load  increases.  In  contrast  to  what  could  be  implied 
from  previous  studies  these  results  provide  evidence  that  the  very  fast  bus  system  is  very  stable 
and  does  not  need  any  artificial  mechanisms  to  control  its  stability. 
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CHAPTER  2 

A  Queue  with  so  Independent  Starter:  Delay  Analysis 


A  queueing  system  in  which  a  start-up  delay  is  incurred  whenever  an  idle  period  ends 
and  a  queueing  system  in  which  the  server  takes  vacation  periods  are  both  analyzed  in  this 
chapter.  In  all  systems  analyzed  in  this  chapter  the  start-up  delays  (or  the  vacation  periods)  are 
assumed  to  be  random  variables  independent  of  the  system  behavior.  It  is  shown  that  the  delay 
distribution  in  the  queue  with  starter  is  composed  of  the  direct  sum  of  two  independent  vari¬ 
ables:  1)  The  delay  in  the  equivalent  queue  without  starter.  2)  The  additional  delay  suffered  due 
to  the  starter  presence,  (.'sing  this  decomposition  property,  it  is  easy  to  derive  the  distribution  of 
the  delay  suffered  in  the  system  with  starter.  This  analysis  is  done  for  systems  (both  discrete  and 
continuous  systems)  where  the  interarrival  times  possess  the  memoryless  property.  Using  this 
approach,  we  then  analyze  the  M/G/l  system  with  vacation  periods  It  is  first  shown  that  the 
M/G/l  with  vacations  is  just  a  special  case  of  the  M/G/l  with  viarter.  so  that  the  delay  in  the 
M/G/l  with  vacations  can  be  easily  found  by  using  the  formula  for  the  delay  of  the  M/G/l  with 
starter.  Second,  using  geometric  arguments  it  is  explained  why  the  additional  delay  in  the  vaca¬ 
tion  system  is  distributed  as  the  residual  life  of  the  vacation  period. 

2.1  Model  and  Previous  Work 

In  the  following  we  consider  a  queueing  system  with  a  "starter."  In  such  a  system  the 
server  is  "turned  off"  whenever  it  becomes  idle.  When  a  customer  arrives  at  an  idle  system,  it 
cannot  be  served  immediately:  rather,  an  additional  (random)  amount  of  time  is  required  to  start 
the  "cold"  system  before  the  new  "first"  customer  can  be  served  The  length  of  the  period 
required  to  start  the  system  up.  is  assumed,  in  this  chapter,  to  be  a  random  variable  independent 
of  the  system  behavior.  Customers  who  arrive  at  a  "hot"  system  (i.e.  one  with  at  least  one  custo¬ 
mer  either  in  service  or  in  the  queue)  will  join  the  queue  and  be  served  in  turn  as  in  a  simple 
queueing  system. 

The  model  for  a  queueing  system  with  special  consideration  of  a  case  where  the  server 
becomes  idle  is  not  oew  Miller  (MilKM]  analyzed  the  case  where  the  server  goes  on  a  vacation 
("rest  period")  of  raodom  length  whenever  it  becomes  idle.  He  also  considered  a  system  where 
the  server  behaves  normally  but  the  first  customer  arriving  at  an  empty  system  has  special  ser¬ 
vice  time.  Scholl  [Scho76|,  and  Scholl  and  Kiemrock  jScbo8d|  analyzed  the  "server  with  rest 
periods."  using  another  approach.  As  a  special  case  for  rest  periods.  Scholl  [Scho76|  considered  a 
queueing  system  with  a  starter  (or,  in  his  words,  "a  system  with  initial  set-up  time").  In  both 
papers,  the  analysis  is  done  on  M/G/l  queues  These  types  of  systems  were  reported  also  by 
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Cooper  [Coop70|,  Hey  man  [Heym77|,  Levy  and  Yecbiali  [Levy  T  5| ,  Sbanthikumar  [SbanSOj,  Avi- 
[tzbak  Maxwell  and  Miller  f Avi-455]  and  Van  Der  Duyn  Scbouten  [Scho78|. 

The  need  for  studying  a  queue  with  etarter  for  slotted  (i  e.  discrete  time)  systems,  and 
the  fact  that  previous  studies  analyzed  only  M/G/l  u  '  '■ontinuous  time)  systems,  motivated  us 
to  study  the  queue  with  starter  again  The  emphasis  in  this  chapter,  is  on  developing  a  novel 
approach  to  study  this  system  This  approach  will  compare  the  delay  suffered  by  a  customer  in 
a  usual  queueing  system  versus  the  delay  in  a  system  with  starter  instead  of  deriving  the  delay 
in  the  queue  with  starter  directly,  we  find  the  addition ai  d'lay  suffered  due  to  the  presence  of  the 
starter.  Moreover,  we  show  that  the  addition at  delay  in  the  sy-iein  with  starter,  is  independent 
of  the  delay  in  the  system  without  starter.  C'ing  :he  independence  property,  it  is  then  easy  to 
calculate  the  total  delay  in  the  system  with  starter:  .'Ate  ie  nmply  the  divert  turn  of  the  delay  in 
the  queue  without  etaetrr  and  the  additional  itiay  ral  niit'd  above. 

The  approach  described  above,  is  found  to  be  very  powerful  in  analyzing  systems  similar 
to  the  queue  wi>h  starter.  In  chapter  3.  using  the  same  approach  we  anaiyre  a  queueing  system 
with  starter  where  the  length  of  the  start-up  period  on  the  arrival  process  ( uaiike  the 

system  analyzed  here  where  the  start-up  time  is  independent  of  'he  arrival  process  I  In  chapter  4. 
the  results  reported  in  ifn«  chapter  (and  in  chapter  t)  are  used  to  derive  the  delay  in  an  exhaus¬ 
tive  ALOHA  -ysiern  The  fac;  that  the  delay  in  the  queue  with  starter  can  be  calculated  as  the 
(independent)  sum  of  two  independent  random  variables,  one  ..f  them  representing  the  delay  in 
the  queue  without  starter  and  the  other  representing  'he  additional  delay,  makes  the  analysis  in 
those  chapters  relatively  simple 

.Vs  stated  above,  in  contrast  to  previous  studies  which  analyzed  M/G/l  systems,  the 
emphasis  here  is  on  studying  slotted  systems.  In  section  2  3  we  analyze  the  delay  in  a  slotted 
queue  with  starter  In  '.his  analysis  we  derive  the  {-transform  of  the  delay  in  this  system.  For  the 
sake  of  completeness  we  use  our  approach  to  red'-m*  the  delay  in  in  M/G/l  queue  with  starter 
and  find  agreement  with  Scholl  «  results  la  sections  2  t  and  2  >  we  <rudy  a  system  with  vacation 
periods  First,  we  show  that  a  system  with  vacation  periods  is  ju-t  a  <pe<  tal  case  of  the  queue 
with  starter  Thus,  the  delay  in  this  system  can  be  easily  found  from  the  delay  of  the  queue  with 
starter  (derived  above).  VVe  then  show  that  the  delay  of  an  M/G/l  with  vacation  periods  i<* 
exactly  of  the  sum  of  two  independent  random  variable-- 

•  the  delay  in  ao  M/G/l  without  vacation  periods: 

•  additional  delay  distributed  as  the  residual  life  the  vacation  period. 

Lastly,  it  should  be  mentioned  that  some  of  this  work  (reported  first  in  [Levy83|)  has 
been  repor'ed.  in  parallel,  in  two  independently  written  papers.  First.  Fuhrmaon  [Fuhr83| 
showed  that  the  delay  io  the  queue  with  vacation  periods  consists  of  the  sum  of  two  independent 
random  variables 

-  the  delay  in  an  M/G/l  without  vacation  periods 

-  additional  delay  distributed  as  the  residual  life  of  the  vacation  period 


This  result  ts  identical  to  what  we  ihow  in  section  2.5.  Nevertheless,  the  method  used  in 
|Fuhr83j  to  prove  this  property  is  rather  different  from  the  method  used  in  our  analysis.  Second, 
Doshi  [Dosh83j  addressed  the  decomposition  property  in  both  the  queue  with  starter  and  the 
queue  with  vacations.  The  model  used  in  that  report  is  a  continuous  time  model  of  a  GI/G/1 
queue.  The  emphasis  in  (Dosh83|  is  on  studying  the  queue  with  vacation  periods,  while  the 
queue  with  star'er  is  considered  as  a  special  case  of  the  queue  with  vacation  periods. 

2.2  Notation,  Definitions  and  System  Description 

In  the  following  we  analyze  our  queueing  system  by  means  of  the  unfinished  work  in  the 
system.  We  define: 

i'(t)  A  unfinished  work  in  the  system  at  time  t, 

^  remaining  time  required  to  empty  the  system  of  all  customers  present  at  time  t. 

We  use  the  usual  notation: 

C%  £  the  nth  customer 

r,  £  arrival  time  of  C„. 

<„  ^  “  interarrival  time  between  £7„_,  and  C,. 

en  £  service  time  of  C,. 

In  figure  2.1a  we  plot  the  behavior  of  6(1)  versus  t  in  a  simple  queueing  system.  This 
system  will  be  called  gyntem-A.  As  described  in.  |Klei75]  1(0  can  be  viewed  as  the  virtual  wait¬ 
ing  time,  i.e..  if  the  service  policy  is  first-come-first-served,  the  waiting  time  of  customer  C,  is 
(/( r, )  (all  the  work  residing  in  queue  when  C,  arrives).  We  also  use  the  terms  "busy  period"  and 
"idle  period"  to  represent  durations  in  which  the  server  is  busy  or  idle  (respectively).  The  busy 
period  durations  are  denoted  by  Yv  Yz,  Yy...  and  the  idle  period  durations  are  denoted  by 

We  can  now  switch  to  the  queue  with  starter  system  and  call  it  tystem-B  In  figure  2.1b 
we  plot  HO  versus  I  in  system-B.  In  order  to  compare  the  systems,  we  use  the  same  arrival 
behavior  in  both  systems.  This  means  that  the  sets  of  arrival  instances  ({r,})  and  service  times 
({c,})  are  identical  in  both  systems.  In  this  figure  the  dashed  line  represents  svstem-A  and  the 
solid  line  system-B.  The  difference  (denoted  by  D)  represents  the  additional  delay  suffered  in 
system-B. 

In  figure  2.1b  we  note  that  customer  C,  arrives  to  an  empty  system  and  thus  suffers  an 
additional  delay  D{  due  to  a  cold  ttart.  Note  that  C„  and  C,  suffer  exactly  the  same  additional 
delay.  When  C4  arrives,  it  finds  the  system  idle,  and  suffers  the  additional  delay  of  a  second  cold 
start  (02),  which  is  not  necessarily  identical  in  length  to  (/),).  However,  another  behavior  is 
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observed  when  C4  arrives.  Since  Dt>Xi  ,  C4  finds  the  system  busy,  and  a  cold  start  is  not 
required.  Nevertheless,  C4  is  still  subjected  to  an  additional  delay,  which  is  Dz-X t.  Again,  we 
note  that  <74  and  Cz  suffer  the  same  additional  delay  as  C4. 

Keeping  this  in  mind,  we  now  turn  to  the  analysis  of  system-B. 


2.3  The  Analysis  of  System-B,  a  Queue  with  Starter 

As  we  mentioned  before,  this  analysis  will  be  done  by  comparison  to  system-A.  Thus,  we 
shall  compare  the  behavior  of  systems  A  and  B  under  the  same  arrival  pattern. 

In  addition  to  the  notation  used  above,  the  following  are  also  used: 

X,  —  length  of  the  sth  idle  period  (under  system-A). 

5,  *  length  of  a  cold  start  (if  any)  corresponding  to  the  ith  busy  period  . 

D,  =—  actual  additional  delay  suffered  by  the  first  customer  of  the  ith  busy  period. 

The  reader  should  note  that,  even  though  we  deal  with  system-B,  we  still  consider  busy  periods 
according  to  their  appearance  in  system-A.  Thus,  ail  the  above  notation  relates  to  busy  periods 
as  viewed  in  system-A,  e  g.,  the  ith  busy  period  is  the  ith  busy  period  in  system-A. 

We  start  our  analysis  by  observing  the  basic  properties  of  the  queue-with-starter  system. 

2.3.1  The  Basic  Properties  of  the  System 

The  assumptions  required  for  the  genera]  analysis  are  the  following: 

1  The  length  of  an  interarrival  time,  I,,  is  independent  of  the  length  of  any  other  interar- 

rival  time,  t,  The  service  time  of  an  arbitrary  customer,  c, ,  is  independent  of  the 

service  time  of  any  other  customer,  c;  (i^;).  Service  times  are  independent  of  interar- 
rival  times,  so  e,  is  independent  of  for  all  t  and 

2.  The  length  of  a  cold  start,  5„  is  independent  of  the  length  of  any  other  cold  start  5;  (for 
any  \^j). 

3  The  length  of  a  cold  start  is  independent  of  of  the  series  {<„}  and  the  series  {c„}.  This 
implies  that  5,  is  independent  of  the  series  {.Y;}  and  {Y;}. 

The  first  assumption  is  very  common  for  most  queueing  systems.  The  second  and  third 
assumptions  simply  state  that  the  length  of  a  cold  start  is  chosen  independently  of  system-A  and 
of  the  length  of  other  cold  starts. 
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Next,  we  show  how  to  calculate  the  additional  delay  suffered  by  the  firtt  customer  of 
busy  period  The  additional  delay  suffered  by  this  firtt  customer  can  recursively  be  calculated 
from  the  following  equation: 

Dt  -  S,  (2.1a) 

(  D,~Xt  if  D,>X, 

D “  (  5l+t  if  D,<  X,  <2  2b> 

The  first  line  in  the  recursion  (2.2b)  represents  the  case  where  the  first  customer  of  busy  period  i 
(from  system-A)  finds  system-B  busy,  while  the  second  line  represents  the  case  where  this  custo¬ 
mer  finds  the  system  idle,  and  its  additional  delay  is  due  to  an  independent  cold  start.  The  basis 
of  the  recursiri,  Dv  is  clearly  the  first  cold  start  of  the  system.  In  the  following  sections,  we  will 
use  this  re'-  .sion  to  calculate  the  limiting  distribution  of  D,. 

While  the  additional  delay  suffered  by  a  “first  customer"  is  an  important  measure,  our 
main  interest  is  the  additional  delay  suffered  by  an  arbitrary  customer.  In  the  following  we  show 
that  the  distributions  of  these  two  measures  are  identical. 

THEOREM  2.1:  If  customers  C,  and  C;  belong  to  the  same  busy  period  in  system-A,  they  suffer 
exactly  the  same  additional  delay  in  system-B. 

The  proof  is  omitted  here  for  its  simplicity;  examination  of  figure  2.1  can  convince  the  reader. 
THEOREM  2.2:  D,  is  independent  of  X,  for  every  ». 

Proof:  It  is  clear  that  D,  is  a  function  only  of  XVX2,  •  •  •  AT,.,  and  of  5,,52,  •  •  •  5,.,.  Since  .V,  is 
independent  of  all  these  variables  it  is  also  independent  of  D,.  ■ 

The  following  theorem  states  that  the  additional  delay  a  customer  suffers  in  the  system 
with  starter  is  actually  independent  of  the  delay  it  suffers  in  the  system  without  starter. 

THEOREM  2.3:  The  additional  delay  suffered  by  an  arbitrary  customer  in  system-B  is  statisti¬ 
cally  independent  of  the  delay  this  customer  would  suffer  in  the  equivalent  system-A. 

Proof:  Consider  an  arbitrary  customer,  C,.  Let  j  be  the  busy  period  in  which  C,  is  served  in 
system-A  and  let  Ck  {k<  i)  be  the  first  customer  served  in  this  busy  period.  From  theorem  2.1 
the  additional  delay  suffered  in  system-B  by  C,  and  Ct  is  the  same.  Thus,  we  have  to  show  that 
the  additional  delay  suffered  by  Ct  in  system-B  is  independent  of  the  delay  C ,  suffers  in  system- 
A.  It  is  clear  that  the  delay  suffered  by  C,  is  a  function  only  of  the  interarrival  times  and  the 
service  times  that  "belong"  to  busy  period  j.  Namely,  the  series  •  •  l,  and  the  series 

ct,ct+v  On  the  other  hand,  the  additional  delay  suffered  by  C,  is  only  a  function  of  the 


behavior  prior  to  r,  (the  starting  time  of  busy  period  j).  Specifically,  this  is  a  function  only  of  the 
sequence  •  •  •  tk,  the  sequence  e,,cJ(  ■  ■  ■  ct_,  and  the  sequence  Sl}S2,  -  ■  ■  Sj .  Now,  since  the 
group  of  variables  on  which  the  delay  (in  system-A)  depends  and  the  group  of  variables  on  which 
the  additional  delay  depends  are  mutually  exclusive,  and  due  to  assumptions  1  and  3,  these 
groups  are  statistically  independent  of  each  other.  Thus,  the  additional  delay  suffered  in  system* 
B  is  independent  of  the  delay  suffered  in  system*A.  ■ 

This  theorem  is  very  powerful  and  is  a  key  result  of  our  analysis.  It  now  allows  us  to 
study  the  total  delay  suffered  in  the  system  with  starter  in  three  steps:  1)  Derive  the  delay 
suffered  in  the  system  without  starter.  2)  Derive  the  additional  delay  suffered  in  the  system  with 
starter.  3)  Convolve  the  distributions  of  the  two  delays  to  yield  the  total  delay  in  the  system 
with  starter. 

The  next  theorem  states  that  the  additional  delay  suffered  in  system-B  by  the  customers 
of  a  given  busy  period  (according  to  system-A)  is  independent  of  the  number  of  customers 
served  in  this  busy  period. 

THEOREM  2.4:  D,  is  independent  of  the  number  of  customers  served  in  busy  period  i. 

The  proof  is  omitted  for  its  similarity  to  the  proof  of  theorem  2.3. 

The  following  corollary  is  a  direct  result  of  theorems  2.1  and  2.4  and  states  that  the  lim¬ 
iting  distribution  of  the  additional  delay  suffered  by  an  arbitrary  customer  is  identical  to  the  lim¬ 
iting  distribution  of  the  additional  delay  suffered  by  a  "first  customer". 

COROLLARY  2.5:  The  limiting  distribution  of  the  additional  delay  suffered  by  an  arbitrary 
customer  in  system-B  is  identical  to  the  limiting  distribution  of  Dt. 


2.3.2  Discrete  System  with  General  Memoryless  Arrivals 


The  model  assumed  here  is  a  discrete  time  model  in  which  time  is  indexed  by  fixed 
length  slots.  The  arrival  process  can  be  described  as  a  renewal  process,  which  means  that  the 
number  of  arrivals  in  slot  i  is  independent  of  the  number  of  arrivals  in  slot  ;  for  any  iytj.  The 
number  of  arrivals  in  a  given  slot  is  taken  from  a  general  distribution,  and  the  service  time  is 


la  this  sectioo  we  are  interested  in  the  limiting  behavior  of  Dt  as  t  approaches  infinity 
We  recall  that  time  is  measured  in  units  of  the  fixed  slot  length  and  define: 


d>±Pr\D-H 


i»0 


A  l»m  ji 
*  j—oo  ‘  ’ 


D(*)£  E4*1  . 

isO 


D±i>d, 


1*0 


*i±Pr[X~i 1 


*&h*, 

i«0  ^  i»0  i»0 


*,(*)£  £^‘  .  «.  i  SL*  .  SU)  i  ?*,*•  .  », 

ISO  J  w  ispO  .  =0 


a,  ^  FVji  arrivals  in  a  given  slot] 

In  addition,  5*l)(r)  and  &2)(z),  will  respectively  denote  the  first  and  second  derivatives  of  S(«), 
and  will  denote  the  first  derivative  of  D(x). 


Under  the  above  assumptions,  it  is  clear  that  the  random  variables  XJt  representing  the 
lengths  of  the  idle  periods,  are  independent  and  identically  distributed.  Thus,  the  limiting  d istrs- 
bution  of  X,  is  identical  to  the  distribution  of  Xr  Since  the  number  of  arrivals  in  any  slot  is 
independent  from  slot  to  slot,  then  X)  is  geometrically  distributed  (shifted  by  a  slot)  with 
parameter  a0  (the  probability  of  no  arrival).  For  the  sake  of  simplicity,  let  us  use  x  ■  a0;  so  X, 
is  distributed  as  follows: 

x,  -  x\  =  Pr\X,  -  i]  -  (1-x)  V  t'  =  l,2,3...  (2.2) 


From  similar  arguments,  it  is  clear  that  the  limiting  distribution  of  the  length  of  a  cold* 
start  is  identical  to  the  distribution  itself,  so  »,  *  t\. 

In  the  following  we  solve  for  D(i).  From  (2.1)  we  get: 

d{"  =  Pr\DrX-\]  +  Pr(D;<A-;|  Pr(S,.,«.  |  D.  <X,  |  »=0,1.2...  (2.3) 

Using  the  independence  property  between  D;  and  Xt  (theorem  2.2)  and  the  independence 
between  S;+l  to  Dt  and  Xt,  and  using  the  fact  that  z'»r,  and  #?  =  »,,  we  compute  d’~l 

dr1  -  £  MU  +  «,  •  £  d\  £  *,  1=01.2....  (2.4) 

t  =  l  **0  .  =  I*  1 


From  (2.4),  compute  the  {-transform  of  D. 

^,u)-£^’  -  £*■•  1£mu  +  #.  £^{  £  f. 

1*0  i  *0  ^  t  =  l  1=0  l  =  c*t 


(25) 
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Substituting  (2.2)  into  (2.S): 


D,+M  -  £*••  +  £*V  E4-  £  (I-*)*'-1 

1*0  *-l  1-0  t-0  tmk+l 

Manipulating  this  and  using  the  definitions  for  S(z),D(x)  gives  us: 

(1-x) \D\x)-D,(z)\ 

Oj+tl*)  _  l  -U-iLL  jUL  +  S(z)  •  0;(x) 

*“• 

Computing  D(x),  by  taking  limits,  gives: 

D{z)  -  D(z)  •  j  1  '  *  ±  ™x< 


1-z 


Solving  (2.7)  at  z— 1,  using  D(l)»l,  S(l)=l  and  L'HospitaTs  rule,  we  get: 


-1 


(2.6) 


(2.7) 


(2.8) 


Using  S^l)  —  !T,  we  get: 


D(z) 


1  +  (l-x)S 

Substituting  (2.9)  into  (2.7)  gives  us  the  important  result: 


Z>(r) 


i _ U-x+S(z)(x-z) 

I  f*  }  s 


l+(l-r)5  [  1-* 


1.9) 


(2.10) 


Expression  (2.10)  relates  the  z-transform  of  the  additional  delay  to  the  probability  of  no 
arrival  (r),  the  z-traosform  of  a  cold  start  (5(;))  and  the  expected  length  of  a  cold  start  (£).  To 
calculate  the  z-transform  of  the  actual  delay  suffered  in  the  queue-with-starter,  one  has  to  calcu¬ 
late  the  z-transform  of  the  delay  in  the  equivalent  queue-witbout-starter.  and  to  multiply  it  by 
D(z)  (as  taken  from  (2.10)).  This  is  true  since  the  additional  delay  in  the  queue-witb-starter  is 
independent  of  the  delay  in  the  queue-without-starter  (see  theorem  2.3). 

Given  equation  (2.10),  it  is  now  easy  to  compute  the  expected  additional  delay  Using 
the  relationship 

I 

dz  I  z  —  I 


we  get: 


ntutz)  _  _ 1 _ j .  ±  -•)(*- 

'  l+(l-*l  (  (1-z)* 


ID 
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Evaluating  (2.11)  at  :■!,  using  L'Hospitai's  rule,  and  further  manipulation  gives: 


D  -  Z^l) 

Recalling  that  S*2)(l)*S*-y,  we  get: 


i  [  2y-5<2>mir-n 

l+(l-x)S  [  2 


(2.12) 


jj  » 

2+2$(l-x) 


(213) 


We  note  that  the  mean  of  the  additional  delay  depends  on  the  first  and  the  second  moments  of 
the  cold  start  and  on  the  probability  of  at  least  one  arrival  (1-x)  in  a  slot. 


From  corollary  2 A  it  is  clear  that  (2.10)  and  (2.13)  represent  the  additional  delay  and  its 
expected  value  for  an  arbitrary  customer  in  the  system. 

13.3  Tbo  Behavior  of  thn  Mena  Additional  Delay  la  the  Discrete  System 


The  purpose  here  is  to  examine  the  behavior  of  expression  (2.13)  for  the  expected  addi¬ 
tional  delay  suffered  due  to  the  existence  of  the  start-up  delays. 

The  behavior  of  (2.13)  when  arrivals  are  rare  (1-x  approaches  0)  is  U  *  S.  In  this  situa¬ 
tion  the  distance  (in  terms  of  time)  between  consecutive  busy  periods  is  very  large,  such  that 
almost  every  busy  period  suffers  a  cold  start.  Therefore,  almost  all  customers  of  a  busy  period 
(usually  exactly  one)  will  suffer  a  "cold  start",  s o  U  **  5  and  D{z)  *  S(r). 

When  arrivals  are  common  (l-x  85  1),  the  length  of  idle  periods  is  usually  1,  and  the 
average  of  the  additional  delay  is: 


U 


2(1  +  5) 


This  result  agrees  with  the  following  simple  calculation:  Suppose  that  at  busy  period  i  a  cold 
start  occurred  and  that  the  length  of  this  cold  start  is  j  The  additional  delay  suffered  by  busy 
periods  •  ,i+/  is  j,j- 1,  0,  respectively  (since  the  length  of  each  idle  period  is  1);  busy 

period  t+j  +  l  will  suffer  a  new  independent  cold  start.  Let  U( (;)  be  the  mean  of  the  additional 
delay  suffered  by  busy  periods  which  are  under  the  influence  of  a  cold  start,  the  length  of  which 

is  j.  Clearly,  Z7(| j)  —  Now,  the  fraction  of  busy  periods  that  are  under  the  influence  of  j  - 

cold  starts  is: 


»■  (y+P 

!>,(•+ D 

i  arO 


19 


Unconditioning  ZT(|j)  gives: 


ZT  -  -as - 

£».(•>!) 

i»0 

Substituting  ZT(| j)  =»  gives: 

a.  £*JL 

2(1  +  5) 

which  agrees  with  our  result. 

From  (2.13)  we  realize  that  ZT  is  monotonically  increasing  with  5.  when  S7  is  held  con* 
stant.  Moreover,  if  instead  we  hold  the  squared  coefficient  of  variation  (C*«»(S*-{5)2)/(5)2)  fixed, 
and  let  5  approach  infinity,  ZT  will  approach  infinity  too. 

While  all  the  previous  properties  look  intuitive,  the  following  is  very  surprising:  ZT  is  not 
necessarily  smaller  than  5,  i.e.,  the  mean  of  the  additional  delay  seen  by  a  customer  may  be 
larger  than  the  expected  length  of  a  cold  start.  Take,  for  example,  the  following  cold  start  distri¬ 
bution: 


0  else 


So.  5  =*  1  ,  S*  =  k.  According  to  (2.13) 

77  ,  -+(*-!)(  1  -*) 

2+2(1  -z) 

Clearly,  if  k  >  3,  then  ZT  >  1;  so  ZT  >  5! 

Once  this  property  is  noted,  the  explanation  is  simple.  The  reason  is  that  a  short  cold 
start  affects  only  a  few  busy  periods  (in  this  extreme  case,  exactly  one)  and.  therefore,  only  a  few 
customers,  while  long  cold  starts  affect  many  busy  periods,  and  therefore  many  customers  may 
see  a  large  additional  delay.  Thus,  if  you  take  an  average  of  all  customers,  the  mean  of  the  addi¬ 
tional  delay  may  exceed  the  average  length  of  a  cold  start. 


From  thia  observation  we  realize  that  even  if  we  hold  ?  fixed,  D  can  approach  infinity 
when  the  second  moment  of  the  cold  start  is  large  enough.  This  observation  is  similar  to  the 
observation  made  about  the  delay  suffered  in  an  M/G/l  system.  According  to  that  observation 
(see  for  example,  (Klei75j),  the  delay  suffered  in  the  M/G/l  system  linearly  increases  with  the 
coefficient  of  variation  of  the  service  time,  so  the  delay  may  be  unbounded  even  if  p  is  kept  fixed 
and  under  unity. 

We  conclude  that  the  additional  delay  may  grow  extremely  large  if  either  the  expected 
value  of  the  cold  start  or  the  second  moment  of  the  cold  start  go  to  infinity. 

g.3. 4  The  Eigenfunctions  of  the  Discrete  System 

In  the  previous  section  we  computed  the  additional  delay  D(z)  suffered  by  the  system 
customers  as  a  function  of  the  "cold  start"  length  S(z).  In  this  section  we  are  interested  in  how 
the  start-up  delay  distribution  is  transformed  into  the  additional  delay  distribution.  Mathemati¬ 
cally,  we  may  view  equation  (2.10)  as  a  transformation  from  S(z)  to  D(z)  and  express  it  as: 

D(z)  -  T  (S(r))  (2.14) 

where  T  is  the  transformation  expressed  by  (2.10). 


We  may  now  inquire  as  to  what  are  the  eigenfunction  of  this  transformation.  The 
mathematical  meaning  of  this  eigenfunction  is:  Find  the  solutions  for  the  equation 
5(2)  m,  T(5(z)).  In  other  words,  an  eigenfunction  of  the  system  is  an  additional  delay  distribu¬ 
tion  (D(z))  which  is  identical  to  the  cold  start  distribution  (S(z))  causing  it. 


Inverting  (2.16)  yields: 


- 


"  7+5  (tTs)  ,17> 

Yes!  —  the  geometric  distribution  strikes  again!  As  we  already  know,  many  "good  things"  in 
queueing  theory  have  the  memory  less  property  ... 

In  conclusion,  then,  if  the  cold  start  is  geometrically  distributed,  the  distribution  of  the 
additional  delay  suffered  by  all  customer*  is  also  geometrically  distributed  with  the  same  parame¬ 
ter. 


Another  important  property  of  the  eigenfunctions  is  that  if  the  cold  start  is  geometrically 
distributed  (i.e.,  this  is  an  eigenfunction  of  the  system)  then  the  additional  delay  is  not  a  func¬ 
tion  of  the  system  load.  As  a  result,  the  expected  value  of  the  additional  delay  in  a  system 
where  the  starter  is  geometrically  distributed,  is  not  affected  by  the  arrival  rate. 

2.3.5  The  M/G/l  System  with  Bulk  Arrivals  -  a  Continuous  Model 

For  the  sake  of  completeness,  we  repeat  the  derivations  made  in  the  previous  section  for 
an  M/G/l  system  with  bulk  arrivals. 

The  system  is  a  single-server  system  with  exponential  interarrival  times  (with  parameter 
X)  and  arbitrary  service  times.  In  this  system  arrivals  have  the  memoryless  property.  Here  the 
interarrival  times  are  continuous,  whereas  they  were  previously  discrete.  As  in  the  discrete  case, 
the  arrivals  themselves  may  consist  of  bulks  of  arbitrary  size.  The  derivations  here  are  quite 
similar  to  our  previous  derivations.  To  make  the  reading  easier,  we  will  use  the  same  equation 
indices  (with  little  modification). 

The  basic  notation  is  not  changed:  .Y„  5,  ,  D,  have  the  same  meaning  as  before,  and 
equation  (2.1)  still  holds.  The  probabilistic  notation  is  the  following: 

D\t)  £  Pr\D,<t\,  d,(t)  £  D,U  £  f'-'dJtW. 

o 


-Y,(0  £  PrlX,<t],  1,(1)  £  -±-,  A',*(S)  £  J'  “:.(t)zt. 

91  o 


5,(0  £  Pr\S<t\. 


*,(0  £ 


35,(1) 
dt  ' 


5»  £  /e-,,*,(f)*». 
0 
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As  in  the  previous  section,  the  limits  (when  i-*oo)  of  </,(<),  *,(!),  and  »,(<)  are  denoted  by 
d(t),  x(t),  and  s(t),  respectively.  Similarly,  D'(b),  Jf*(r),  S'(s)  denote  the  limits  of  D’{s),  X‘(t), 
and  S*(t).  From  the  same  arguments  used  in  the  previous  section  it  is  clear  that  r(»)  =  2,(t)  and 
that  i(t)  -  »,(/). 

Since  the  arrival  points  form  a  Poisson  arrival  process,  the  interarrival  times  as  well  as 
the  length  of  the  idle  periods  are  exponentially  distributed  (with  parameter  X).  Thus,  we  get: 

X,[t)  -  l-eX(  .  x(l)  -  *,(l)  -  Xe-”  .  **(»)  -  *3.)  =  777  (2.2b) 

From  (2.1)  and  corollary  2.4  we  get: 

00  00  00 

rf,+i(0  -  /  *(r)d;(r+0<fr  +  »(!)(  /  d}(r)dr  J  z(u)<fu)  (2.4b) 

,  =0*  '=0  u=t 

Taking  Laplace  transform  of  (2.4b)  yields: 

00  00  00  00  00 

D‘+ ,(»)  *  /  e'“  /  a(r)d,(r+<)<Ml  +  |/erts(0<ft|  •  tf  i,(r)dr  j  r(u)rfuj  (2.5b) 

'=0  ,  _0*  o  0  »=f 

Substituting  (2.2b)  into  (2.5b)  and  manipulating  the  expression  gives: 

V,(»)  *  +  S*(»)/>;(X)  (2.6b) 

Solving  for  /)*(»)  *“  equilibrium  yields: 

£>*(»)  -  g,(X)  jX'*'^-X^5  (2.7b) 

l  * 

Solving  (2.7b)  at  s=K),  using  0'(O)=*»  1,  r'(0)=l  and  L'Hospital's  rule,  we  get: 


i£[ri  _  _y 

ds  »■* 0 


where  3T  is  the  first  moment  of  S,  and  we  get: 


1  +  XS 


Substituting  into  (2.7b),  we  obtain: 


As  io  the  discrete  case,  here  too,  the  Laplace  transform  of  the  actual  delay  suffered  in  the  queue- 
with-starter  can  be  calculated  by  multiplying  the  Laplace  transform  of  the  delay  in  the 
equivalent  queue-without-starter  by  D\t).  This  is  true  since  these  two  variables  are  independent 
of  each  other. 


From  (2.10b)  it  is  easy  to  derive  D: 


JJ  »  -5+  X57 

2  +  2X? 


(2.13b) 


The  expressions  for  the  Laplace  transform  of  D  (2.10)  and  for  D  (2.13)  agree  with  Scholl’s  results 
[Scho76],  which  were  calculated  by  a  different  method. 


Now,  to  compute  the  eigenfunction  of  the  system,  we  solve  the  equation: 


5*(,)  *  _J _ jx  +  s'fsMs-M 


The  solution  is: 


l+XS  [  t 

S\s) 


(2.15b) 


1 


*S  +  l 


(2.17b) 


Inverting  (2.17b)  gives: 


,(j) ,  J../M 


(2.18b) 


which  is,  as  expected,  the  exponential  distribution! 


2.4  A a  M/G/l  with  Vacation  Periods  (Rest  Periods) 

Consider  an  M/G/l  system  with  unlimited  storage.  The  arrival  process  is  Poisson  with 
arrival  rate  X,  and  service  order  is  first*come-first-served.  When  the  server  becomes  idle,  it  goes 
for  vacation  of  random  length  V.  The  probability  density  function  of  the  vacation  length  is  40. 
and  the  Laplace  transform  of  it  is  V’*(»).  If  the  server,  upon  returning  from  a  vacation,  finds  any 
positive  number  of  customers  in  the  queue,  it  starts  serving  the  customers  as  a  regular  M/G/l 
(until  the  next  vacation).  If,  on  the  other  band,  the  server  finds  no  customers  in  the  queue,  it 
takes  another  vacation.  Vacations  are  identically  distributed  and  independent  of  each  other  and 
of  arrival  process  or  service  times. 


The  M/G/l  system  with  vacation  periods  was  first  studied  by  Miiler  [Mill04j  which 
analyzed,  in  addition  to  other  system  properties,  the  delay  in  the  system.  This  system  and  simi¬ 
lar  ones  were  reported  in  |Levy75,  Coop70,  Heym77,  Scho78,  Shan80|  and  analyzed  by  different 
approaches.  Scholl  (Scho70j  and  Scholl  and  Kleinrock  |Scho83]  were  the  first  to  notice  that  the 
delay  in  an  M/G/l  with  vacation  has  the  same  distribution  as  a  random  variable  which  is  the 
sum  of  two  independent  random  variables: 

•  the  time  in  system  as  if  there  were  no  vacation;  plus 

•  an  additional  delay  distributed  as  the  residual  life  of  the  vacation  period. 

However,  Scholl  and  Kleinrock  [Scho83]  emphasize  that  this  is  just  an  observation  on  the  expres¬ 
sion  for  the  delay  in  the  system  with  vacation.  They  were  not  able  to  show  these  properties 
directly  (i.e.,  by  analyzing  the  system  ). 

In  this  section  we  show,  in  a  direct  way,  that  the  additional  delay  in  a  system  with  vaca¬ 
tion  is  independent  of  the  delay  in  a  system  without  vacation  aad  that  it  is  distributed  as  the 
residual  life  of  the  vacation  distribution.  First,  using  the  queue-witk-starter,  we  directly  calculate 
the  additional  delay  and  find  it  to  be  as  observed  in  [Scho83|.  Second,  we  make  a  simple  direct 
queueing  analysis  of  the  additional  delay  in  the  system  with  vacation  and  show  that  it  is  distri¬ 
buted  as  the  residual  life  of  the  vacation. 

3.4.1  Solving  a  System-wlth-Vaeatlon  by  a  System- with- Starter 

In  this  analysis  we  notice  that,  as  in  the  system-with-starter.  additional  delay  is  created 
only  by  a  customer  who  arrives  to  an  empty  system.  It  ts  also  clear  that  this  customer  is  the 
first  customer  of  some  busy  period  as  observed  in  system-A.  Let  us  assume  that  this  customer  is 
Ct  who  arrives  at  time  rk ,  aad  that  the  busy  period  in  §ystem-A,  started  by  Ck .  is  the  ;tb  busy 
period.  Since  the  additional  delay  suffered  by  Ct  (and  hence  by  all  customers  of  busy  period  ;)  is 
due  to  the  server's  late  return  from  vacation,  let  us  call  this  delay  the  return  time  and  denote  it 
by  R; .  In  the  following  we  show  that  the  system  with  vacations  can  be  considered  as  a  system 
with  starter  where  the  start-up  times  (5.)  are  the  return-times  (R.).  It  is  clear  that  in  contrast  to 
the  cold  starts  the  return  times  are  not  independent  of  all  interarrival  times.  This  is  since  a 
return  time  depends  on  the  arrival  process  (for  example,  the  return  time  R,  depends  on  the 
arrival  epoch  rk  and  therefore  on  the  interarrival  time  {,).  For  this  reason  all  the  theorems  from 
section  2.3  have  to  be  checked  again,  to  make  sure  that  they  still  hold  when  the  cold  starts  are 
replaced  by  the  return  times.  Even  though  the  return  times  are  not  independent  of  all  interar- 
rival  times,  the  following  still  holds: 

THEOREM  2.0:  The  return  time  Rt  is  independent  of  all  future  interarrival  times 
(tj+l,  lt+j,  )  and  all  future  service  times  (et,  ,■•■). 

Proof:  The  return  time  R}  depends  on  the  time  (let  us  denote  this  time  by  t0  )  at  which  the 


previous  idle  period  (according  to  system-B)  started,  on  the  arrival  time  of  Ct  (which  is  rt),  and 
od  the  vacations  taken  from  t0  until  before  rt.  Since  the  vacation  lengths  (note,  not  their  timing) 
are  independent  of  each  other  and  of  system-A,  all  the  above  variables  are  independent  of  the 
sequences  and  ct,  cl+l,—.  Therefore,  the  return  time,  R)t  is  also  independent  of 

these  sequences.  ■ 

In  addition  to  theorem  2.6  we  next  show  that  in  systems  where  the  arrival  process 
possesses  the  memoryless  property  the  return  time  is  also  independent  of  the  system  history. 

THEOREM  2.7:  Let  t0  be  the  moment  at  which  system-B  becomes  idle  and  the  server  starts 
taking  vacations.  Let  j  be  the  Srst  busy  period  (according  to  system-A)  starting  after  t0.  If  the 
interarrival  times  possess  the  memoryless  property  (namely,  they  are  geometrically  distributed  in 
discrete  systems  and  exponentially  distributed  in  continuous  systems)  then  the  return  time  R;  is 
independent  of  any  property  of  system-B  as  observed  prior  to  i0. 

Proof:  It  is  clear  that  the  return  time  R}  depends  on  the  lengths  of  the  vacation  periods  taken 
after  t0  and  on  the  timing  of  the  next  arrival  after  t0.  Since  the  interarrival  times  possess  the 
memoryless  property,  the  time  from  <0  to  the  next  arrival  is  independent  of  the  system  history 
(prior  to  f0).  Since  the  vacation  lengths  are  also  independent  of  the  system  behavior,  the  return 
time  is  independent  of  the  system  behavior  prior  to  i0.  ■ 

From  theorems  2.6  and  2.7  it  is  now  easy  to  realize  that  for  an  M/G/l  system  all  the 
theorems  (and  the  analysis)  from  section  2.3  Still  hold  if  the  cold-start  times  are  replaced  by  the 
return-times.  Therefore,  the  system  with  vacations  can  be  considered  as  a  system  with  starter 
where  the  role  of  the  cold  starts  is  played  by  the  return  times.  For  this  reason,  in  the  following 
we  abandon  the  notations  return-time  and  and  denote  them,  as  done  for  the  queue  with  star¬ 
ter.  by  cold  starts  and  5; . 

The  following  corollary  states  that  the  M/G/l  with  vacation  periods  can  easily  be  solved 
by  using  the  results  of  the  M/G/l  with  starter. 

COROLLARY  2.8.  An  M/G/l  system  with  vacation  periods  can  be  solved  as  following: 

1.  Compute  the  distribution  of  a  cold-start  resulting  from  the  vacation  periods. 

2.  Use  the  expression  for  the  Laplace  transform  of  the  cold-start  distribution,  computed  in 
(2  1)  above,  and  plug  it  into  expression  (2.10b). 

3  The  additional  delay  computed  by  this  expression,  is  the  additional  delay  in  the  system 
with  vacation  periods. 


• .■  .v  •< 
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Next,  we  must  calculate  the  distribution  of  a  cold  start.  Keeping  our  old  notation,  we 
now  add  the  vacation  variable: 

V  »  the  length  of  a  vacation  period; 
v(j)  ■*  the  probability  density  function  of  V\ 

V^(s)  *■  the  Laplace  transform  of  v(t). 

We  recall  that  the  length  of  a  cold  start  is  denoted  by  5  and  that  of  an  idle  period  by  X.  Since 
the  arrival  process  is  Poisson  with  rate  X,  z{t)  —  Xe‘w.  Moreover,  due  to  the  memoryless  pro¬ 
perty  of  the  arrival  process,  any  time  interval  which  starts  at  an  arbitrary  point,  tQ,  and  ends 
with  the  first  arrival  after  tQ  is  also  exponentially  distributed  with  parameter  X  (like  *({)). 


To  calculate  the  length  of  a  cold  start,  we  start  counting  from  the  moment  the  system 
becomes  idle;  let  us  call  this  moment  l0.  At  l0  the  server  goes  on  vacation.  The  time  elapsing 
until  the  server  returns  is  V.  The  first  arrival  after  t0  occurs  X  time  units  after  t0.  If  X  <  V, 
then  the  server,  on  returning  from  vacation,  finds  a  customer  in  the  system,  and  the  additional 
delay  that  this  customer  will  suffer  is  V-X.  If,  on  the  other  hand.  X  >  V,  then  the  returning 
server  will  take  another  vacation.  Again,  due  to  the  memoryless  property  of  the  arrival  process, 
the  first  arrival  will  occur  X  time  units  after  the  end  of  the  first  vacation.  Thus,  if  X  >  V  we 
can  calculate  the  length  of  the  cold  start,  recursively,  as  before. 


All  this  explanation  is  summarized  in  the  following  recursion: 


Pr|5<<| 


{ 


Pr\v-X<t\  .f  V>x 
Pr|5<t|  if  V'<.V 


(218) 


From  this  recursion  we  now  solve  for  5*(s)  From  (2.18)  and  since  V,  X  are  independent: 

00  30  TO 

»(0  =  J  Xe'k(’,',,i'(u)du  +  »(<)•  J  v(u)  f  Xe  ‘viw  ixt 

«a(  V«  — 0  It  -  U 


-  /  Xe  M“-'Mu)du  +  »(0-F*(X)  (2.19) 

(i  =( 

Taking  Laplace  transform  on  (2.19): 

30  30 

S*(j)  =.  /  e  “  /  Xe  '(“  "v(tt)  du  dt  + 

Inversion  of  the  integration  order  on  the  left  term  yields: 

00  00 

5*(»)  -  /  Xe'**t>(u)du  /  e<k  "'dt  +  V'(X|5*(») 

U  =0  f  =rO 


/  e •“»(!)  V'*(X)dl  (2.20) 

1=0 


(221) 


Solving  for  S'(t): 


S*(»)  _  X  (K<M->^(X)1  +  V^(X)S'(») 


s.(  _ 

(X-rMl-^X)! 


From  (2.23)  we  now  compute  5  by  taking  the  derivative  of  S*(s)  at  0: 

dSVr)  _  X  f  Vt,UM\-tHVtU\-V'M 
l  (X-,)* 


*•  l-U'(X) 

Using  U*(0)-1,  ^'(0)— V,  we  get: 

i£kl|  „  x 
a#  l*-o  i-v*(x) 


"  X  ( V^(X)-l) 


(2.22) 


(2.23) 


(2.24) 


Now  that  we  know  the  Laplace  transform  and  the  first  moment  of  the  starter  distribu¬ 
tion,  we  can  compute  the  Laplace  transform  of  the  additional  delay  using  equation  (2.10b)  from 
the  analysis  of  the  queue  with  starter.  Recall  equation  (2.10b): 


D\t) 


1 _ l  X+S*(»)(«-X) 

1+xS  (  * 


We  now  substitute  (2.23),  (2.24)  into  (2.10b)  to  obtain  the  additional  delay  for  a  system  with 
vacations: 


D'[>) 


L:  n«l, 

Vi 


(2.25) 


Yes!  this  is  the  residual  life  of  the  vacation  period!  We  bave  thus  shown  that  the  additional  delay 
in  an  M/G/l  system  with  vacation  periods  is  independent  of  the  original  delay  and  is  distributed 
as  the  residual  life  of  the  vacation  period. 


2.5  Direct  Explanation  for  the  Delay  of  a  Queue  with  Vacation 

In  the  previous  section  we  showed  by  direct  calculation  that  the  delay  in  a  queue  with 
vacation  actually  (and  not  only  "could  be  thought  as")  the  sum  of  two  independent  random 
variables: 

-  the  delay  in  a  queue  without  vacation; 

•  additional  delay  distributed  as  the  residual  life  of  the  vacation  period: 
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yet  we  did  sot  give  a  direct  queueing  explanation  for  tbe  fact  that  the  additional  delay  is  distri¬ 
buted  as  the  residua]  life  of  the  vacation  period.  We  shall  do  that  in  this  section. 

Consider  the  busy  and  idle  periods  in  a  regular  M/G/l  system  (denoted  as  system-A)  as 
described  in  figure  2.2a.  We  denote  busy  periods  by  Yt,  Y2,  ■■■  and  idle  periods  by  AT,,  X2,  ■■■. 
Now,  let  us  impose  vacations  on  this  system  (the  new  system  is  denoted  as  system-B).  For 
"pedagogical”  reasons,  let  us  assume  that  the  "vacation"  is  just  another  job  the  server  has  to  do. 
Thus,  if  we  look  from  the  Server '»  point  oj  view  we  notice  three  properties: 

1.  The  server  always  consumes  work  at  rate  of  "one  unit  of  work  per  unit  of  time." 

2.  At  time  points  where  a  vacation  Vt  starts,  additional  work,  equaling  (in  amount)  the 
vacation  length  j  V\,  arrives  at  the  system  (remember,  from  the  server's  point  of  view!). 

3.  A  new  vacation  starts  if  and  only  if  the  amount  of  work  in  the  system  is  exactly  zero. 
This  means  that  the  server  takes  a  new  vacation  either  when  it  finishes  working  in  the 
M/G/l  system  or  when  it  returns  from  vacation  and  finds  the  M/G/l  s-  item  still  empty 
of  customers. 

This  situation  is  illustrated  in  figure  2.2b.  The  solid  line  represents  the  total  amount  of  work  as 
seen  by  tbe  server  (denoted  by  t/wrTM(l)  ),  while  the  broken  line  represents  the  unfinished  work  in 
the  M/G/l  system  with  no  vacations  (denoted  by  ).  We  notice  that  the  server  is  con¬ 

tinuously  busy  at  a  rate  of  "one  work  unit  per  time  unit"  (p*l)  and  that  "vacation  work"  always 
arrives  to  the  server  system  when  UmrnJ^t)  drops  to  zero.  Next,  we  notice  that  the  server  system 
serves  in  first-come-first-served  (FCFS)  order.  This  is  because  of  the  following  properties: 

-  M/G/l  customers  are  served  according  to  FCFS  policy; 

-  "vacation  customers"  arrive  only  when  there  are  no  M/G/l  customers; 

-  the  server  completes  service  of  any  customer  of  any  type  before  serving  the  next 
customer  (nonpreemptive  system). 

For  this  reason  it  is  clear  that  the  total  time  in  system  for  an  M/G/l  customer  arriving 
at  time  t  to  the  system  with  vacation  is  exactly  l/M(W({).  Clearly,  the  time  in  system  for  the 
same  customer  in  a  system  without  vacations  is  l^<yi(0;  thus,  tbe  additional  delay  suffered  by 
this  customer  is  given  by  tf-wwio  -  two. 

In  figure  2.3a  we  plot  the  function  difference  -  C^G.,(0  (denoted  by  £)(<)) 

versus  t.  In  this  figure  the  following  properties  can  be  noticed: 

1.  In  time  segments  corresponding  to  idle  periods  in  system-A  (figure  2.2a),  £>(<)  is  con¬ 
sumed  at  the  rate  of  "one  work  unit  per  time  unit." 


Figure  2.3:  Tbe  additional  delay  in  a  system  with  vacation* 


2.  In  time  segment*  corresponding  to  busy  periods  in  system-A,  £>(f)  remains  constant. 

3.  The  time  epochs  where  D(t)  increases  are  those  corresponding  to  the  beginning  of  vaca- 
tions.  At  such  a  moment,  D{t)~Q  and  discontinuous^  increases  to  the  "height"  of  the 
vacation  starting  at  that  time. 

In  this  figure  we  note  that  D(t)  is  independent  of  any  property  of  a  system-A  busy 
period  (excluding  its  timing)  since  it  stays  constant  during  the  duration  of  such  periods.  D{t)  is 
determined  only  by  the  length  of  the  vaeationo  and  the  length  of  lh«  system-A  idle  period s.  This 
is  the  reason  why  the  additional  delay  in  the  queue  with  vacation  (as  in  the  queue  with  starter) 
is  independent  of  the  delay  in  the  regular  M/G/l  system. 

Since  additional  delay  is  independent  of  any  property  of  system-A  busy  periods  (exclud¬ 
ing  timing),  we  can  represent  any  system-A  busy  period  by  its  starting  point  only.  We  do  so  by 
contracting  the  fiat  segments  of  0(t)  to  a  point.  This  is  done  in  in  figure  2.3b,  where  the  time 
axis  becomes  a  virtual  time  axis  and  a  segment  K,  from  figure  2.3a  is  contracted  to  a  point  y,. 
The  point  corresponding  to  the  beginning  of  a  vacation,  Vt,  is  denoted  by  v,.  For  this  figure  we 
define  £>„(t)  as  the  (virtual)  additional  delay  of  virtual  time  I  as  seen  in  figure  2.3b.  In  the 
transformation  from  2.3a  to  2.3b,  we  notice  the  following  properties: 

1  0v(y,)  equals  the  additional  delay  suffered  by  all  customers  of  busy  period  (in  2.2a)  Y,. 

2.  Dv  continuously  decreases  at  the  rate  of  "one  work  unit  per  time  unit."  Whenever  D, 
becomes  zero,  it  increases  by  a  discontinuous  increment. 

3.  The  increments  of  D ,  occur  in  epochs  corresponding  to  vacation  starts.  The  increment 
size  is  the  vacation  length. 

4  Let  t  be  an  arbitrary  time  epoch  on  the  virtual  time  axis  and  v,  be  the  epoch  correspond¬ 

ing  to  the  first  vacation  starts  after  I.  From  properties  2  and  3  and  from  the  structure 
observed  in  figure  2.3b  it  is  clear  that  D,(t)—vrt. 

From  these  arguments  it  becomes  clear  that,  in  order  to  find  the  additional  delay 
suffered  in  system-A.  one  may  compute  D,  for  the  points  {y,}  in  figure  2.3b.  This  can  be  done  as 
follows:  We  take  a  large  time  segment  (0,<)  in  figure  2.3b  and  examine  0v(y,)  for  all  y,  in  this 
segment.  We  first  note  that  the  length  of  a  subsegment  (v„v,+,)  is  distributed  according  to  the 
distribution  of  the  vacation  length.  Then,  we  notice  that  the  intervals  between  the  adjacent  y- 
points  represent  leogths  of  idle  periods;  so,  they  are  exponentially  distributed  with  parameter  X. 
Thus,  in  2.3b  the  y-points  behave  like  a  stream  of  Poisson  arrivals.  Now,  let  n  be  the  number  of 
y-points  in  (0,1)-  From  the  property  of  the  Poisson  distribution  (see,  for  example,  (Klei75|),  the 
intervals  between  the  y-points  have  the  same  statistics  as  if  these  points  were  selected  from  a 
uniform  distribution  on  (0,<).  Suppose  that  this  was  the  way  that  the  y-points  were  created,  and 
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let  us  examine  what  D{yt)  is.  Things  now  become  clear:  We  randomly,  according  to  the  uniform 
distribution,  drop  a  point  on  the  segment  (0,1).  This  segment  is  divided  to  subsegments, 
(v1,v2),(v2,vs),...  Thus,  the  time  difference  between  a  point  and  the  next  point  .  DJyk),  is 
the  residual  life  of  the  segments  {(»„»,+,)}•  Since  the  lengths  of  the  segments  {( «r,, are  distri¬ 
buted  as  the  vacation  lengths,  we  get  0„(y4)  distributed  as  the  residual  life  of  the  vacation 
period. 

Thus,  we  arrive  at  the  expected  conclusion:  0„( y,),  the  additional  delay  of  the  custo¬ 
mers  in  a  system  with  vacation  periods,  is  distributed  as  the  residual  life  of  a  vacation  period! 

1.0  Summary 

The  queueing  system  with  an  independent  starter  and  the  queueing  system  with 
independent  vacation  periods  were  studied  in  this  chapter.  It  was  shown  that  the  delay  distribu¬ 
tion  in  the  queue  with  starter  is  composed  of  the  direct  sum  of  two  independent  variables:  1) 
The  delay  in  the  equivalent  queue  without  starter.  2)  The  additional  delay  suffered  due  to  the 
starter  presence.  Using  this  decomposition  property,  the  Laplace  transform  of  the  additional 
delay  was  derived.  This  transform  was  derived  both  for  discrete  time  systems  with  geometrically 
distributed  interarrival  times  and  for  continuous  time  systems  with  Poisson  arrivals.  Using  the 
same  approach,  we  then  analyzed  the  M/G/l  system  with  vacation  periods.  It  was  first  shown 
that  the  M/G/l  with  vacations  is  just  a  special  case  of  the  M/G/l  with  starter,  so  that  the  delay 
in  the  M/G/l  with  vacations  can  be  easily  found  by  using  the  formula  for  the  delay  or  the 
M/G/l  with  starter.  Second,  using  geometric  arguments  we  explained  why  the  additional  delay 
in  the  vacation  system  is  distributed  as  the  residual  life  of  the  vacation  period. 


CHAPTER  3 

A  Queue  with  an  Nod  Independent  Starter:  Delay  Analysis 

A  queueing  system  in  which  a  start-up  delay  is  incurred  whenever  an  idle  period  ends  is 
analyzed  in  this  chapter.  In  chapter  ‘2  this  system  was  analysed  under  the  assumption  that  the 
start-up  delay  is  a  random  variable  independent  of  the  system  behavior.  In  this  chapter  we 
extend  the  study  of  the  "queue  with  starter*  and  allow  the  start-up  delay  to  depend  on  the  sys¬ 
tem  behavior.  Two  types  of  systems  are  analyzed:  l)  A  system  where  the  start-up  delay 
depends  on  the  amount  of  work  (or  the  number  of  customers)  arriving  to  the  system  at  the 
beginning  of  the  start-up  period.  2)  A  system  where  the  start-up  delay  depends  on  the  length  of 
the  idle  period  preceding  the  start-up  operation.  The  analysis  is  done  for  systems  (both  discrete 
and  continuous)  where  the  interarrival  periods  possess  the  memory  less  property.  The  results  of 
this  analysis  are  used  in  chapter  5  in  the  analysis  of  some  exhaustive  slotted  ALOHA  systems. 

3.1  Introduction  and  Previous  Work 

In  the  following  we  consider  a  queueing  system  with  a  'starter  *  In  such  a  system  the 
server  is  'turned  off'  whenever  it  becomes  idle  When  a  customer  arrives  at  an  idle  system,  it 
cannot  be  served  immediately;  rather,  an  additional  (random)  amount  of  time  is  required  to  start 
the  "cold"  system  before  the  new  "first"  customer  can  be  served.  Customers  who  arrive  at  a 
“hot"  system  (i.e.  one  with  at  least  one  customer  in  the  system)  will  join  the  queue  and  be  served 
in  turn 

The  queue  with  starter  has  been  studied  before  under  the  basic  assumption  that  the 
length  of  the  starter  (or.  the  length  of  the  set-up  time)  is  a  random  variable  independent  of  the 
system  behavior;  for  a  literature  review  of  the  independent-starter  system,  see  chapter  2.  In  this 
chapter  we  study  a  new  variation  of  the  queue  with  starter.  In  contrast  to  the  previous  studies 
and  to  the  analysis  carried  in  chapter  2  we  do  not  assume  that  the  starter  behavior  is  indepen¬ 
dent  of  the  system  status  Rather,  we  allow  the  set-up  time  to  depend  on  two  system  factors: 

1.  The  amount  of  work  brought  to  the  system  by  the  new  arriving  customer(s). 

2.  The  length  of  the  time  tb«  system  was  idle  prior  to  the  set-up  period.  Namely,  the  length 

of  the  idle  period  preceding  the  starter  operation 


To  understand  the  importance  of  these  new  variations  for  the  modeling  of  queueing  sys- 
terns,  let  us  describe  what  systems  can  be  modeled  by  the  new  models,  compared  to  the  systems 
that  can  be  modeled  by  the  old  independence  model: 

1.  The  queue  with  an  independent  starter  can  be  described  as  a  system  with  an  "indifferent" 
server.  In  this  system  the  server  goes  for  a  "vacation"  of  indefinite  length  whenever  the 
system  gets  idle  and  returns  to  service  when  new  customer(s)  arrives.  However,  the 
return  of  the  server  is  not  instantaneous  since  it  takes  the  server  a  random  amount  of 
time  to  complete  his  vacation  (or  just  to  start  working  again).  We  call  this  type  of 
server  "the  indifferent  server"  since  the  time  it  takes  the  server  to  start  working  is 
independent  of  the  system  behavior. 

2.  A  queue  with  starter  where  the  set-up  time  depends  on  the  amount  of  work  brought  to 
the  system  by  the  new  arriving  customer,  can  model  a  system  with  customer-sensitive 
server.  In  this  system  the  server  is  sensitive  to  the  amount  of  work  brought  by  the  first 
customer  (or  to  the  number  of  customers  arriving  in  the  first  bulk,  in  a  bulk-arrival  sys¬ 
tem)  and  the  return-time  depends  on  this  amount  In  many  real  queueing  systems  it  is 
only  natural  that  the  server  will  “rush"  back  to  work  when  it  sees  a  "big  customer" 
arriving  (much  work  to  do.  )  and  will  be  much  slower  if  the  new  arriving  customer  is 
just  a  "small  one"  Clearly,  this  is  not  the  only  application  that  can  be  modeled  by  a 
starter  that  depends  oa  the  amount  of  work  brought  to  the  system.  As  a  matter  of  fact, 
as  already  slated,  the  aoalysis  of  the  queue  with  a  non  independent  starter  was 
motivated  by  the  need  to  analyte  some  exhaustive  slotted  ALOHA  systems,  and  the 
results  derived  in  this  chapter  are  used  in  the  analysis  of  those  ALOHA  systems  (chapter 

3.  The  queue  with  starter  which  depends  on  the  length  of  the  last  idle  period  can  be  used 
to  model  systems  where  the  server  is  some  machine  which  is  turned-off  whenever  the  sys¬ 
tem  gets  empty,  and  the  set-up  time  is  a  "warm-up  ’  period  of  the  machine.  As  we  know 
from  behavior  of  automobiles,  this  warm-up  period  may  directly  depend  on  the  amount 
of  time  the  machine  was  idle  before  starting-up  the  longer  the  idle  period,  the  longer 
the  warm-up  time. 

In  section  3  2  we  review  the  model  description  and  the  analysis  of  the  queue  with  an 
independent  starter  reported  in  chapter  2.  I'sing  the  analysis  approach  and  the  results  reported 
in  chapter  2  it  is  very  convenient  to  analyte  the  queue  with  non  independent  starter.  The  proper¬ 
ties  of  the  queue  with  an  independent  starter  which  are  important  for  this  chapter  are  reviewed 
in  section  3.2.  Also  reviewed  in  section  3  2  are  the  model  description  and  the  notation  used  in 
chapter  2 


Section  3.3  deals  with  a  discrete  (slotted)  system  with  memory  less  bulk  arrivals,  where 
the  start-up  delay  depends  on  the  number  of  customers  arriving  in  the  first  bulk  after  an  idle 
period.  For  this  system  we  derive  the  i-transform  and  the  expected  value  of  the  additional  delay 
an  arbitrary  customer  suffers  in  the  system.  We  realize  that  the  expected  value  of  the  additional 
delay  (unlike  the  z-transform)  can  be  used  directly  to  calculate  the  expected  value  of  the  total 
delay  suffered  in  the  system. 

In  section  3.4  we  are  interested  in  a  continuous  time  system.  Here  the  underlying  system 
is  an  M/G/l  system  and  the  starter  depends  on  the  amount  of  work  brought  to  the  system  by 
the  first  customer  of  a  busy  period.  The  analysis  in  this  section  is  similar  to  that  done  in  section 
3  3  and  it  yields  the  Laplace-Stieltjes  transform  (LST)  and  the  expected  value  of  the  additional 
delay  suffered  by  an  arbitrary  customer  in  the  system.  As  in  section  3  3  we  realize  that  the 
expected  value  of  the  additional  delay  can  be  used  directly  to  calculate  the  expected  value  of  the 
total  delay  suffered  in  the  system.  Nevertheless  (again,  as  in  section  3  3),.  the  LST  of  the  addi¬ 
tional  delay  cannot  be  used  directly  to  calculate  the  LST  of  the  total  delay  suffered  in  the  system. 
This  is  true  since  the  additional  delay  suffered  by  an  arbitrary  customer  in  the  system  with  star¬ 
ter  is  not  independent  of  the  delay  this  customer  would  suffer  in  the  system  without  starter 

The  LST  of  the  total  delay  suffered  by  an  arbitrary  customer  in  this  type  of  system  is 
the  topic  of  section  3  5.  Due  to  the  non-independence  property  observed  above  we  must  go 
through  a  more  complicated  analysis  in  order  to  derive  this  LST 

In  section  3  6  we  deal  with  a  queue  with  starter  where  the  starter  depends  on  the  length 
of  the  time  the  system  was  idle  before  the  start-up  time  It  is  bserved  that  for  systems  with 
memory  less  arrivals  the  dependence  of  the  starter  >n  the  «vM-m  behavior  is  quite  simple,  so 
using  the  results  reviewed  in  section  3J  it  is  rather  trivial  •>  alnjlate  ihe  additional  delay 
suffered  in  this  system.  This  result  has  been  previous  reported  ,o  U-i<f  ij  and  is  discussed 
here  for  completeness.  Section  3  6  also  deals  with  rinsed  -  -i'-ti'  nameiv  -v-'ems  where  the 
starter  depends  both  on  the  length  of  the  preceding  die  p e - --i  md  n  fi»  unmint  f  work 
brought  to  the  system  by  the  first  customer  in  the  huu  pen,„i 

Section  3  7  deals  with  extensions  and  generan;  ati--n»  f  ■  be  bv.c  models  it  is  observed 
that  most  of  the  results  reported  m  the  previous  sections  an  '  i - . . *  *>»  -v.eol-d  sometimes  bv  a 
small  modification)  to  the  following  types  of  systems  1 1  <* stem'  *itb  bulk  arrivals  .’I  Systems 
where  the  starter  depends  on  the  size  of  the  "first  bulk  ’  ' i  '»'t»ms  where  the  starter  depend* 

on  the  amount  of  work  brought  to  the  system  by  the  first  bulk" 


3.S  N  odal  Description,  Notation  and  Review  of  tha  Quaua  with  Indepandant  Starter 


lo  this  section  we  review  the  results  Tor  a  queue  with  starter  where  the  start-up  times  are 
independent  of  the  other  system  parameters.  These  results  were  reported  in  chapter  2  and  will 
be  used  throughput  this  chapter 

The  model  considered  here  is  simple:  We  consider  a  single  server  queue  in  which  a  custo¬ 
mer  that  arrives  to  an  empty  system  cannot  be  served  right  away.  Rather,  an  additional  (ran¬ 
dom)  amount  of  time  is  required  to  start  the  system  up,  before  this  customer  can  be  served.  This 
period  of  time,  during  which  the  server  "warms  up"  is  called  a  cold  start.  The  lengths  of  the  cold 
starts  in  a  system  with  an  independent  starter  are  identically  distributed  and  are  independent  of 
any  of  the  system  parameters. 

The  notation  used  and  the  assumptions  on  the  arriving  customers  are  the  following: 

1.  Arrivals  occur  at  time  epochs  rlfr„,  •  .  The  arrivals  may  consists  of  a  bulk  of  custo¬ 
mers  (in  several  of  the  cases  studied)  or  of  single  customers.  Interarrival  times  are 
denoted  by  tx.t2.  Thus,  t,  ^*rl -r,_,. 

2.  The  interarrival  times  are  statistically  independent  of  each  other.  Namely,  I,  is  indepen¬ 
dent  of  tt  for  ijdj. 

3.  The  ith  customer '  is  denoted  by  C,. 

4.  The  service  time  of  C,  is  denoted  by  e,. 

5.  The  service  times  are  statistically  independent  of  each  other.  Namely,  c,  is  independent 
of  c.  for  ifdj. 

6.  The  interarrival  times  are  statistically  independent  of  the  service  times.  Namely,  t ,  is 
independent  of  e(  for  every  i  and  j. 

The  notation  and  the  assumptions  made  above  on  the  arrivals  are  valid  both  for  the  systems 
with  an  independent  starter  and  for  the  systems  with  a  non-independent  starter. 


‘Note  that  some  ambiguity  in  the  numbering  of  the  customers  and  of  the  arrivals  may  arise  in 
the  case  of  bulk  arrivals.  However,  since  the  aclual  service  times  are  not  required  in  the  analysis, 
this  ambiguity  is  avoided. 


To  analyze  this  system  we  compare  it  to  a  similar  system  (under  the  same  arrival  realiza>- 
tion)  which  does  not  suffer  cold  starts.  We  call  the  system  with  starter,  eyetem-B,  and  the 
corresponding  system  that  does  not  have  a  starter,  eyitem-A.  The  analysis  is  done  by  observing 
the  unfiniaked  work,  denoted  by  £/(<),  in  the  two  systems. 

The  system  time  suffered  by  a  customer  in  system-B  is  calculated  by  comparing  it  to 
system-A.  We  call  the  time  spent  by  a  customer  in  system-B,  the  total  delay  (or  the  eyatem  time  ). 
This  delay  is  viewed  as  the  sum  of  two  different  delays:  a)  The  delay  this  customer  would  suffer 
in  the  equivalent  system-A,  which  we  call  the  original  delay,  b)  The  additional  delay  this  custo¬ 
mer  suffers  due  to  the  starter  "presence",  called  the  additional  delay. 

In  figure  2.1,  we  plotted  the  unfinished  work  as  observed  in  the  two  systems.  Figure  2.1a 
describes  l/{t)  in  system-A,  and  figure  2.1b  describes  U(t)  in  system-B.  In  this  figure,  Y,  denotes 
the  ith  busy  period  according  to  the  realization  in  system-A,  and  X,  denotes  the  corresponding 
ith  idle  period.  D ,  denotes  the  additional  delay  suffered  in  system-B  by  the  customers  of  the  ith 
busy  period  (busy  period  are  indexed  by  their  realization  in  system-A). 

The  following  facts  were  established  in  chapter  2: 

1.  The  additional  delay  suffered  by  all  customers  of  the  ith  busy  period  is  the  same.  Thus, 
D ,  is  the  additional  delay  suffered  by  all  customers  of  the  ith  busy  period. 

2.  The  additional  delay  suffered  by  an  arbitrary  customer  in  system-B  is  independent  of  the 
delay  it  suffers  in  system-A. 

3.  A  busy  period  (b.p.),  K,,  may  "suffer"  a  cold  start  (as  do  Vl  and  Y2)\  in  this  case  the 
additional  delay  suffered  by  the  customers  of  this  b.p.  is  distributed  as  the  distribution 
of  the  cold  start.  However,  not  all  busy  periods  do  suffer  cold  starts.  In  this  case  the 
additional  delay  suffered  by  the  jth  b.p.  is  some  residual  of  the  additional  delay  suffered 
by  the  j-lst  b.p.;  for  example  see  that  the  additional  delay  suffered  by  the  customers  of 
Kj  is  some  residual  of  the  additional  delay  suffered  by  the  customers  of  K:. 

Using  the  above  observations  one  can  recursively  calculate  the  additional  delay  suffered  by  the 
customers  of  the  ith  busy  period  from  the  additional  delay  suffered  by  the  customers  of  the  i-lst 
busy  period.  From  this  recursion  it  is  then  easy  to  derive  the  Laplace-Stieltjes  transform  (LST) 
of  the  additional  delay  suffered  by  an  arbitrary  customer  when  the  system  is  in  equilibrium. 
Since  the  additional  delay  is  independent  of  the  original  delay,  this  LST  can  be  multiplied  by  the 
LST  of  the  original  delay  suffered  in  the  corresponding  system-A,  to  yield  the  LST  of  the  total 
delay  suffered  in  system-B. 
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Id  chapter  2  we  analyzed  the  queue  with  an  independent  starter  for  two  types  of  sys¬ 
tems:  1)  A  discrete  system  where  the  arrivals  consist  of  bulks  of  customers  and  the  interarrival 
times  are  geometrically  distributed  (with  parameter  i).  2)  A  continuous  system  with  Poisson 
arrivals  (an  M/G/l  system). 

The  notation  used  for  analyzing  the  discrete  system  are  the  following: 

the  length  of  the  cold  start  (if  any)  suffered  by  the  jth  busy  period 

the  additional  delay  suffered  by  the  yth  busy  period 
5;(z)  ^  the  z-transform  of  the  distribution  of5; 

D.{z)  A  the  z-transform  of  the  distribution  otD] 


Similarly.  5(z)  aod  D{z)  denote  the  z-transforms  of  the  cold  start  and  of  the  additional  delay 
suffered  by  (customers  of)  an  arbitrary  busy  period  when  the  system  is  in  equilibrium.  In  addi¬ 
tion  j.  5*  denote  the  first  and  second  moments  of  the  cold  start  distribution  and  Z7  denotes  the 
equilibrium  expected  value  of  the  additional  delay,  suffered  by  an  arbitrary  busy  period,  x 
denotes  the  probability  of  ao  arrival  to  the  system  in  a  given  slot. 


The  recursive  relation  of  the  additional  delay  in  this  system  was  found  to  be: 


(l-z)lP(z)-P.lc)) 

z-z 


+  S|z)  0.1  z) 


(3  1) 


The  z-transform  of  the  additional  delay  suffered  by  an  arbitrary  busy  period,  when  the  system  is 
in  equilibrium,  is: 


D[z) 


1  ji  r  +  |r 
l+U  i)S  I  l  - 


(3.2) 


The  expected  additional  delay  is  given  by: 

u  »  ^±i£-£lLLii 

2+25T(I-r) 


(3.3) 


The  notation  used  for  analyzing  the  continuous  system  ( M/G/l)  are  the  following. 
S'(»)  a*  the  LST  of  the  distribution  of  Sf 


D'{$)  £  the  LST  of  the  distribution  of  Dl 
where  5;  and  D,  have  the  same  meaning  as  in  the  discrete  system. 

Similarly,  S*(s)  denotes  the  LST  of  the  cold  start  distribution  and  0*|#1  denotes  the  LST  of  the 
additional  delay  suffered  by  an  arbitrary  busy  period  under  equilibrium.  ?,  ?  and  ZT  have  the 
same  meaning  as  in  the  discrete  system.  X  is  the  parameter  of  the  Poisson  arrivals. 

The  recursive  relation  of  the  additional  delay  in  this  system  is  given  by: 


D%x\»\ 


$  -  X 


(3.4) 


The  LST  of  the  additional  delay  suffered  by  an  arbitrary  busy  period  is: 

£)*{,)  =  1  \  *  +  _Xj 


1+xS  l 


(3.5) 


The  expected  additional  delay  is  given  by: 

U 


25  +  *7 
2  *e  2*5 


(3  6) 


Having  reviewed  the  queue  with  independent  starter  we  no*  turn  to  analyze  queueing 
systems  with  starter  where  the  length  of  the  cold  start  is  not  independent  of  the  system 
behavior  Considering  the  arrival  process,  these  systems  are  similar  to  the  queue  with  indepen¬ 
dent  starter.  The  difference  is  that  in  the  non-independent  systems  the  length  of  the  cold  start  is 
not  chosen  independently  of  the  arrival  process  Rather,  the  length  of  a  cold  start  is  a  function  of 
this  process 


3.3  The  Discrete  System  Where  the  Starter  Depends  on  the  Number  of  Customers  It 
finds  In  the  System 

Our  first  system  is  a  discrete  queueing  system  with  starter.  The  arrival  process  in  this 
system  consists  of  bulks  of  arbitrary  size.  Therefore  a  system-A  busy  period  starts  with  the 
amount  of  work  brought  by  the  "first"  bulk  (»e  will  refer  to  the  customers  in  the  first  bulk  as 
"first"  customers)  In  contrast  to  chapter  2,  we  do  not  assume  here  th3t  the  length  of  a  cold  start 
is  independent  of  the  amount  of  work  brought  by  these  first  customers.  Rather,  the  length  of  the 
cold  start  is  a  function  of  the  number  of  customer .«  in  this  first  bulk  This  dependency  is  denoted 
by  the  following  notation: 


*{|t  A  Pr|5 ;»i  |  the  number  of  customers  starting  busy  period  j  is  k  ) 

s,(«  SHTAEi-fu 

i  *0  i  «0 

To  avoid  confusion,  note  that  this  notation  is  valid  only  for  a  busy  period  j  that  suffers  a  cold 
start  (in  contrast  to  many  busy  periods  that  do  not  suffer  a  cold  start).  The  conditional  z- 
transform  of  an  arbitrary  cold  start  (without  considering  the  busy  period  index)  and  its  expected 
value  are  denoted  by  S(x  |i)  and  5"[7 ,  respectively.  Clearly,  since  we  assume  that  the  distribu¬ 
tion  of  a  cold  start  is  independent  of  the  busy  period  index,  S(:  |<fc)  =  S,(:  |i)  and 
for  every  k. 

In  addition  we  define: 

<»,  =  Pf\  bulk  consists  of  i  customers  ]  ;  t=0,l,2, ••• 

bt  ^  Pr{  a  system- A  busy  period  starts  with  a  bulk  of  i  customers  ]  i=0,l,2,--- 

F  J  V.  6, 

1*1 

x,  £  Pr[  the  length  of  an  arbitrary  idle  period  is  i  time  units  | 

a, 

From  this  notation,  it  is  clear  that  4,  =  — —  for  iy^O  In  addition,  if  we  denote  by  x  the  proba- 

l*ao 

bility  of  no  arrival  in  a  given  slot  (x  =  a0),  we  can  easily  calculate  x,: 

x,  -  (l-x)  x'-1  i  =  1.2, 3.  .. 

L’sing  this  notation  we  may  write: 

5,(x)  =  v  5,(x  \k)-bt  .  5(.-)  =  r  si.-  \k\  4,  ?  =  r  377 6t 

c  —  1  «  =  l  «  =  l 

This  allows  us  to  calculate  the  unconditional  expression  for  the  length  of  the  cold  start  from  the 
conditional  expressions. 

Similarly,  we  denote  the  additional  delay,  suffered  by  customers  of  the  ;th  busy  period, 
conditioning  on  the  size  of  the  first  bulk  of  this  busy  period: 

|t  £  Pr\Dj  =»  |  the  number  of  customers  starting  busy  period  >  is  k  | 


D\:  |t)  J  £<!*•*• 

i=0 

The  additional  delay  suffered  by  an  arbitrary  customer  is  denoted  by: 

g,  A  pT\  the  additional  delay  suffered  by  an  arbitrary  customer  is  1 1 
The  z-transform  of  this  distribution,  and  its  expected  value  are  denoted  by: 

<?(*)  A  £#.«*. 


We  may  now  start  deriving  the  additional  delay  suffered  by  customers  in  the  system 
under  equilibrium  conditions.  First,  let  us  pick  as  arbitrary  customer  and  calculate  the  addi* 
tional  delay  suffered  by  this  customer.  Without  loss  of  generality,  we  can  assume  that  the 
system-A  busy  period  in  which  this  customer  is  served,  is  j*  1.  Next,  let  us  condition  the  delay 
suffered  by  this  customer  on  the  number  of  customers  (k)  that  start  busy  period  ;  +  l.  As  shown 
in  chapter  2  the  additional  delay  suffered  by  this  customer  depends  on  the  additional  delay 
suffered  by  the  customers  of  the  ;ih  busy  period,  on  the  length  of  the  ;tb  idle  period  and  on  the 
length  of  the  cold  start  (if  any)  starting  the  j+lst  busy  period.  As  in  the  system  with  an 
independent  starter,  here  too,  these  three  measures  are  indeptndtnt  of  each  other.  Thus,  the 
additional  delay  of  our  customer  is: 


<I»l  -  E 


m  -  0  .  =>  "i  *  I 


The  first  term  of  this  expression  represents  the  situation  where  the  additional  delay  suffered  by 
busy  period  ;'+l  is  the  residual  of  the  additional  delay  suffered  by  the  jtb  busy  period.  The 
second  term  represents  the  situation  where  the  additional  delay  suffered  by  the  ;th  busy  period 
is  smaller  than  the  length  of  the  jth  idle  period  In  this  situation  busy  period  1  suffers  the 
additional  delay  caused  by  a  cold  start. 

Taking  the  z-transform  of  (3.7)  and  using  the  fact  that  the  distribution  of  the  cold  start 
is  independent  of  its  index,  we  get 

,  (l-z)(0,(z)-0,(;)| 

£>  .,(-'  |t)  -  - 1 - —  +  S(j  jt)  D\z\  (3  3) 
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Since  the  system  is  in  equilibrium,  the  additional  delay  suffered  by  the  customers  of  the  ;tb  busy 
period  is  just  the  equilibrium  additional  delay  We  observe  that  this  additional  delay  is  distri¬ 
buted  exactly  as  the  additional  delay  in  a  queue  with  independent  starter.  Thus,  using  the 
derived  unconditional  expression  for  5(r)  (see  section  3  2  equation  (3.2)1  we  have 
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D,(z)  -  D(z) 
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Thus,  replacing  D;(z)  for  D(z)  in  equation  (3.8)  we  have: 


D,^(z  |t)  - 
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+  S(z  |t)  D(z) 


Next,  let  us  compute  the  probability  that  the  busy  period  to  which  our  arbitrary  custo¬ 
mer  belongs,  starts  with  t  customers.  It  is  clear  that  the  expected  number  of  customers  served  in 
a  busy  period  which  was  started  by  t  customers  is  proportional  to  k.  This  is  true  since  this  busy 
period  can  be  thought  of  as  k  consecutive  independent  sub-busy  periods,  each  of  which  starts 
with  one  customer  (see  for  example  (Klei75l,  section  5.8).  From  this  argument  it  is  easy  to  calcu¬ 
late  the  probability  that  an  arbitrary  customer  belongs  to  a  busy  period  that  starts  with  k  eu*to- 


Pr\  arbitrary  customer  belongs  to  a  busy  period  started  by  k  customers 


Now.  it  is  clear  that  equation  (3.10)  is  actually  independent  of  the  busy  period  index  0+1 1- 
Thus  if  we  condition  on  the  fact  that  our  arbitrary  customer  is  served  in  a  busy  period  started 
by  k  customers,  then  the  z-transform  of  the  additional  delay  suffered  by  this  customer  is  given 
by: 

D( 2  |  busy  period  starts  with  k  customers  )  »  ^x~z  ^  +  S(c  |i)  D(i)  (3.12) 


From  equation  (3.11)  and  equation  (3.12)  it  is  now  easy  to  calculate  the  z-transform  of  the  addi¬ 
tional  delay  suffered  by  an  arbitrary  customer.  This  is  done  by  unconditioning  equation  (3.12): 
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Using  equation  (3.9)  we  may  rewrite  this  as: 

V5(:|*)M 

C(z)-0(r)  +  £(*)[— — - *(*)]  <3H) 

from  which  we  observe  that  the  z-transform  of  the  additional  delay  in  our  system  equal  to  the 
additional  delay  in  the  system  with  an  independent  starter  plus  the  second  term  of  (3.14).  Now 
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Note,  that  neither  <?(;)  from  equation  (3.15)  nor  D{z)  from  equation  (3.9)  can  be  used 
directly  to  solve  for  the  z-transform  of  the  total  delay  to  a  customer  in  the  queue-with-starter. 
Unlike  the  approach  suggested  in  chapter  2  for  a  queue  with  an  independent  starter,  we  cannot 
compute  this  z-transform  by  multiplying  any  of  the  above  transforms  by  the  z-transform  of  the 
queue- without-starter.  This  is  true,  since  in  this  system  the  additional  delay  in  the  queue-with- 
starter  is  not  independent  of  the  delay  suffered  in  the  queue-without-starter.  Nevertheless,  if  one 
is  interested  in  the  expected  value  of  the  total  delay,  one  can  compute  it  by  summing  the 
expected  additional  delay  and  the  expected  delay  in  the  queue-without-starter.  The  expected 
value  of  the  additional  delay  in  the  system  is  calculated  from  (3.14): 
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or,  by  using  (3.3): 
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3.4  The  M/G/l  Syatem  where  the  Starter  Depends  on  the  Amount  of  Work  Brought 
by  a  First  Customer:  Analysis  of  the  Additional  Delay 

In  this  section  we  are  interested  in  the  analysis  of  the  additional  delay  in  an  M/G/l  sys¬ 
tem  with  a  non-independent  starter.  The  system  model  is  the  following:  the  basic  system  is  a 
regular  M/G/l  queue.  The  modification  is  that  when  a  customer  arrives  to  an  empty  system  a 
random  amount  of  time  is  required  to  "start"  the  server  before  this  customer  can  be  served.  This 
amount  of  time  depend t  on  the  amount  of  work  brought  to  the  system  by  that  "first  customer". 


The  goal  here  is  to  analyze  the  additional- delay  suffered  in  the  system.  Thus,  as  in  sec¬ 
tion  3.3.  we  will  derive  the  LST  and  the  expected  value  of  the  additional  delay  suffered  by  an 
arbitrary  customer  in  the  system.  As  in  the  discrete  system,  one  can  sum  the  expected  value  of 
the  additional  delay  in  the  system  and  the  expected  value  of  the  system  time  in  the  correspond¬ 
ing  M/G/l,  to  yield  the  expected  value  o}  the  eyitem  time.  On  the  other  hand,  the  LST  of  the 


additional  delay  suffered  in  the  system  cannot  be  used  in  a  direct  way  (namely,  by  multiplying  it 
by  the  LST  of  the  system  time  in  the  corresponding  M/G/l)  to  calculate  the  total  delay  io  the 
system.  Nevertheless,  using  more  sophisticated  analysis  and  the  results  derived  in  this  section, 
we  will  be  able,  in  the  next  section,  to  derive  the  LST  of  the  total  delay  suffered  in  the  system. 


The  notation  to  be  used  is  similar  to  that  used  in  section  3  2.  but  here  we  condition  on 
the  service  time  of  the  first  customer  of  the  given  busy  period: 

D,[t  |r)  £  Pr\D,<t  |  the  service  time  of  the  first  customer  in  bp  i  »  r| 

<t\t  1 1)  £ - -  — .  U'if  |r|  J  / e ■''<(<  |r|d«. 
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5,(1  |r)  ^  I  service  time  of  the  first  -u slower  in  b  p.  i  »  *| 

»,(l  I*)  ^  ^  ■■  S'{$  |r|  £  j e"s.\l  \i\dt  ^"7  =  /' 

o  o 

The  conditional  LST  and  the  conditional  expected  value  of  the  cold  start  suffered  by  an  arbi* 
trary  busy  period  (disregarding  its  index)  are  denoted  by  5*(»  Ul  and  respectively.  The  con¬ 
ditional  LST  of  the  additional  delay  suffered  by  an  arbitrary  busy  period  is  denoted  by  D'(s  |x). 
The  unconditioned  cold  start  is  denoted  by  S*U<|.  5(f).  s|t).  and  5  The  unconditioned  additional 
delay  (suffered  by  the  customers  of  an  arbitrary  bu sy-pmodj  is  represented  by  D'(t),  Z)(f).  d(t). 
and  27.  The  additional  delay  suffered  by  an  arbitrary  astomer  is  represented  by  G*(»),  G(t), 
g(t),  and  27. 

Now  let  u«  follow  the  derivation  from  the  previous  cerrion  to  derive  the  LST  of  the  addi¬ 
tional  delay  suffered  in  the  system.  The  LST  of  the  additional  delay  suffered  by  the  customers  of 
busy  period  j+l,  conditioning  that  the  service  time  of  the  first  customer  of  this  busy  period  is  z, 
is  recursively  expressed  as  follows: 
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Since  the  system  is  in  equilibrium,  the  additional  delay  suffered  the  customers  of  the  ;th  busy 
period  is  the  equilibrium  additional  delay  (P'(X).  so: 


|x)  -  bl'SllL  +  5*(,  |/(0'(X) 

I  “  ^ 


(3.19) 


Clearly,  the  above  expression  is  correct  for  every  ;  so  it  represents  the  LST  of  the  additional 
delay  suffered  by  an  arbitrary  busy  period  (conditioning  on  the  amount  of  work  started  this 
b  p  ).  Thus. 
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Next,  we  calculate  the  distribution  of  the  additional  delay  suffered  by  an  arbitrary  custo¬ 
mer.  This  is  done  by  considering  the  fraction  of  customers  who  are  served  in  busy  periods  which 
start  with  an  amount  of  work  equal  to  x,  and  by  unconditioning  equation  (3.20).  In  addition,  we 
substitute  D‘(t)  and  Z)*(X)  with  the  corresponding  expression  taken  from  (3.5).  This  calculation 
yields: 

» 

/  i(x)xS‘(f  h)dx 


From  this  equation  it  is  easy  to  derive  the  expected  additional  delay  suffered  by  an  arbitrary  cus- 
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As  mentioned  earlier,  the  expected  value  of  the  additional  delay  can  be  added  to  the  ori¬ 
ginal  expected  delay  suffered  in  the  M/G/l  system  to  yield  the  expected  system  time  spent  by  an 
arbitrary  customer.  Nevertheless,  the  the  LST  of  the  additional  delay,  cannot  be  multiplied  by 
the  LST  of  the  original  delay  suffered  in  the  M/G/l  system  to  yield  the  LST  of  the  system  time 
in  our  system.  This  is  true  since  the  original  delay  is  not  independent  of  the  additional  delay. 

In  the  next  section,  we  use  a  more  sophisticated  analysis  to  derive  the  LST  of  the  total 
delay  suffered  by  an  arbitrary  customer  in  this  type  of  system. 


3.5  The  M/G/l  System  where  the  Starter  Depends  on  the  Amount  of  Work  Brought 
by  a  First  Customer!  Analysis  of  the  System  Time 


The  approach  used  in  the  previous  section  cannot  be  used  to  derive  the  distribution  of 
the  total  delay  suffered  in  the  system.  Even  though  we  derived  the  LST  of  the  additional  delay. 
0*(»),  and  even  though  the  LST  of  the  original  delay  is  known  for  an  M/G/l  system,  one  cannot 
directly  use  these  results  to  compute  the  LST  of  the  total  delay  suffered  in  the  system.  The  rea¬ 
son.  as  already  mentioned,  is  that  in  this  system,  in  contrast  to  the  system  with  an  independent 
starter,  the  additional  delay  suffered  .  y  an  arbitrary  customer  is  not  independent  of  the  original 
delay  suffered  by  this  customer,  so  the  two  transforms  cannot  be  multiplied  to  give  the  required 
LST.  Therefore,  we  have  to  use  a  more  direct  approach  to  find  this  LST. 


Let  us  assume  that  the  system  is  in  equilibrium  aod  let  z  and  ui  be  random  variables 
respectively  representing  the  service  time  and  the  waiting  time  of  an  arbitrary  customer  in  the 
system  t without  starter  (tyttem-A/.  Let  i  be  a  random  variable  representing  the  additional  delay 
suffered  by  an  arbitrary  customer  in  the  system  with  starter  (tyttcm-B).  This  additional  delay  is 
due  to  the  starter.  Let  f  be  a  random  variable  representing  the  system  time  (total  time)  an  arbi¬ 
trary  customer  suffers  in  the  system  with  starter  (eyrtem-B).  W e  call  these  variables  the  service 
time  (x),  the  original  waiting  time  (u/),  the  additional  delay  (cf)  and  the  system  time  (f).  The  pro¬ 
babilistic  measures  of  these  variables  are  the  following: 
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In  our  analysis  we  realize  that  the  system  time  of  a  given  customer  depends  on  two  pro¬ 
perties  of  6rsl  customers: 

1.  If  the  customer  is  the  "first  customer"  of  a  busy  period  or  not. 

2.  The  amount  of  work  brought  to  the  system  by  the  "first  customer"  of  the  busy  period,  in 
which  our  customer  is  served. 


For  the  sake  of  clarity,  let  us  define  these  properties  carefully.  Consider  the  busy  and 
idle  periods  as  observed  in  system-A  (i.e.,  a  system  without  the  starter).  Recall  that  a  customer 
is  a  fleet  cuelomtr  if  it  happens  to  be  the  first  customer  of  some  busy  period.  A  customer  which  is 
not  the  first  customer  of  some  busy  period  is  called  non  flrst.  We  say  that  a  busy  period  is  of 
height  z  (or  type  zl  if  the  amount  of  work  brought  to  the  system  by  the  first  customer  of  this 
busy  period  is  r.  We  say  that  a  customer  belong e  to  a  busy  period  of  type  z  if  it  is  served  in  a 
busy  period  of  type  z.  In  figure  3.1  we  see  that  customer  j  is  a  first  customer,  while  the  custo¬ 
mers  ;t| ;  +  *  are  non-first.  The  busy  period  described  in  this  figure  is  of  type  z. 


:d 
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Figure  3.1:  The  mth  busy  period,  a  busy  period  of  type  x 


Next  we  are  interested  in  the  conditional  distributions  of  the  service  time,  the  original 
waiting  time,  the  additional  delay  and  the  system  time.  These  measures  are  conditioned  on  the 
height  (type)  of  the  busy  period  to  which  the  customer  belongs  and  on  the  customer  being  first 
or  non-first.  First,  we  denote  the  service  time,  waiting  time,  additional  delay  and  system  time  of 
the  customers  which  are  non-first,  distinguished  with  the  subscript  n: 

B,{y  lx)  £  Pr{x'<y  |  the  customer  is  non-first  and  is  served  in  a  b.p.  of  type  z| 

I*)  £  B*('  I*)  -  l*Mr 

W„( y  |x)  £  Pr[w<p  |  the  customer  is  non-first  and  is  served  in  a  b  p.  of  type  z| 


“\(v  I*)  »  - *,  "  1  '•  I*)  -  J  *"*»•{»  |x)rfy 

tfy  o 

0„(y  |z)  ^  Pr(<f<y  |  the  customer  is  nou-first  and  is  served  in  a  b.p.  of  type  zj 

<Uy  I*)  =  'J>  .  D\(a  |z)  ^  Je-'UJy  \z)dy 

®y  o 


Tn{y  I1)  =  P^CKy  |  the  customer  is  non*first  and  is  served  ia  a  b.p.  of  type  z] 

(,(y  | z)  J  *T'-[y  — .  T'( a  | z)  i  / e'**f,(y  \z)dy 

°y  o 


Similar  Dotation  is  used  for  first  customers,  distinguished  by  subscript  /: 
B,(y  |z)  £  Pr (z<y  |  the  customer  is  6rst  and  is  served  in  a  b.p.  of  type  zj 

My  I*)  J  fl*(»  I*)  &  ]e-‘H,{y  | z)«fy 

oy  o 

Wf(y  | z)  J  Pr[  w<y  |  the  customer  is  first  and  is  served  in  a  b.p.  of  type  z| 


w,{y  |z)  z*  ^  \  W‘(t  |z)  ^  / t'^Wfiy  |z)<fy 


D,(y  | z)  Pr\d<y  |  the  customer  is  first  and  is  served  in  a  b.p.  of  type  z| 

My  1*1  i  d-,'-!.y  —  ■  D;(a  |z)  J  /e'‘"d/(y  I z)dy 
®y  o 


T, (y  |z)  Pf{C<y  |  the  customer  is  first  and  is  served  in  a  b  p.  of  type  zj 


My  I*)  £  —  1  — '■  r,*(»  |z)  i  7e  ‘»Mp  |z)<fy 


Now  we  show  that  the  conditional  original  waiting  time,  the  conditional  service  time  and 
the  conditional  additional  delay  are  independent  of  each  other. 

THEOREM  3  1:  Given  that  a  customer  is  served  {in  system-A)  in  a  busy  period  of  type  j,  the 
additional  delay  it  suffers  is  statistically  independent  of  its  original  waiting  time  and  of  its  service 
time. 

Proof :  Let  us  first  consider  an  arbitrary  customer.  C,,  which  is  non-first.  Let  j  be  the  busy 
period  in  which  C,  is  served,  and  let  C,  (i<i)  be  the  first  customer  served  in  this  busy  period. 
From  fact  1,  observed  in  section  3  2.  the  additional  dela>  « uttered  by  C,  and  Ct  is  the  same. 
Thus,  we  have  to  show  that  conditioning  on  the  type  of  the  busy  period  (or.  actually,  condition¬ 
ing  on  the  service  time  of  C,)  the  additional  delay  suffered  by  Ck  is  independent  of  the  original 
delay  suffered  by  C,  and  of  the  service  time  of  C,. 

It  is  clear  that  the  original  delay  suffered  by  C,  is  a  function  only  of  the  service  times 
and  interarrival  times  that  "belong”  to  busy  period  j.  Namely,  the  sequence  ,e,.,  and 

the  sequence  tk+vtk+2,  ■  ,tr  Let  us  call  this  group  of  variables,  the  original  delay  group.  On 
the  other  hand,  the  additional  delay  suffered  by  Ct  is  only  a  function  of  the  system  behavior 
prior  to  rk,  the  starting  time  of  busy  period  j.  More  specifically,  this  is  a  function  only  of  the 
sequence  t2.ty  ■  tk  the  sequence  ere2,  •  c,.,  and  the  sequence  5,.S2,  •  ,5r  More  carefully, 
we  recall  that  S;  is  a  function  of  ck  (the  cold  start  depends  on  the  service  time  of  the  first  custo¬ 
mer  in  the  busy  period).  Thus,  we  have  to  add  to  this  set  the  variable  ck.  Let  us  call  this  set 
(including  c,)  the  additional  delay  group.  In  addition,  we  must  mention  that  Sv  ■  ■  ■  S;_,  also 
depend  on  the  service  times  observed  in  the  system;  however,  all  these  variables  belong  to  the 
"past”  and  are  contained  io  the  set  eve2,  ■  ■  ■  ekA. 

Now,  we  oote  that  the  additional  delay  group  and  the  original  delay  group  are  mutually 
exclusive,  excluding  ek  that  belongrto  both  groups.  Due  to  the  assumptions  on  the  arrival  pro¬ 
cess  (independence  of  interarrival  times  and  service  times)  it  is  clear  that  the  statistical  depen¬ 
dence  between  the  groups  is  only  due  to  the  fact  that  ck  belongs  to  both  groups.  Therefore,  we 
conclude  that  if  we  condition  on  the  value  of  ek  (which  is  identical  to  the  busy  period  type)  the 
additional  delay  suffered  by  Ck  is  independent  of  the  original  delay  suffered  by  C,. 

It  is  now  easy  to  prove  that  the  service  time  of  C,  is  independent  of  the  additional  delay 
it  suffers.  This  is  true  since  this  variable  does  not  belong  to  the  additional  delay  group. 

Now,  let  us  consider  a  customer  C,  which  is  a  first  customer.  First,  the  original  delay 
suffered  by  this  first  customer  is  constant  (0),  so  it  is  independent  of  the  additional  delay  it 
suffers.  Second,  considering  the  customer's  service  time,  c,,  we  realize  that  it  is  contained  in  the 
original  delay  group.  However,  since  we  condit:  i  on  the  value  of  c,.  the  conditional  service  time 


is  independent  of  the  conditional  additional  delay.  ■ 

In  addition  to  the  above  theorem,  it  is  well  known  that  the  waiting  time  of  an  arbitrary 
customer  in  an  M/G/l  system  is  independent  of  its  service  time.  Therefore,  the  original  waiting 
time  (in  our  system)  is  independent  of  the  service  time.  All  this  leads  to  the  following  conclusion: 

COROLLARY:  The  conditional  system  time  consists  of  the  sum  of  three  independent  random 
variables:  the  conditional  original  waiting  time,  the  conditional  service  time  and  the  conditional 
additional  delay. 

From  this  corollary  it  is  now  easy  to  calculate  the  LST  of  the  conditional  system  time. 
This  is  simply  the  multiplication  of  the  proper  Laplace  transforms: 


r; U  I*)  -  */'(»  !*)■  li)  (3.23) 

I*)  -  B[(e  U)  <(»  |x)  0,V  U)  (3.24) 


We  are  now  ready  to  start  calculating  the  conditional  system  time.  This  we  do  by  using 
equations  (3.23)  and  (3.24)  and  by  calculating,  one  by  one.  the  proper  terms  appearing  in  these 
equations. 

The  Delay  Suffered  by  Ftnt  Customers 

In  the  following  we  derive  the  LST  of  the  conditional  service  time  (/?'(»  |z))  and  the  LST 
of  the  conditional  original  waiting  time  ( W‘\ s  |z))  suffered  by  first  customers.  The  LST  of  the 
conditional  additional  delay  (/)*(#  |z))  will  be  derived  later 

First,  it  is  clear  that  since  we  condition  on  the  fact  that  the  first  customer  is  served  in  a 
busy  period  of  type  *  then  its  service  time  is  exactly  t,  so  the  LST  of  its  conditional  service  time 
is: 

B;(>  |z)  -  e  11  (3.25) 

Second,  the  original  waitiog  time  of  first-customers  is  always  zero,  so: 

H'(#  |r)  -  1  (3.26) 


The  May  Suffered  by  Non- First  Customers 


In  the  following  we  derive  the  LST  of  the  conditional  service  time  (£?*(»  |z))  and  the  LST 
of  the  conditional  original  waiting  time  ( W[(§  |zj)  suffered  by  non-first  customers. 

First,  it  is  clear  that  the  service  time  of  ;  non-first  customer  is  independent  of  the  type 
of  the  busy  period  to  which  this  customer  belongs.  Thus,  its  service  time  is  just  the  service  time 
of  an  arbitrary  customer  in  a  regular  M/G/l  system: 

B[[,  |z)  -  B‘(s)  (3.27) 

The  computation  of  the  LST  of  the  original  waiting  time  of  non-first  customers  is  more 
complicated.  This  is  true  since  the  waiting  time  that  a  non-first  customer  suffers  in  system-A. 
strongly  depends  on  the  type  of  busy  period  to  which  this  customer  belongs. 

To  analyte  this  LST,  we  follow  the  method  used  in  [KleiToj  to  derive  the  waiting  time  in 
an  M/G/l  system  by  analyzing  the  behavior  of  the  busy  period;  we  depart  from  this  M/G/l 
derivation  when  we  uncondition  on  2.  the  height  of  the  bu»y  period. 

Let  us  consider  a  busy  period  of  type  2,  as  observed  in  system-A.  Let  us  examine  the 
unfinished  work.  f'(t),  as  observed  in  the  system  during  this  busy  period.  To  analyze  the  waiting 
time  we  decompose  this  busy  period  into  a  sequence  of  intervals  whose  length  are  dependent  ran¬ 
dom  variables  as  follows  Consider  this  busy  period  as  shown  in  figure  3.2  (borrowed  from 
[Klei"o|  and  modified  properly).  Here  we  see  that  customer  C,  initiates  the  busy  period  upon  his 
arrival  at  time  r,.  The  first  interval  we  consider  is  his  service  time  c^z,  which  we  denote  by 
X0;  during  his  interval  more  customers  arrive  (in  this  case  C2  and  Cs).  All  those  customers  who 
arrive  during  ,V0  are  served  in  the  next  interval,  whose  duration  is  .V,  and  which  equals  the  sum 
of  the  service  times  of  all  arrivals  during  X0  (10  this  case  C-  and  C’s).  At  the  expiration  of  AT,  we 
then  create  a  new  interval  of  duration  X.  in  which  all  customers  arriving  during  X,  are  served, 
and  so  on.  Thus.  .Y,  is  the  length  of  time  required  to  service  all  those  customers  who  arrive  dur¬ 
ing  the  previous  interval  whose  duration  is  A*,.,.  Now.  let  us  denote  by  n,  (i*0,1.2....)  the 
number  of  customer  arrivals  during  the  interval  X,  Using  this  notation  it  is  clear  that  n,  custo¬ 
mers  are  served  during  the  interval  X,*,.  To  allow  for  an  infinite  number  of  such  intervals,  we 
define  A',*0  for  those  intervals  that  fall  beyond  the  termination  of  this  busy  period. 

Let  us  now  define  A”,(y)  to  be  the  PDF  for  A',,  and  X,*( « )  the  LST  of  the  corresponding 
pdf.  that  is, 

X 

X,(»)  i  Pr[X,<y|  .  X,*(.«)  J  JV*rfA.(yt  =  file  '*1 

0 

In  a  similar  manner,  we  define  the  following  measures  for,  conditioning  on  the  fact  that  the  busy 
period  to  which  this  interval  belongs  is  of  type  2: 
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Figure  3.2:  The  aub-buay  perioda  of  a  busy  period  of  type  x 


-V,( y  |x)  J  Pr\X,<y  |-V,  falls  in  b.p.  of  type  i|  ,  -V,*(»  |r)  J  Je^dX,(y  |i) 

o 


We  oow  condition  our  calculation  on  the  event  that  3  new  tagged  customer  arrives  while 
the  busy  period  is  in  its  ith  duration  (i.e,  arrives  during  the  interval  let  u;  denote  the  waiting 
time  of  this  customer.  It  is  clear  that  the  waiting  time  of  our  tagged  customer  equals  the  remain* 


log  time  of  the  ith  interval  plus  the  service  time  of  all  the  customers'  who  arrived  before  he  did 
during  the  ith  interval.  Let  us  define  Y,  to  be  the  remaining  time  of  the  ith  interval  (that  is,  the 
time  from  the  arrival  cf  our  tagged  customer  until  the  end  of  the  ith  interval),  and  let  /V,  be  the 
number  of  arrivals  during  the  ith  interval  but  prior  to  the  arrival  of  our  tagged  customer  (that 
is,  in  the  interval  X,-Y,).  Now,  we  are  interested  in  calculating  £|e‘‘*  |»,  Y0»z|,  and  this  we  do 
by  conditioning  on  X„  Y,  and  N,.  This  is  simply  the  following: 


£|e-*'  |»,  JY,-y.  Y,~y\  iV,-n.  X0-z\ 


(3.28) 


Now,  since  we  assume  that  n  customers  have  arrived  during  an  interval  of  duration 
y-y  ' ,  we  uncondition  on  X ,  as  follows: 

£le-‘-  |  i,X-y,  Y=y\  -Y0«z|  -  e"»’  V  iilJULiL  «-*(»-*  >[S‘(,) 


_g  <v  '  - *■( V -v 


(3  29) 


Since  V',  is  defined  to  be  the  remaining  time  of  the  ith  interval,  it  is  distributed  as  the  residual 
life  of  Xt.  Therefore,  as  shown  in  [Klei75|  the  joint  density  for  the  conditional  .V,  and  the  condi¬ 
tional  Y ,  is  given  by: 

dXjy  \z)dy’ 


Pr[y<X,<y  +  dy,  y'<K,<y'  +  dy’  |i.  .Y0=z| - ^  ^  ^ 

Thus,  we  can  uncondition  on  X,  and  Y,  in  equation  (3.29)  to  obtain: 


for  0  <  y  '  <  y  <  do 


*•* •v»"1  -  US'  "  '  ■*+- ^ 


/ 


I 


g-H_e 


dX,{y  | z) 


which  is  identical  to: 


E\* -*  |i.  -Y0  =  z) 


■o | -  s +  X  -  ^ S'(*)j 'Ej.Y,  |.Y0»z| 

-Y*( *  |r)-.Y,’[X  -Xfl'(  s)  (z) 


(3  30) 


[-r-eX-Xfl'(s))  £l.Y,  |.Y0-z| 


(331) 


Now,  ,Y**,(#  |z)  can  easily  be  recursively  expressed  in  terms  of  .Y,*(»  |z)  (see  the  derivation  of 
equation  5.161  in  (Klei75|)  as  follows: 


*We  assume  that  the  service  policy  is  first  come  first  served  (FCFS) 


54 


jCm(*  U)  -  v;(x-xflV)  u) 

Thus,  using  equation  (3.32)  in  equation  (3.31)  we  get: 


£K*-  \i,x0-z\ 


*;.,(*  i z\-x;[,  |z) 

|e-X  +  Xfl‘(e)|  Et*,  U'0-*| 


(3.32) 


(3.33) 


Next  we  note  that  the  probability  of  arriving  into  the  ith  interval  is  proportional  to  its  length, 
so: 


Prjarriving  in  the  ith  interval  |  the  bp  is  of  type  ij 


E[X, 


E[Y  \X0=z\ 


Thus,  we  can  remove  from  equation  (3.33)  the  condition  that  our  customer  arrived  in  the  ith 
interval  (still  conditioning  on  the  fart  that  it  arrived  during  a  busy  period): 


£je'‘*  \customer  arrives  during  a  b.p..  A„  =  r) 


E *,*,(*  uv  x;i,  i x) 

1-0 

|e-X+xfl'(*)|  E[Y  |.Y0-z| 


(3.34) 


Now,  the  summation  from  this  equation  collapses  into  A'x(*  |x)-A*?(e  |x),  which  is  clearly  identi¬ 
cal  to  1  -e"SI  (recall  that  JYx»0),  so: 


E\e  ,v  \eustame'  arrives  during  a  b.p  .  A„=.r| 


1-c 


[e  X+XflV)|  E|T  |.Y0-x| 


(3.35) 


Now.  let  us  calculate  £|  Y  |.Y0*x|.  First  it  is  known  that  the  expected  length  of  an  arbi¬ 
trary  busy  period  is  given  by 

£•(  Y)  «  —  (3.36) 

I  t> 

where  z  is  the  expected  service  lime  and  p  is  the  system  utilization. 

Second,  we  note  that  the  distribution  of  the  amount  of  work  brought  to  the  system  by  the  first 
customer  of  a  busy  period  is  just  the  distribution  of  the  service  time,  6(z).  Therefore,  we  get: 

X> 

£(K)  -  /£]>  \r\h(z)dx 


/£!>•  \z\b{z)<U  m  -i-  (3.37) 

o  '-P 


Now,  in  our  system,  as  opposed  to  a  regular  M/G/l  system,  we  condition  on  the  amount  of  work 


(2)  brought  by  its  first  customer.  Thus,  the  expected  length  of  a  b.p.  is  proportional  to  2,  so: 

E\Y  |X0-z|  -  C'X 

where  e  is  some  constant.  Thus,  we  obtain: 

00  00 

J E[Y  \x\b(x)dx  »  jexb[x)dx  —  e  x  (3  38) 

0  0 

Using  (3.37)  and  (3.38)  we  get  that  c and  the  desired  resUit  is: 

l-/> 


E[Y  |A'0*2|  --i- 
1  -p 


13  39) 


Finally,  we  can  now  plug  (3.39)  into  (3.33)  to  yield  the  conditional  LST  of  the  original 
waiting  time  of  non-first  customers: 

W‘n(i  I*)  *■  E\e',m  |  customer  arrives  during  a  b  p  of  type  2)  *  ? — ^  ^  (3  40) 

(e-X+Xfl  («))-2 

The  Distribution  of  tha  CondUonii  AddUonM  Delay 

In  the  following  we  derive  the  expressions  for  the  LST  of  the  additional  delay  suffered  by 
first  customers  and  non-first  customers  as  proposed. 

From  the  analysis  done  in  section  3.4  it  is  clear  that  the  additional  delay  suffered  by  the 
customers  of  a  busy  period  of  type  2  is  identical  for  all  such  customers,  independent  of  the 
first/non-first  property.  From  that  analysis  we  get: 

D:(,  |z)  -  D’(,  |2)  -  D‘{*  1 2)  =  |X,-£>'(X)  (3  41) 

8  ~~  A 

Tha  LST  of  tha  Total  Delay  Suffered  to  tha  System 

Having  calculated  the  LST  of  the  conditional  service  lime,  the  conditional  original  wait¬ 
ing  time  and  the  conditional  additional  delay,  we  are  now  ready  to  calculate  the  LST  of  the  total 
system  time. 

The  LST  of  the  total  delay  suffered  by  first  customers  which  belong  to  a  busy  period  of 
type  2  is  given  by: 

T'(t  |z)  -  liL-.P  Ml  +  5*(,  |Z)0'(X)1  (3  42) 

^  9  “A  j 


where  equation  (3.20)  gives  the  factor  1.  equation  (3  25)  gives  the  factor  e  “  and  equation  (3.41) 


lives  the  term  in  brackets. 


3 

I 

i 


The  LST  of  the  total  delay  suffered  by  a  non-first  customer  who  belongs  to  a  busy  period 
of  type  i  is  given  by: 


K(*  U) 


(s-X-eXflV)!*  [ 


+  S*(s  |z)0*(X) 


(3.43) 


where  the  first  term,  the  second  term  and  the  third  term  are  taken  from  equations  (3.40),  (3.27) 
and  (3.41),  respectively. 


Next,  we  calculate  the  fraction  of  customers  which  belong  to  each  type. 


Considering  the  "first"  customers,  we  realize  that  these  are  actually  customers  who  arrive 
to  system-A  while  the  system  is  empty.  Therefore,  the  fraction  of  customers  that  are  first  custo¬ 
mers  is  exactly  1  -p,  where  p  is  the  utilization  factor  of  system-A  (recall  that  p*Xx).  Now,  it  is 
clear  that  the  first  customers  who  "fall"  into  a  busy  period  of  type  i  are  exactly  those  first  custo¬ 
mers  whose  service  lime  is  x.  Thus,  the  fraction  of  first  customers  who  "fall"  into  a  busy  period 
of  type  x  is  given  by  6(r).  Therefore,  we  conclude  that  the  fraction  of  customers  who  are  "first" 
customers  and  belong  to  a  busy  period  of  type  x  is  given  by: 

P,t  £  Pr\  a  customer  is  a  first  customer  and  belongs  to  a  b.p.  of  type  x  |  6(x)-(  1  -p^3.44 ) 


Considering  the  non-first  customers,  it  is  now  clear  that  these  are  customers  who  arrive 
to  system-A  while  it  is  busy,  so  the  fraction  of  customers  who  are  non-first  is  exactly  p.  To  find 
the  fraction  of  non-first  customers  which  are  served  in  a  busy  period  of  type  x,  we  note  that  the 
expected  length  of  a  busy  period  is  proportional  to  the  amount  of  work  brought  by  the  customer 
starting  the  busy  period.  Thus,  the  expected  number  of  customers  arriving  to  the  system  during 
a  busy  period  of  type  x.  is  proportional  to  b(x)-x  Therefore,  the  fraction  of  non-first  customers 
who  belong  to  a  busy  period  of  type  x  is  given  by 

Pr\  a  customer  belongs  to  a  b  p.  of  type  /  |  non-first  customer  ]  =  M1!'* —  =  h(z)-z-X 

J  b{x)xdx 
o 

And  the  fraction  of  customers  who  3re  non-first  and  served  in  a  busy  period  of  type  x  is  given 
by 

£  Pr\  a  customer  it  a  non-first  customer  and  belongs  to  a  b  p.  of  type-x  |  » 


M il  i  Hi)  x  p 

j  b\x)xdx 


(3.45) 


Having  calculated  the  conditional  LST  of  the  system  time  and  the  fraction  of  customers 
belong  to  each  type,  it  is  now  straightforward  to  calculate  the  LST  of  the  system  time  for  an 
arbitrary  customer. 

OO  •*» 

r»  -  SP/.Jfr  U)d*  +  U)dx  (3.46) 

0  0 


Substituting  (3.42),  (-.43),  (3.44)  and  (3.45)  into  (3.46)  yields: 
r'(r)  -  J(1  -p\b(z)t-u\  +  5*(,  |X)£>'(X) 


dx 


+  fx  t(r)x-  lill  +  s>  U)z>*(x> 

o  (s-X-fXB  (»))•*  '  I  *-X 


o  (« 

Using  the  following  equalities: 


dx 


J h(x)t-‘dx  »  fl'(«)  .  /  &(z)d*  -  1 

0  0 

and  rearranging  the  expression  for  r'(*)f  we  Sct: 

r*(r)  «  (l-p)  X  ^  B‘(r)  +  - - XB'(») 

»-X  *-X+XB  (»)  **X 


+  - tkfjr...xfl<(,)P’(X)S,(»)  +  S(l-p)0*{X) 


«-X+XB*(») 


l-o 

#-X+XB'(») 


XB*(»)C'(X) 


1/ f>( x)e  “S'(»  |r)di 
1° 


Factoring  the  first  and  the  second  terms  of  the  above  expression  and  combining  them  together, 
and  factoring  the  last  term  gives: 


r'(»)  -  (i-p)  x  bV) 


-ib£i_ 


J-X 


S-X  +  XBV)  »-X  +  xB*(»l 


xB*(s)£>*(X)S'(s) 


+ 


(l-p)O'(X) 


r-X 

«-X  +  XB*(») 


/6(r)e  ’*S*(s  |*)dr 
1° 


Now,  from  (3.4)  it  is  clear  that. 


B‘(X) 


1 _ 

i+xy 


thus,  we  get: 

«-X  t 

Substituting  this  relation  into  (3.47)  yields: 


(3  47) 
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rV)  - 


•Xfl*(,)Z)'(X)|l-S»|  + 


J-X+XSV) 


xbV)0V)5*(») 


+  (i-p)d§(\)-  ■  ;n*)«-“s‘(i I*)* 

s-X  +  XB  (#)  ^ o 

Rearranging  this  expression  and  substituting  D‘(\)  from  (3.4),  finally  gives  the  desired  result,  the 
LST  of  the  system  time: 


r*(s)  =»  7— — •  XS'(s)+(s-X)-/6(*)e-**5*(#  |x)d*  (3.48) 

[e-X+Xfl  (r)|  |1+X5]  ||  0  I 

Now,  if  one  is  interested  in  calculating  the  LST  of  the  “additional  delay"  suffered  in  the  system, 
(3.48)  can  be  rewritten  as  following: 


(r-X)/ t(x)e“S‘(s  \i)dx 


Ul-i>)sfl‘(s)  |  1__  x  + 

[#-X+XB*(s)  I  l+XS 


The  first  term  in  (3.49)  is  the  well  known  expression  for  the  system  time  in  the  M/G/l  without 
starter.  Thus,  the  second  term  of  (3.49)  could  be  considered  as  the  additional  delay  suffered  in 
the  system  with  non-independent  starter,  and  we  can  consider  the  delay  suffered  in  this  system 
as  consisting  of  the  sum  of  two  independent  random  variables.  1)  the  delay  in  the  M/G/l 
without  starter,  represented  by  the  first  term.  2)  The  additional  delay  suffered  due  to  the  starter 
and  represented  by  the  second  term. 

The  reader  should  note  the  difference  between  the  property  mentioned  above  for  the  sys¬ 
tem  with  a  non-independent  starter  to  the  equivalent  property  observed  for  the  system  with  an 
independent  starter  studied  in  chapter  2.  In  chapter  2  we  could  show  that  for  the  system  with 
an  independent  starter  the  total  delay  it  distributed  as  the  sum  of  two  random  variables  (the  ori¬ 
ginal  delay  and  the  additional  delay);  moreover,  we  have  shown  how  to  directly  calculate  the 
additional  delay  in  that  system.  In  contrast,  in  the  analysis  of  the  non-independent  starter  sys¬ 
tem,  done  above,  we  can  only  consider  the  delay  expression  as  consisting  of  the  sum  of  two  ran¬ 
dom  variables. 


3.0  A  System  where  th«  Starter  Depends  on  the  Length  of  the  Idle  Period 

In  this  section  we  are  interested  in  analyzing  a  system  where  the  start-up  delay  depends 
on  the  amount  of  time  the  system  was  idle  before  the  arrival  of  a  'first  customer"  Such  a  sys¬ 
tem,  where  the  underlying  system  is  M/G/l.  has  been  analyzed  by  Welch  |Welc64|.  In  the  fol¬ 
lowing  we  analyze  this  system  using  our  approach.  Like  Welch  we  do  the  analysis  for  an  M/G/l 
system  with  single  arrivals,  la  addition  we  emphasize  that  the  same  approach  can  easily  be  used 
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to  analyze  discrete  systems  ud  systems  with  bulk  arrivals.  This  is  aa  immediate  result  of  the 
method  of  analyzing  the  additioaai  delay  iastead  of  the  total  delay. 

The  basic  assumptioas  required  for  this  sectioa  are: 

1.  The  iaterarrival  times  possess  the  memoryless  property.  Thus  ia  a  continuous  system 
the  iaterarrival  times  are  expoaeatially  distributed  aad  ia  the  discrete  system  they  are 
geometrically  distributed. 

2.  For  the  analysis  of  the  additioaai  delay  the  arrival  may  consist  either  of  bulks  or  of  sin¬ 
gle  customers. 

3.  The  length  of  a  "cold  start"  depends  on  the  length  of  the  idle  period  preceding  it.  For 
clarity  it  should  be  emphasized  that  this  dependence  is  on  the  length  of  the  idle  period 
as  observed  in  syttem-B.  This  emphasis  is  important  for  having  a  realistic  model. 

Under  these  assumptioas  it  is  easy  to  see  that  the  following  holds: 

1.  The  cold  start  (if  any)  suffered  by  the  ;th  busy  period  (according  to  system-A)  is 
independent  of  any  property  of  this  busy  period. 

2.  The  length  of  aa  idle  period,  as  observed  ia  system-B  is  exponentially  distributed  with 
parameter  >. 

3.  Let  us  assume  that  the  jth  busy  period  (according  to  system-A)  suffered  a  cold  start  in 
system-B.  Let  l0  be  the  moment  when  system-B  becomes  idle  prior  to  the  beginning  of 
the  ;ih  busy  period.  Then  the  cold  start  suffered  by  the  yth  busy  period  is  independent 
of  the  history  of  system-B  prior  to  tg. 

Let  us  now  calculate  the  additional  delay  suffered  in  an  M/G/l  system.  The  notation  to 
be  used  is  very  similar  to  the  notation  used  in  section  3  4.  In  fact,  we  use  exactly  the  same  nota¬ 
tion  but  modify  its  meaning.  The  modification  is  that  here  the  conditioning  parameter  (r) 
represents  the  leogth  of  the  preceding  idle  period  while  in  section  3  4  it  represented  the  amount 
of  work  brought  to  the  system  by  the  first  customer  Thus,  for  example,  we  denote  by  S'[»  |z) 
the  LST  of  the  cold  start  (if  any)  suffered  by  the  ;tb  busy  period  (according  to  the  realization  in 
system-A)  conditioning  on  the  fact  that  the  length  of  the  preceding  idle  period  (according  to 
system-B)  is  x. 

From  the  observations  made  above  it  is  clear  that  in  order  to  compute  the  LST  of  the 
additional  delay  suffered  by  an  arbitrary  busy  period,  one  need  merely  to  calculate  the  LST  of  an 
arbitrary  cold  start  and  then  plug  it  into  equation  (3.5).  From  the  second  observation,  calculat¬ 
ing  the  LST  of  the  coid  start  suffered  by  an  arbitrary  busy  period  is  an  easy  task: 


It  is  easy  to  see  that  the  above  results  hold  for  M/G/l  systems  where  the  arrivals  consist 
of  customer  bulks  as  well  as  for  ao  M/G/l  system  where  the  arrivals  consist  of  single  customers. 
In  addition,  we  realize  that  the  same  approach  can  be  used  to  analyze  discrete  systems  where  the 
interarrival  times  are  geometrically  distributed.  As  observed  for  the  M/G/l  system,  the  results 
for  the  discrete  system  will  hold  for  bulk  arrivals  as  well  as  for  single  customer  arrivals.  While 
the  basic  result  (concerning  the  M/G/l  system  with  single  customer  arrivals)  has  been  reported 
by  Welch,  the  extensions  for  discrete  systems  and  bulk  arrival  systems  have  not  been  observed 
previously. 

3.0.1  A  Note  on  Mixed  Systems 


In  the  first  sections  of  this  paper  we  considered  systems  where  the  start-up  delay 
depends  on  the  amount  of  work  it  finds  in  the  system.  In  the  beginning  of  section  3  6  we  dealt 
with  a  system  where  the  start-up  delay  depends  on  the  amount  of  time  the  system  were  idle.  A 
natural  extension  of  this  work  is  to  consider  mixed  systems.  A  mixed  tyalem  is  a  system  where 
the  start-up  delay  depends  both  on  the  amount  of  work  it  finds  in  the  system  and  on  the  length 
of  the  preceding  idle  period.  Using  the  results  reported  in  the  previous  sections  it  is  quite  easy  to 
analyze  mixed  systems. 


For  simplicity  let  us  consider  an  M/G/l  system  and  use  the  notation  used  in  sections  4 
and  5.  Thus,  S*(s)  denotes  the  LST  of  an  arbitrary  cold  start  and  5*(r  jz)  denotes  the  LST  of  a 
cold  start  conditioning  that  the  amount  of  work  brought  to  the  system  by  the  first  customer  of 
the  busy  period  (corresponding  to  the  cold  start)  is  z.  In  addition  to  the  notation  used  in  section 
3.4  let  us  denote  by  5*(«  \x,y)  the  LST  of  the  cold  start  conditioning  on  the  fact  that  the  length 
of  the  previous  idle  period  is  y  and  the  amount  of  work  brought  by  the  first  customer  of  the 
busy  period  is  z.  Similarly,  we  denote  by  |M  the  expected  value  of  the  cold  start  conditioning 
on  the  same  two  parameters. 
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To  analyze  the  system  we  note  that  the  service  time  of  the  first  customer  of  some  busy 
period  (according  to  system-A)  is  independent  of  the  length  of  the  preceding  idle  period  (accord¬ 
ing  to  system-B).  Thus,  the  same  approach  used  in  equation  (3.50)  can  be  used  to  uncondition 
S*(#  This  is  simply: 

OO 

5*(*  U)  ■■  /Xe'v»5*(s  | x,y)dy  (3.53) 

o 

and  similarly,  one  can  find 

00 

517  -  (3  54) 

0 

Now  we  note  that  5*(s  |z)  and  5 1,  have  the  same  meaning  as  in  sections  3.4  and  4.5. 
Thus,  to  obtain  the  LST  of  the  additional  delay  suffered  by  an  arbitrary  customer  in  the  mixed 
system  one  need  merely  to  use  the  expression  derived  in  equation  (3.53)  and  then  substitute  it 
into  equation  (3.21).  Similarly,  to  obtain  the  expected  value  of  the  additional  delay  suffered  in 
the  system  one  need  to  substitute  the  expression  from  equation  (3.54)  into  equation  (3.22).  In  a 
similar  manner,  it  is  easy  to  derive  the  LST  of  the  total  delay  suffered  in  the  system.  This  can  be 
done  by  substituting  equation  (3.53)  into  equation  (3  49). 

3.7  Extensions  and  Generalisations  of  the  Results 

In  this  section  we  review  the  results  reported  in  the  previous  sections  and  describe  how 
they  can  be  used  in  the  analysis  of  other  systems. 

In  section  3.3  we  analyzed  the  LST  and  the  expected  value  of  the  additional  delay 
suffered  in  a  bulk-arrival  discrete  time  system  where  the  starter  depends  on  the  size  of  the  first 
bulk  arriving  to  an  empty  system.  In  a  very  similar  manner  one  can  find  the  additional  delay  in 
a  discrete  system  with  simple  arrival*  where  the  starter  depends  on  the  amount  of  work  brought 
to  the  system  by  the  first  customer  of  a  busy  period.  The  z-transform  and  the  expected  value  of 
the  additional  delay  suffered  by  an  arbitrary  customer  are  then  given  by  the  following  equations. 

E  S[z  |*)M 

<»i 

F 


(3.55) 
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which  are  equivalent  to  equations  (3.15)  and  (3.17)  respectively.  The  difference  is  in  the  interpret 
tation  of  the  expressions,  where  here  (in  contrast  to  the  expressions  derived  ut  section  3.3)  the 
subscript  k  appearing  in  the  equations  represents  the  amount  of  work  (in  terms  of  time  units) 
brought  to  the  system  by  the  first  customer. 


Using  the  same  approach  it  is  also  possible  to  find  the  additional  delay  in  discrete  system 
with  bulk  arrivals  where  the  starter  depends  on  the  amount  of  work  brought  by  the  first  bulk 
arriving  to  an  empty  system.  The  expressions  for  the  additional  delay  suffered  in  this  system 
are,  again  given  by  equations  (3.55)  and  (3.56)  where  the  interpretation  of  k  and  bk  changes 
properly. 

It  should  be  noted  that  the  type  of  analysis  done  in  section  3.3  is  good  for  all  these  syv 
terns,  mainly  because  it  calculates  the  additional  delay  suffered  in  the  system  (not  the  total 
delay!).  Since  the  additional  delay  depends  only  on  the  interarrival  times  (not  on  the  service 
times  and  not  on  the  bulk  sizes)  it  is  natural  that  this  can  be  extended  to  all  these  systems. 

The  same  observation  made  above  with  respect  to  discrete  systems,  can  be  made  when 
we  consider  continuous  systems.  Thus,  all  the  systems  described  above  can  be  analyzed  when  the 
underlying  model  is  a  continuous  time  system.  For  example  the  following  expressions  give  the 
LST  and  the  expected  value  of  the  additional  delay  in  a  continuous  time  system  with  bulk 
arrivals  where  the  start-up  delay  depends  on  the  number  of  customers  arriving  in  a  first  bulk: 

£  V*5*(s  I*) 

C‘(,  I - i_f(.-X||l-SVll  +  ii! - 1  (3.57| 
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In  these  expression  k  denotes  the  number  of  customers  arriving  in  a  first  bulk  and  6t  denotes  the 
probability  that  a  bulk  consists  of  k  customers. 
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The  only  part  of  this  work  that  cannot  easily  be  modified  is  the  analysis  of  the  LST  of 
the  total  delay  done  in  section  3.5.  We  believe  that  a  similar  approach,  to  the  one  taken  in  sec* 
tioo  3.5,  can  be  used  to  analyte  the  equivalent  discrete  system.  However,  this  analysis  is  not 
trivial.  Another  non-trivial  task  is  to  analyte  the  LST  of  the  total  delay  suffered  in  systems  with 
bulk  arrivals. 

The  extension  applied  to  the  work  done  in  sections  3.3  and  3.4,  can  easily  be  applied  to 
the  systems  reported  in  section  3.0.  These  are  the  systems  where  the  starter  depends  on  the 
length  of  the  previous  idle  period  and  the  mixed  systems.  Thus,  if  one  is  interested  in  analyzing 
these  types  of  systems,  it  is  relatively  easy  to  modify  the  equations  reported  in  section  3.6  in 
order  to  achieve  the  LST  (and  the  expected  value)  of  the  additional  delay  suffered  in  the  specific 
system.  This  analysis  can  be  applied  to  discrete  systems  as  well  as  to  continuous  systems,  and  to 
systems  with  simple  arrivals  or  bulk  arrivals. 

It  turns  out  that  for  most  types  of  systems  it  is  relatively  easy  to  derive  the  LST  and  the 
expected  value  of  the  additional  delay.  On  the  other  hand,  deriving  the  LST  of  the  total  delay 
suffered  in  the  system  is  not  so  easy,  and  may  be  difficult  for  some  of  the  systems.  It  is  noticed 
that  the  system  with  starter  will  be  difficult  to  analyze  if  the  equivalent  system  without  starter  is 
difficult  to  analyze.  Nevertheless,  it  should  be  noted  that  the  expected  value  of  the  additional 
delay  suffered  in  the  system  with  starter  may  have  its  own  importance  even  in  the  cases  where  it 
is  difficult  to  calculate  the  total  delay.  The  reasons  for  this  are  the  following:  1)  In  many  cases 
the  measure  of  interest  is  the  expected  value  of  the  delay  suffered  in  the  system.  In  these  cases  it 
is  valid  to  calculate  the  expected  value  of  the  original  delay  (suffered  in  the  system  without  star¬ 
ter)  and  to  add  it  to  the  expected  value  of  the  additional  delay  (suffered  in  the  system  with  star¬ 
ter).  This  summation  is  valid  although  the  two  variables  are  not  independent  of  each  other.  2) 
In  some  cases  it  is  required  to  compare  two  types  of  starters  on  the  same  "original  system".  In 
this  case  it  is  very  important  to  find  both  the  expected  value  and  the  LST  of  the  additional 
delay  even  if  it  is  difficult  to  calculate  the  same  measures  for  the  total  delay. 


3.8  Summary 

We  studied  queueing  systems  in  which  a  non-independent  start-up  delay  is  incurred  in 
the  beginning  of  each  busy  period.  The  particular  systems  analyzed  in  this  chapter  are  those 
where  the  start-up  delay  depends  on  either  or  both  of  the  following  parameters: 

1.  The  amount  of  work  brought  to  the  system  by  the  first  customer(s)  of  a  busy  period,  or, 
similarly,  the  number  of  customers  arriving  in  the  first  bulk  of  a  busy  period. 

2.  The  length  of  the  previous  idle  period. 

The  analysis  was  done  for  both  discrete-time  and  continuous-time  models  where  the  interarrival 
times  posses  the  memory  less  property. 
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CHAPTER  i 

The  Analysis  of  Random  Polling  Systems 


In  this  chapter  we  analyze  the  behavior  of  random  polling  systems.  The  polling  systems 
considered  consist  of  iV  stations,  each  of  them  equipped  with  an  infinite  buffer,  and  of  a  single 
server  who  serves  them  in  some  order.  In  contrast  to  previously  studied  polling  systems  where 
the  order  of  service  used  by  the  server  is  periodic  (and  usually  cyclic),  in  the  systems  considered 
here  the  next  station  to  be  served  after  station  i  is  determined  by  probabilistic  means.  More 
specifically,  according  to  the  model  considered  in  this  chapter,  after  serving  station  i  the  server 
will  poll  station  j  (;  *>1,2,  -,,V)  with  probability  py 

The  main  goal  of  this  chapter  is  to  derive  the  expected  delay  in  the  random  polling  sys¬ 
tem.  This  result  is  later  used  in  chapter  5  in  the  analysis  of  exhaustive  slotted  ALOHA  schemes. 
In  addition  we  analyze  the  cycle  time  and  the  number  of  customers  found  in  the  system. 


4.1  Introduction  and  Previous  Work 

The  queueing  behavior  of  polling  sytlemt  has  been  extensively  investigated  in  the  last 
twenty  years.  The  '‘traditional"  polling  scheme  that  appears  in  the  literature,  is  a  method  by 
which  a  single  server  serves  N  stations,  each  of  them  generates  its  own  stream  of  work  requests 
(or  customers)  and  each  of  them  equipped  with  a  queue  to  store  its  requests.  According  to  this 
scheme  (called  the  cyclic  polling  scheme  ),  the  .V  stations  are  served  in  a  cyclic  order  in  which  the 
station  served  after  station  i  is  station  *-♦- 1  (modulo  ,V). 

In  contrast  to  previous  studies  that  dealt  with  cyclic  polling  schemes,  our  aim,  in  this 
chapter,  is  to  study  the  random  polling  scheme.  In  a  random  polling  scheme,  the  station  polled 
after  station  t  is  aot  determined  ahead  of  time.  Rather,  this  station  is  determined  at  operation 
time  according  to  some  random  criteria.  According  to  the  specific  scheme  we  investigate  in  this 
chapter,  after  servicing  station  i,  the  server  will  poll  station  j  (;»1,  2,  •••,  ,V)  with  probability  pr 

Naturally,  the  previous  studies  were  motivated  by  the  wish  to  model  a  time  shared 
system:  the  most  common  computer  system  of  the  last  twenty  years.  The  time  sharing  system 
consists  of  a  centra/  processor  (controller)  which  serves  many  users,  by  a  way  of  polling  them  in 
cyclic  order. 
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In  contrast  to  the  past  studies,  this  chapter  was  motivated  by  the  wish  to  model  a  distri¬ 
buted  system.  Unlike  the  central  processor,  the  distributed  system  can  not  always  take  a  decision 
in  a  deterministic  way.  In  particular,  visiting  S  stations  in  fixed  order  (which  is  equivalent  to 
moving  the  control  from  one  station  to  the  next  one)  may  not  be  a  natural  process  for  these  sys¬ 
tems. 


Motivated  by  the  recent  developments  of  distributed  systems,  we  believe  that  the  ran¬ 
dom  polling  scheme  is  a  natural  model  for  distributed  systems  where  the  control  moves  from  star 
tion  to  station  according  to  some  random  criteria.  As  an  example  (that,  as  a  matter  of  fact, 
motivated  this  research)  one  can  think  about  a  shared  channel  communication  network,  where 
the  decision  of  "who  will  talk  next11  is  done  in  distributed  manner,  and  is  based  on  some  ran¬ 
domly  behaving  algorithms,  rathef  than  being  based  on  a  fixed  order.  Such  a  system  is  analyzed 
in  chapter  5  of  this  dissertation  by  using  the  results  derived  in  this  chapter. 

The  aim  of  this  chapter,  is  to  study  the  random  polling  scheme,  emphasizing  the  analysis 
of  the  delay  suffered  in  the  system.  The  model  we  use  is  a  discrete  time  model  and  the  extension 
of  the  results  to  a  continuous  time  model  can  be  done  in  a  similar  way.  As  done  in  the  analysis 
of  cyclic  polling  systems,  we  allow  the  server  to  have  a  random-length  switch  over  period  between 
the  service  of  one  station  to  the  service  of  the  next  station.  The  length  of  a  switch-over  period, 
in  our  model,  is  associated  with  the  station  served  prior  to  the  switch  over  period. 

For  this  model,  under  the  assumption  of  fully  symmetric  system,  we  are  able  to  derive  a 
closed  form  expression  of  the  expected  delay  in  all  three  types  of  service  policies  (the  three  poli¬ 
cies  are  described  below).  For  a  non  symmetric  system,  we  form  a  set  of  N2  linear  equations  that 
can  be  solved  by  numerical  methods.  A  solution  of  this  set  easily  gives  the  expected  delay  in  the 
different  systems.  In  addition  to  deriving  the  expected  delay,  we  derive  the  expected  cycle  time 
and  the  expected  number  of  customers  found  in  a  given  station,  for  the  exhaustive  and  the  gated 
systems. 


Three  types  of  service  policy  are  studied  in  this  chapter:  1)  Exhaustive  service.  2)  Gated 
service.  3)  Non-exhaustive  service.  After  a  detailed  description  of  the  system  model,  done  in 
section  4.2,  the  first  three  sections  of  this  chapter  deal  with  the  exhaustive  scheme.  In  section  4.3 
we  analyze  the  number  of  customers  found  in  the  exhaustive  system  at  polling  instants.  In  sec¬ 
tion  4  4  we  analyze  the  length  of  the  service  periods  and  the  the  cycle  length  in  the  system.  In 
section  4  5  we  analyze  the  number  of  customers  found  in  the  system  in  arbitrary  times,  and  the 
delay  suffered  by  arbitrary  customers.  Since  the  analysis  of  the  gated  system  is  quite  similar  to 
that  of  the  exhaustive  system,  we  do  this  analysis  in  short,  and  devote  section  4  6  for  it.  Section 
4.7  contains  the  analysis  of  the  expected  delay  in  the  non  exhaustive  scheme.  In  section  4.8  we 
compare  the  delay  in  the  three  different  schemes,  and  also  compare  them  to  the  delay  in  the 
equivalent  cyclic  polling  schemes.  Lastly,  due  to  the  many  algebraic  symbols  used  in  our 
analysis,  and  to  help  in  reading  this  chapter,  we  provide,  in  appendix  D.  a  glossary  of  the  nota¬ 
tion  used  in  this  chapter.  The  rest  of  the  appendices  (A,  B  and  C)  are  devoted  to  the  algebraic 
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derivation  of  some  of  the  equations  appearing  in  the  text. 


4.1.1  Previous  Work 

As  already  mentioned  the  amount  of  work  done  in  the  area  of  polling  systems  is  tremen¬ 
dous.  For  this  reason  we  will  mention  only  the  work  that  is  strongly  related  to  this  chapter. 

The  discrete  model  of  exhaustive-service  cyclic-polling  system  with  N  stations  and  ran¬ 
dom  switch  over  periods  were  studied  by  Konheim  [Konh80j,  Swartz  [Swar80|,  Rubin  and 
DeMoraes  [Rubi81,  Mora81|  The  discrete  model  of  the  gated-serviee  cyclic  polling  system  with 
N  and  random  length  switch  over  periods  were  studied  in  [Rubi81,  Mora8l|.  The  expected  delay 
in  a  non  exhaustive  cyclic-polling  system  where  at  most  one  customer  is  served  in  a  service 
period  was  studied,  for  a  symmetric  system  in  [Nomu78j.  Many  other  references  dealt  with  the 
cyclic  polling  systems  but  under  different  assumptions  (continuous  model,  zero  length  switch  over 
period,  approximated  results  and  so  on). 

Lastly,  a  recent  paper  aiming  at  tutorial  of  polling  systems  was  written  by  Takagi  and 
Kleinrock  [Taka83j.  This  paper  summarizes  the  known  results  for  polling  systems  and  brings  a 
coherent  and  organized  derivation  of  most  of  the  known  results.  This  paper  served  us  as  an 
excellent  source  for  previous  results,  and  helped  us  in  the  derivation  of  many  of  our  results. 
Many  of  the  references  not  mentioned  here  can  be  found  in  that  paper. 


4.2  Modal  Description 

We  consider  a  system  with  .V  infinite-buffer  queues  and  one  server.  The  time  is  slotted 
with  slot  size  equals  to  the  service  time  of  a  customer.  The  lime  interval  (t-l.f)  is  called  the  rth 
slot.  Customers  which  arrive  during  the  1th  slot  may  be  served  at  the  l  +  lst  slot. 

The  arrival  process  to  each  queue  consists  of  bulks  of  customers.  We  denote  by  .V,(<)  the 
number  of  customers  arriving  during  the  fth  slot,  i.e.,  this  is  the  size  of  the  bulk  arriving  at  sta¬ 
tion  i  during  the  Ith  slot.  For  each  queue  i,  the  arrival  sequence.  {.Y,(f)  1  =  1.2....}  is  assumed  to 
be  an  independent  and  identically  distributed  sequence  of  random  variables.  The  z-transform, 
mean  and  variance  of  ,Y,(1)  are  given  by: 

P\z)  £  E|*x*°|  p,  £  £W)|  *  r*"(  1) 


<r,2  £  -F!2,(1)  +  ^1,(1)-|^U(D|2 


(4  1) 


The  polling  policy  is  the  following:  after  completing  the  service  of  queue  t  (the  period 
during  which  the  server  serves  a  queue  is  called  a  service  period  ),  the  server  goes  for  a  switch¬ 
over  period.  During  this  period,  nope  of  the  queues  is  served,  and  it  may  be  considered  as  the 
time  required  to  switch  from  queue  i  to  the  next  queue  to  be  served.  The  switch-over  period  is 
associated  with  the  queue  previously  served  (in  this  case  t),  and  its  length  (distribution)  may  be  a 
function  of  ».  At  the  end  of  the  switch-over  period,  the  server  picks,  in  a  random  fashion,  the 
next  queue  to  be  served.  The  potting  policy  is  that  at  this  moment  queue  j  is  selected  to  be 
served  with  probability  pr  It  is  also  assumed  that  the  p's  add  up  to  one,  i.e., 

s 

E  p<  * 1 

1=1 

After  serving  queue  j,  the  server,  again,  will  go  for  a  switch-over  period  (associated  with  queue  j) 
and  then  pick,  in  a  random  fashion,  the  next  queue  to  be  served. 

Three  types  of  service  policies  are  considered  in  this  chapter:  the  exhaustive  policy,  the 
gated  policy,  and  the  non- exhaustive  policy.  In  the  exhaustive  policy,  when  queue  t  is  selected  to 
be  served,  the  server  will  serve  this  queue  until  the  queue  becomes  empty.  Thus,  all  customers 
found  in  the  queue  at  the  beginning  of  the  service  period,  and  those  who  arrived  during  the  ser¬ 
vice  period  are  served  in  that  service  period,  (n  the  gated  policy  when  queue  t  is  selected  to  be 
served,  the  server  will  serve,  in  that  service  period,  all  (and  only)  the  customers  found  in  queue  i 
at  the  beginning  of  the  service  period.  Thus,  none  of  the  customers  arriving  during  the  service 
period,  will  be  served  during  this  period.  In  the  non- exhaustive  policy  when  queue  i  is  selected  to 
be  served,  the  server  will  serve  at  this  service  period  exactly  one  customer  from  queue  i.  Natur¬ 
ally,  if  no  customer  is  found  in  this  queue,  when  it  is  polled,  no  service  is  given  to  the  queue  in 
this  service  period. 

Three  types  of  epochs  are  of  interest:  the  time  at  which  the  server  starts  serving  queue  » 
in  the  mth  time,  the  time  at  which  this  service  period  ends,  and  the  time  when  the  switch-over 
period,  succeeding  this  service  period,  terminates.  The  mth  period  at  which  queue  i  is  served  is 
called  the  mth  service  period  of  queue  i.  The  switch  over  period  succeeding  the  mth  service 
period  of  queue  i  is  called  the  mth  switch  over  pertod  of  queue  i.  Let  us  use  the  following  nota¬ 
tion: 

X,(m)  A  the  instant  at  which  the  mth  service  period  of  queue  i  starts. 

r,(m)  ^  the  instant  at  which  the  mth  service  period  of  queue  i  terminates. 

7,(m)  A  the  instant  at  which  the  mth  switch-over  period  of  queue  i  terminates 

From  this  notation  and  the  service  policy  described  above,  it  is  obvious,  that  for  each  i  and  m 

there  exist  j  and  n  such  that  ".(mj^x^n). 
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The  length  of  the  mth  switch-over  period  of  queue  i  is  ~,(m)-r,(m).  For  each  queue  it  is 
assumed  that  the  sequence  of  switch-over  periods  associated  with  it,  (rjmj-rjm)  :  m  =  l,2,...},  is 
a  sequence  of  independent  and  identically  distributed  random  variables.  The  z-transform  mean 
and  variance  of  ~,(m)-r,(m)  are  given  by: 

*,(*)  £  r,  A  £fr,(m)-r((m)|  =  /?<‘>(1) 

5,2  J  W|7,(m)-r,(m)|  -  R\*\l)  + R\'\l)-[R\lY  (4.2) 


In  addition  to  the  notation  used  above,  let  us  denote  by  4m)  the  instant  at  which  the 
server  starts  polling  at  the  mth  time,  independently  of  the  index  of  the  station  polled.  Similarly, 
i\m )  denotes  the  instant  at  which  the  server  finishes  serving  at  the  mth  time,  and  r^m)  denotes 
the  instant  at  which  the  server  finishes  the  mth  switch  over  period.  According  to  this  notation,  it 
is  clear  that  r^m)*i(m  +  l). 


4.3  Exhaustive  Systems  Number  of  Customers  at  Polling  Instants 

We  start  our  study  by  analyzing  the  number  of  customers  found  in  the  system  at  the 
polling  instants.  The  number  of  customers  found  at  the  system  is  denoted  as  following: 

£,(<)  £  number  of  customers  at  queue  i  at  time  t 
L(t)  3  [Ly(t),Lz(^)<  '  '  1 


While  the  process  L(t)  by  itself  is  not  a  renewal  process,  it  can  be  observed  that  the 
sequence  41).  jc(2).  ^3),  •••  is  a  natural  sequence  of  renewal  epochs  for  the  process  L(t).  Thus,  if 
we  observe  the  process  L  at  the  polling  instants,  {4  m)},  the  process  is  Markovian. 


The  z-transform  of  the  number  of  customers  found  in  the  system  at  the  mth  polling 
instant  is: 


The  limiting  z-transform  when  m  approaches  infinity  is  given  by: 
F(z,,z2,  •  ,zs)  i  lim  F„(r,,Zj,  -*v) 

m— oo 


(4.3) 


(4.4) 


Similarly,  the  limiting  marginal  z-transform  for  L,(4m))  when  m  approaches  infinity  is  denoted 


(4.5) 


F,(z)  £  Urn  Ejz^***!  -  F(l,  .l.z.l. -.1) 

m-*oo 

In  addition,  let  £,*  be  a  random  variable  representing  the  number  of  customers  at  an  arbitrary 
polling  instant  when  the  system  is  in  equilibrium. 


To  calculate  F(zt,z2,  ■  •  ■  ,zN)  we  express  FmJ.x(zx,z2,  ■  ■  ,zs)  in  terms  of 
Fm(zvz2,  ■  ■  •  ,sw).  To  do  so,  let  us  condition  our  calculation  on  the  specific  queue  served  during 
the  mth  service  period.  Let  this  queue  be  the  ith  queue. 


The  time  interval  of  interest  is  the  interval  [^m),^m)|  which  consists  of  the  mth  service 
period,  [i(m),r(m)|,  and  the  mth  switch  over  period,  [r^m),r^m)|.  Since  station  t  is  the  station 
served  in  the  mth  service  period,  there  exists  some  (unique)  n  such  that: 

X,(n)»j(m),  r,(n)-r(m),  r,(n)=-rjm). 

Thus  we  are  actually  interested  in  the  nth  service  period  of  station  i  and  in  the  nth  switch  over 
period  of  queue  i. 


First,  consider  the  service  period  for  station  i:  [l,(n),r,(n)|.  The  period  starts  when  station 
i  has  L,(x,(n))  customers  in  its  queue  and  terminates  when  this  queue  is  empty.  The  behavior  of 
queue  i  during  this  period  is  equivalent  to  the  behavior  of  the  gambler's  capital  in  the  gambler's 
ruin  problem  (a  short  description  of  this  problem  is  given  in  appendix  A),  where  the  initial  capi¬ 
tal  is  L,(i,(n)).  The  length  of  the  period,  r,(n)-x,(n),  corresponds  to  the  gambler’s  ruin  time. 
Thus,  from  the  gambler's  ruin  problem  we  have: 


(4.6) 

where 

«(,)  -  £|.-‘W'“| 

(4.7) 

and  9,(u/)  satisfies 

9,(w)-u/P,[9,(u')|  —  0 

(48) 

From  (4.6)  and  (4.7)  we  get: 

-  £|{e,(»l>‘w,"l 

(4.9) 

and  from  (4.8)  the  first  and  the  second  derivatives  of  9,(u>),  evaluated  at  are: 


9,(1)  -  1  ,  9<‘>(1) 


9<2)(1) 


d-M,)2 


+ 


(1  -M,)3 


(4.10) 


Now,  let  us  return  to  calculate  the  number  of  customers  in  the  system  at  the  end  of  the  service 
period.  This  is  expressed  as  following: 
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-  {l/U(n))  + 


;  => 


arrivals  to  queue  j  in  [z,(n),rl(n)j  j^i 


(4  11) 


The  z-transform  of  the  number  of  arrivals  to  all  the  stations  (excluding  i)  during  the  interval 
tl,(n),r1(n)|  is  given  by: 


*■  1 


which  is  identical  (see  (4.9))  to: 


£[{e.(n^;))}w 


»» 


:  =  i 
<;*') 


(4.12) 


(4.13) 


The  z-transform  of  the  number  of  customers  in  the  system  at  the  end  of  the  service  period  is 
given  by: 


fi , 

;=i 


=  E 


n  =  4fi  (4.H) 

;=l  J  ;  =  1  '  ' J 

()A‘)  !;/') 

From  (4.12),  (4.13)  and  (4.14),  and  since x,(r»)=i(m),  it  can  be  shown,  as  shown  in  the  analysis  of 
exhaustive  polling  systems  (see  for  example,  (Konh80|  and  [Taka83|)  that  the  z-transform  of  the 
number  of  customers  at  the  end  of  the  polling  period  is  given  by: 


1=1  =  1 


(4.15) 


■=i 


Next,  we  calculate  the  number  of  customers  arriving  to  the  system  during  the  nth  switch  over 
period  of  queue  i,  namely,  during  the  interval  |r,(n),“l(n)].  This  is  simply  the  compound 
transform  of  the  length  of  the  switch  over  period  and  the  number  of  arrivals  during  a  slot: 


R 


(rK(-->) 


(4.16) 


From  (4.15),  (4  16)  and  the  fact  that  the  number  of  arrivals  during  the  switch  over  interval  is 
independent  of  the  number  of  customers  in  the  system  at  the  beginning  of  this  interval,  we  get 
the  z-transform  of  the  number  of  customers  in  the  system  3l  the  end  of  the  switch  over  period. 
As  we  assumed  at  the  beginning  of  this  analysis,  this  z-transform  is  conditioned  on  the  station 
served  during  the  mth  service  period: 


Fm+i(*v:2’  ■  .-,v  I'  '*  served)  =  •#■«(*,.  V“a.-p®.(  jl  P,(-\)). -,:s) 


;  =  i 
l;*0 


(4.17) 


\  N 
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Now,  let  us  uncondition  (4.17).  From  the  system  description.  It  is  clear  that  station  i  is 
served  in  service  period  m  with  probability  p,.  Thus,  the  unconditioned  z-transform  of  the 
number  in  system  at  the  end  of  the  mth  switch  over  period  is: 

Fm+\(ZVZ2>  '  '  ’  <Zn)  “  Pi  ^*(©1  (  FI  P,(z,)\z2’Zi<  '^/v)  H-18) 

;=1  ;=l 

0*1) 

+  n  p,(z,)\z»-.zs) 


+  P.V ^v(nw)  fJZVZ2'Z>. ©J  n  ^l*;))) 

>-•  ;«l 


Equation  (4.18)  expresses  the  z-transform  of  the  number  of  customers  in  system  at  the  beginning 
of  the  m  +  lst  service  period  by  the  z-transform  of  the  number  of  customers  in  the  system  at  the 
beginning  of  the  mth  service  period. 


obtain: 


Now.  in  the  limit,  when  m  approaches  infinity,  and  if  the  system  is  in  equilibrium,  we 


FUvh.  •  •  >zn)  -  p.  *.(n  w)  W  n  wj-w-fv)  <4l9a> 

;»1  ;*1 
(;#1> 


+  P.v  «,(np,|:j) H-V-W ■■■.©,.(  n  P(-*.))) 


similarly,  the  conditional  limiting  z-transform  is: 


f(-i.  -.-/v  I*  is  previously  served)  —  /?, f  n  P.(-.)l  FI:,.:...  ,  0  (  fl  P  I-  )V.-  ...  • 


I 


(4.10b) 


4.3.1  Number  of  Customers  at  Polling  Instants:  Mean  and  Variance 


Following  the  approach  used  in  the  literature,  we  next  compute  from  (4.19)  the  mean 
and  variance  of  the  number  of  customers  found  in  the  system  at  polling  instants.  Let  L‘  denote 
the  number  of  customers  at  station  i  at  polling  instants.  In  addition,  let  us  denote  the  partial 
derivatives  of  F(z1,z2,  ,zN)  as  following: 

aF(r„rg,  ,;„)  I 

3*.  '7=i 


/(«)  k 


•  - 1.2,  -.N 


(4.20) 


/(*.» 


d2F(zvz2,  ■  ■  ,zN) 


dz,dzt 


i,j  =*l,2,-,N 


(4-21) 


i  =  i 


where  z  is  the  vector  of  the  r,'s,  namely,  ;  *  (zl%zs,-  -,Zy),  and  1  (when  applicable)  corresponds 
to  the  vector  (1,  1,  •••,  1).  Similarly,  we  define  f(i  |i)  and  /(»',;'  |i)  to  be  the  corresponding  meas¬ 
ures,  conditioning  on  the  station  ( k )  served  during  the  previous  cycle: 

dF(zvZi,  ■  ■•;Jt) 
dr, 


/(»•  I*)  * 


»'*l,2,-,iV 


i  —  l 


fiij  I*) 


**Flz„ 


l 


■  ~’v  U) 


dz,dz, 


»,;-1.2.-,Af 


i  =  i 


Using  this  notation,  then: 

-  /(') 


MO 


(4.22) 


In  appendix  A  we  differentiate  (4.19)  with  respect  to  the  r/s  to  calculate  the  terms 
/( *'),* =1 ,2, •  •  -,.V.  This  yields  a  set  of  N  linear  equations,  of  the  form: 

v  ?,/(')• 


"/  t  =  l  t*l  * 


(4.23) 


The  solution  of  this  equation  set  is  shown  (in  Appendix  A)  to  be: 


(1-M>,5>,r, 

_ »»l 


=  1 


i-  -  ■  • 


£1 0  -  /(;) 


(4.24) 


which  is  the  expected  length  of  queue  j  at  polling  instants. 

Comparing  this  result  to  the  expected  queue  length  in  'he  regular  exhaustive  polling  sys¬ 
tem,  we  note  that  when  p,  »  UN  for  all  the  above  expression  becomes: 

£it,1  -  m  - 

131 

which  is  identical  to  the  expected  queue  length  at  polling  instants  in  the  cyclic-polling  exhaustive 
system. 

In  the  case  of  symmetric  system,  i.e.,  when  all  the  stations  are  identical,  we  have: 

r-”r;  »  =  1.  2,  •  ,  ,V 

so  (4.24)  becomes: 

Eli/]  -  fU)  -  <4.25) 

This  is  the  expected  value  of  the  queue  length  at  polling  instants  for  the  case  of  symmetric  sta¬ 
tions.  The  reader  may  note  that  this  value  is  identical  to  the  expected  queue  length  (at  polling 
instants  where  the  stations  are  symmetric)  in  a  cyclically  exhaustive  polling  system  (see  for 
example  [TakaS3|). 

The  computation  of  /(*',*)  is  more  complicated  than  that  of  /(i).  In  appendix  A  we 
differentiate  (4.19)  twice  with  respect  to  the  z,  This  yields  a  set  of  1 V2  linear  equations  that  can 
be  solved  by  numerical  methods.  When  the  switch  over  period  and  the  arrival  process  are 
assumed  to  be  identical  for  all  stations,  this  set  becomes: 

/(;,*)  -  t  ( «  +  M/0)+/(*)!  +  ^(»)+rf(/(«.;)+/('.*)l  +/(M)+ <*Vm)  p, 

t=i 

<>*■) 

+  (*  +  t>m+dlW\)p*+  (a  +  »i/(*)+d/(j)|)p;  (4  26a) 

/(;.;)  -  Up, /(;'.;  I»)  ■ 

i*l 
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service  period.  5,  is  given  by  r,(m)-x,(m),  the  length  of  an  intervisit  period  is  given  by 
“,( m)-r,( m),  and  the  length  of  the  cycle  is  given  by  These  measures  are  called  the 

service  time,  the  intervisit  time,  and  the  cycle  time,  respectively.  In  addition  we  define: 


SXz)  £  ,  /,(*)  £ 


c,(z)  £ 


It  is  easy  to  realize  that  the  cyclic  behavior  of  our  system  is  very  similar  to  that  of  the 
system  where  the  queues  are  served  in  cyclic  fashion  (polli  g  system).  In  both  systems  a  service 
period  of  queue  i  is  followed  by  an  intervisit  period  of  queue  i,  and  this  is  followed  by  a  se-vice 
period  of  queue  t.  The  only  difference  between  the  systems  is  the  specific  behavior  during  the 
periods.  For  this  reason,  it  is  rather  natural  for  us  to  follow,  in  the  sequel,  the  approach  used  in 
[Taka83|  to  analyze  the  cycle  time  of  the  polling  system. 


To  analyze  the  service  time  of  queue  >  we  recall  (4.9).  This  can  be  rewritten  as: 

(4.30) 

where  6(;)  is  given  in  (4.8).  Now,  using  (4.10)  and  (4.30)  it  is  easy  to  derive  the  expected  value 
and  the  variance  of  5,  in  terms  of  the  expected  value  and  variance  of  i* : 

£(5,1  -  £Jr,(m)-i,(m))  -  (4.31a) 


Kar(S,|  *  V'ar(r,(m)-x,(m)|  -  77^7 +  7~T 

(1  -M,)a  (1-/0* 


Now,  using  (4.24)  we  get: 


£15,] 


;  =  l 


(1-/0 


.  .  p,r, 

Var\s>\  -  “ — -\VarlL3+ 


>.  (>-!>,) 


i=l  '  ) 


In  the  case  of  symmetric  stations  we  have: 


£15, i 


l  -Xu 


(4.31b) 


(4.32a) 


(4.32b) 


(4.33a) 


FsrlSj 


Pu2Ml-u\ 


1  -Nn 


(Vr^U-Nu-M.V-llii2) 

(l-.V**)* 


,Vr2u;(  ,V-1 )( 1  -tt) 

(1-/VM)2 


(4.33b) 
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Next  we  calculate  the  intervisit  time  of  queue  t.  To  do  so  we  relate  the  number  of  customers 
found  at  queue  i  when  it  is  polled  (namely,  at  time  i,(m))  to  the  length  of  the  previous  intervisit 
period  This  relation  is: 


From  (4.34)  it  is  easy  to  find  (see  (Taka83|)  the  expected  value  and  the  variance  of  /,: 

E[L^  «  H,E[I,\  ,  Var[Lt\  ~  tfVar[I]+o*E[I] 
and  substituting  (4.24)  in  (4.35)  we  get: 

*i'j  — r^r  •  v"vi  -  f 


la  the  case  of  symmetric  stations  we  get: 


(4  34) 

(4.35) 

(438) 


Lastly  we  calculate  the  length  of  the  cycle  time.  The  expected  value  of  the  cycle  time  of 
queue  i  is  simply  the  sum  of  the  appropriate  expected  service  time  and  the  expected  intervisit 
time  (even  though  these  variables  are  not  independent): 

N 

EIC.I  -  £|SJ  +  £|/J - ^ -  (4.38) 

The  computation  of  ^ar[Cj  is  more  difficult.  This  can  be  done  by  relating  the  length  of  the  cycle 
time  to  the  length  of  the  intervisit  time  and  to  9,(c).  In  [Taka83|  it  is  shown  that  these  are 
related  as  following: 

C\z)  -  /,[9,(s)|  (4.39) 

From  (4.39)  it  is  now  easy  to  calculate  W(CJ: 


In  the  case  of  symmetric  stations  we  have: 


£K,I 


jzl.  v„,c< .  -t-Lffi-  ♦  +  jyvi. 

1-A^«  ’  1  '*  1-//  ^l-Mi  (1-AW2  (l-^)2 


(4.41) 


4.S  Exhaustive  System:  Number  of  Custom  era  at  Arbitrary  Times  and  Waiting  Times 

Let  us  define  <J,(z)  to  be  the  z*transform  of  the  number  of  customers  found  at  queue  i  at 
arbitrary  times: 

«.(*)  i  &■] 

This  z-transform  can  be  computed  as  the  time  average  of  z£,<()  over  the  average  cycle  time: 

*<«0-i 


<?.(*) 


e\  '  s  *t,<0l 


where  the  denominator  is  the  expected  length  of  the  cycle  time  (given  by  (4.41)). 


(4.42) 


1 


To  calculate  the  numerator  of  (4.42)  we  divide  the  sum  to  two  parts:  one  corresponds  to 
the  service  period  and  the  other  corresponds  to  the  intervisit  period: 

*,<"0-1  ’,("1-1  *<"0-1 

-  £  /•<0+  Y  ZL'0) 


E  2 

<*t,(«0 


<=M"0  <«’,<»0 


The  expected  value  of  the  first  sum  is  shown  in  [TakaS3|  to  be: 


’,<"0-1 

E  2 

1=V"0 


m<>  m-i 
~*  *-/».(-*) 


(4.43) 


The  expected  value  of  the  second  sum  is  shown  in  [Taka83|  to  be: 

*  i-^(2) 

Thus,  from  (4.42),  (4.43)  and  (4.44)  we  get: 


(4.44) 


t 
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<?,(*) 


i  -PM 


To  evaluate  the  expected  value  of  L,  we  differentiate  (4.45).  This  yields: 


r 

dz 

i  PM-i 

"  20? 

_ar  L ii±il  ^.1  E|t,1  my\ 

dzVz-P^H  "  2(1-m,)2  2  2(1-^,) 


From  (4.46),  (4.47)  and  the  expected  cycle  length  we  get: 


|  g?  r  i  i  ^ 
2£1L,*1  2  M-0, 


In  the  case  of  identical  stations,  we  use  (4.24)  and  (4.28)  to  get: 


(4.45) 


(4.46) 


(4.47) 


(4.48) 


(4.49) 


Next  we  calculate  the  waiting  times  and  system  times  observed  in  the  system.  Let  C;  be 
an  arbitrary  customer.  Recalling  that  customers  arrive  to  the  system  in  bulks,  we  realize  that 
the  waitiog  time  of  C;  consists  of  the  sum  of  two  independent  random  variables: 

1.  The  waiting  time  of  the  first  customer  in  the  bulk  in  which  C;  arrives. 

2.  The  service  time  of  all  the  customers  which  arrive  together  with  C,  (the  same  bulk)  and 
which  are  served  ahead  of  Cy 

Let  Wt  denote  the  waitiog  time  (excluding  service  time)  of  the  first  customer  served  in  a 
bulk  (for  a  bulk  that  arrives  to  queue  i)  and  let  W^z)  be  the  z-transform  of  Wr  Let  V,  be  the 
number  of  customers  which  arrive  together  with  C;  to  queue  i  (in  the  same  bulk)  and  which  are 
served  before  C;,  and  let  V\z)  be  the  z-transform  of  Vr  Let  T,  denote  the  system  time  (waiting 
time  plus  service  time)  of  an  arbitrary  Customer,  and  T,(z)  denote  the  z-transform  of  T,. 


*  -r-i 


f*-  T 
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S  S 


From  the  description  given  above,  and  since  the  service  time  of  every  customer  is  one 
unit  of  time,  it  is  clear  that  the  z-transform  of  the  system  time  observed  by  arbitrary  customers 
at  queue  i  is: 

r,(r)  -  zW\z)V\z) 

It  is  straight  forward  to  calculate  Vt(z)  from  the  z-transform  of  the  bulk  size,  P,{z),  and 
from  its  first  moment,  m,-  This  is  shown  in  [Taka83|  to  be: 

1  -P,(z) 

VM  -  -7TT  (4.50) 

Also  m  (Taka83j  it  is  shown  that  in  an  exhaustive  system  IV,(z)  can  be  calculated  from 
the  z-transform  of  the  idle  period  length,  /,(z),  and  from  the  expected  cycle  length,  £)<7,J,  as  fol¬ 
lowing: 

-  AUM 

- -ftstm 

In  a  careful  examination  of  the  derivation  of  this  expression  we  realize  that  it  was  derived  under 
the  assumption  that  a  customer  which  arrived  at  slot  t  can  be  served  at  slot  (.  Since  in  our 
model  a  customer  arriving  at  time  t  can  only  be  served  at  time  H-l,  this  expression  should  be 
corrected  (for  our  model)  to: 

<<5l> 

Since  this  result  does  not  depend  on  the  specific  order  of  service  selected  by  the  server  (in 
(Taka83)  it  is  cyclic  order,  and  here  it  is  random  order)  and  only  depends  on  the  fact  that  the 
service  is  exhaustive,  we  can  apply  it  to  our  system.  Thus  using  (4.38)  and  (4.10)  we  get  IV, (r)  in 
terms  of  l,(z)  and  the  system  parameters: 


E*;r; 


/.(«)-! 

z-P\z\ 


Since  l,{z )  can  be  calculated  from  F,(z),  this  equation  actually  expresses  IV,(r)  in  terms  of  F,(z). 


Now,  to  calculate  the  expected  system  time  of  an  arbitrary  customer  which  arrives  to 
queue  i,  we  can  either  differentiate  z-  IV,(r)  V,(;)  with  respect  to  z  and  evaluate  at  .•*!,  or  to 
apply  Little’s  result  [Littfilj  to  (4.48)  and  (4.49).  Selecting  the  second  approach,  we  finally  get 
the  expected  waiting  time  for  an  arbitrary  customer  arriving  to  queue  i: 


E[T,\  -  E[W\+E[V\  +  \ 


^y\  ,  of  (  i _ j_\ 

2/i,£lI,1  2/i.  ^  l-/i,  ~  m,  ^ 


which  id  the  case  of  symmetric  stations  becomes: 


*T\  .  gj  ,  .Vr(l-n)  t  (iV-l)rl 

1  *'  2  r  (l-/V/i)/i  1-Afo  1-JV/i  . 


(4.53) 


(4.54) 


4.5  Random-Polling  Gated-Servlee  Policy 

The  service  policy  considered  in  this  section  is  the  random-polling  gated-service  policy. 
According  to  this  policy,  when  the  server  polls  station  »,  it  serves  only  the  customers  found  at 
queue  t  at  the  polling  instant.  Customers  who  arrive  to  station  i  during  the  service  period  of  this 
station  will  not  be  served  during  that  service  period.  Rather,  they  will  wait  and  get  served  during 
the  next  service  period  of  station  :. 

The  polling  policy,  for  this  system,  is  the  same  as  considered  in  the  previous  model, 
namely,  a  random  polling  policy.  Thus,  at  a  given  polling  instant,  station  i  is  polled  with  proba¬ 
bility  pr 

The  system  model,  as  in  the  previous  sections,  is  a  discrete  time  model,  and  the  arrival 
process  is  the  same  as  in  the  previous  model.  The  service  time  of  a  customer  equals,  as  before, 
the  length  of  a  time  slot.  Due  to  the  similarity  of  this  model  to  the  exhaustive  model  we  keep  our 
notation  the  same. 

Like  in  the  analysis  of  the  exhaustive  system,  the  key  of  this  analysis  is  the  z-transform 
of  the  number  of  customers  found  in  the  system  at  the  end  of  a  switch-over  period.  This  is 
Fn(z i.*2»  '  '  .**).  as  defined  in  (4.3). 

For  the  gated  policy  the  length  of  the  service  period  of  station  i.  is  simply  the  number  of 
customers  found  in  queue  t  at  the  polling  instant: 

r(m)-x,(m)  =/.,(!,(  m))  (4.55) 

Thus,  the  z-transform  of  the  number  of  customers  arriving  during  this  period  is  given  by: 

e\  n{p)(;,)}'<",-y",’l  =  n^-(--)>t,<y"1  «-56> 

l,.*i  l.'=i 
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Thus,  (4.17)  is  replaced  by: 


Fm+x{*vzv  l»  »  »«rved) 


N 


;=i 

</*■> 


and  (4.19a)  and  (4.19b)  are  replaced  by: 


V  iV 

F(zvz2,  ■  ■  ■  ,ZN)  -  Pi  «l(nP;(Z)))  F(  n 

;=l  /=• 


/=• 

0*1) 


Pi  ^(O  ‘^(*1’  I!  P:(z;)'ZS''’Zn) 


;=  1 
0*2) 


n  pM,)) 


j’i 

0*M 


F{zv---,zN  |»  is  previously  served)  »  /f,  (ne,(.,))  •*T*i.v**.-i 


V 

,  n  e,(i, 

-  =i 

<•*«) 


Defining  the  moments  of  l‘,  (/(»),  /(»,;),  /(*'  |*),  /(«',;'  |*))  as  in  the  exhaustive 
differentiating  (4.58b),  we  get  the  following  set  of  equations: 

/(«  I')  *  '■,^l  +  0,/(«) 


/(;  10  *  '•,/*,+**./(»)+/(;) 

Summing  (4.59a)  and  (4.59b)  gives: 


+  D  ?,/(» 

l=*»] 

(•*;) 

This  equation  is  solved  in  appendix  B  to  yield: 

v 

s  ?.r. 

£1^,1  -/(;)- 

’  i-v>, 


When  />,  »  1//V  for  every  i  this  becomes: 


/(>)  -  EP./O  I*)  3  £P>('>;  +  ^;/(')) 

I»1  1=1 


(4.57) 


(4.58a) 

(4.58b) 

model  and 

(4.59a) 

(4.59b) 

(4.60) 

(461) 
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which  is  identical  to  the  equivalent  expression  in  the  gated  system  where  the  polling  is  done  in  a 
cyclic  fashion.  In  the  case  of  fully  symmetric  stations  E\L\ 1  is: 

-  nn  -  km) 


To  find  the  variance  of  L'  we  differentiate  (4.S8b)  twice.  This  gives  the  following  equa¬ 


tion  set: 


fU.lt  l»)  -  M;Mt(i12+r1*)+^»/(»+^,/(*)+/l,^,/*t(2r(  +  l)+/(>,*) 
+/i,/| ». *) + M tf I » .}) +/*,***/( *.»)  *y *.  jjLk 

I«)  -  V(512+r12)-*-'-,(^.2-**,)-'-2rtM;/(»  +  /(»)[<r;2-M;  +  M;2(2r1  +  l)| 

+/(;.;) + 2  t»;/(»J)+i<,2/(».»)  «y  / 

/(»  I;)  -  ^»(5,2+',,2)+rJM,/(*)+/0>,M*(2r;  +  l)  +  #i;/(;.i)+^,/(;j) 


I;)  -  M/(^2+f/)+',,(^2-/«;)+/(j)K2-M;+ii;2(2r;  +  i)l+M,2/(;.;) 
Now,  considering  the  following  relations, 


(4.63a) 


(4.63b) 


(4.63c) 


(4.63d) 


fU.it)  ="  £p,  /(;.*  I») 

■=i 

then  we  have  a  set  of  S1  linear  equations  that  can  be  solved  by  numerical  methods  to  yield  the 
solution  of  /(i.i)  for  »»1,2."-,.V. 


In  appendix  B  we  solve  this  set  of  equations  for  the  case  of  symmetric  stations.  The  solu¬ 


tion  is: 


Ai)  *  trV-VU-l'V-Pul  +  l^-^bV  +  (M^Jrl.ygfii2 

(1+m)(i -*v<i)2  U  +  m)(i-.v#i)  (i  -.\v)2 


UJ 


.■vy 


f  1 


r" 

\\\V; 

*  . '  o  I 

•  •  V.%  a 

o  *-* 


uNr  u2Nr 

'  (1+^)(1-/Vm)  “  (1+^)(1-W 

Now,  using  (4.62),  (4.64)  and  the  relation 

Var[ £,*]  - 


we  get: 


v„[Li  . _ ^ _ +  shMLdZLM  +  jjVdKVgfd 

"  (1  +  /i)(1-Nm)  (l+M)(l-^)a  (1+m)(1-/Vm)* 

This  is  the  variance  of  the  number  of  customers  found  in  queue  i  at  polling  instants. 


(4.64) 


(465) 


Now.  that  we  have  calculated  the  first  two  moments  of  the  number  of  customers  found 
in  the  system  at  polling  instants  we  can  calculate  the  cycle  time,  the  number  of  customers  found 
in  the  system  at  arbitrary  moments  and  the  waiting  times. 

Before  we  start  the  analysis,  it  should  be  noted  that  the  cycle  analysis  of  this  system  is 
independent  of  the  polling  order.  This  means  that  the  way  by  which  the  variable  representing 
the  cycle  time  is  related  to  the  variable  represting  the  number  of  customers  found  in  the  the  sys¬ 
tem  at  polling  instants  is  independent  of  the  polling  order.  Thus,  the  cycle  analysis  of  the  cyclic- 
polling  gated-service  system  and  the  cycle  analysis  of  the  random-polling  gated-service  system 
should  be  the  same.  For  this  reason,  in  the  following  analysis  we  can  use  most  of  the  results 
derived  in  the  literature  for  the  discrete  time  cyclic-polling  gated-service  system. 


To  calculate  the  cycle  time  we  note  that  in  a  gated  system  the  z-transform  of  the  cycle 
length  is  related  to  the  z-transform  of  the  number  of  customers  found  in  queue  i  3t  polling 
instants  as  following: 

F\z)  m  C,|P,(z)|  (4.66) 

Thus,  we  can  immediately  calculate  the  mean  and  the  variance  of  the  cycle  time: 


,v 


i»i 


(4.67) 


and: 


Var\C] 


which,  ia  the  symmetric  case  becomes: 


N£ 


|1+m)(1-%)2 


tN-DNr* 

(1+0)(1-W 


From  (4.70)  we  can  now  calculate  the  expected  value  of  the  number  of  customers  found  in  queue 
t  at  arbitrary  moments.  For  a  symmetric  system  this  value  is: 

£U|»J!fi.+ - 2f _ +  .iV^li+jd  +  Lff=lb»  (471) 

1,1  2r  2(1  ~/V*i)  2{l-Nn)  2(1  -N*)  1  ' 

To  calculate  the  waiting  time  in  the  system,  we  recall  from  the  cyclic-polling  gated- 
service  system  that  the  z-traosform  of  the  waiting  time  (IF.Jz))  of  the  first  customer  in  a  bulk 
can  be  calculated  from  the  z-transform  of  the  cycle  length  ( C7,( -))  and  from  the  z-lransform  of 
the  number  of  customers  (P,(z))  found  in  queue  i  at  polling  instants.  The  expression  calculated  in 
(Taka83|  is: 

....  . 

■'  ’  «|cj  (,-/>. («)l 

which  after  the  correction  for  our  model  (see  comment  with  respect  to  equation  (4.10))  becomes: 

,(  1  P,(z)  E|Cj-(*-Pt(*)) 

from  which  the  expected  waiting  time  of  a  first  customer  in  a  bulk  can  easily  be  calculated. 


Next  we  calculate  the  z-transform  of  the  number  of  customers  found  in  queue  i  at  arbi¬ 
trary  moments.  To  do  so,  we  borrow  the  following  two  relations  from  the  analysis  of  the  cyclic- 
polling  gated-service  systems  (see  [Taka£3j  for  the  derivation  of  these  relations): 

QM  -  — n -?k 


r*  /* 


Now.  let  us  calculate  the  expected  system  time  of  an  arbitrary  customer.  We  recall  from 
the  analysis  of  the  exhaustive  system  that  the  waiting  time  of  an  arbitrary  customer  consists  of 
the  sum  of  two  variables:  Wt,  the  waiting  lime  of  the  first  customer  in  a  bulk  and  V„  the 
number  of  customer  who  arrive  with  the  (arbitrary)  tagged  customer  in  the  same  bulk  and 
served  ahead  of  him.  The  expected  value  of  the  system  time  (£|7*,])  can  be  found  by  calculating 


'  -.v  .N 
.  -■ 

n 


*-  \  S  4*. 

•-v-S; 


85 


E\W]  from  (4.67)  and  calculating  EJVJ  from  (4.50)  (recall  that  V,(z)  a  just  a  property  of  the 
arrival  process  and  not  of  the  service  policy).  We,  instead,  choose  to  use  Little's  result  and  apply 
it  to  (4.71).  Thus,  the  system  time  of  an  arbitrary  customer  in  a  symmetric  system  is: 


2  r  2p(\-Hp)  2(l-Nn)  2(1  -Np) 


(4.73) 


4.7  Random-Polling  Non-Exbauatlv*  Service  Policy 

The  service  policy  considered  in  this  section  is  the  random-polling  non- exhaustive  policy. 
According  to  this  policy,  when  the  server  polls  station  i,  it  serves  only  one  customer  from  queue 

«'. 


The  polling  policy,  for  this  system,  is  the  same  as  considered  in  the  previous  models, 
namely,  a  random  polling  policy  Thus,  at  a  given  polling  instant,  station  i  is  polled  with  proba¬ 
bility  Pr 


The  system  model,  as  before,  is  a  discrete  time  model,  and  the  arrival  process  is  the  same 
as  in  the  previous  models.  The  service  time  of  a  customer  equate,  as  before,  the  length  of  a  time 
slot.  Most  of  the  notations,  from  the  previous  sections,  are  kept  the  same,  unless  explicitly 
stated. 


Like  in  the  previous  analysis  the  key  of  this  analysis  is  the  z-transform  of  the  number  of 
customers  found  in  the  system  at  polling  instants  This  is  F„(r,.J2,  ,zv),  as  defined  in  (4.3). 


To  express  Fm*.x(zx,z2,  •  ,zs)  in  terms  of  F„(;,,c8,  ,;v),  we  condition 

f'„.M(rl,£.t,  ,zN)  on  the  station  polled  during  the  mtb  cycle.  This  expression  is  the  following: 


F{zvZj,  ■  ■  ■  ,zN  |  i  is  served  ) 


/*!  ;*l  **  1 


.O.-r.v) 


(4.74) 


Where  F[zv  -,0,- -Zy)  is  F[zvz2,  ,fv)  where  the  itb  element  equate  zero.  The  first  term  of 


this  expression  represents  the  situation  where  queue  i  is  not  empty  when  polled,  so  queue  ; 
"builds  up"  during  the  service  slot,  by  a  factor  of  P,(r;),  and  one  customer  is  removed  from  the 
ttb  buffer.  The  second  term  represents  the  situation  where  queue  >  is  empty  when  polled,  so  no 


service  period  follows  this  polling  instant.  In  both  terms  the  factor 


*.(nw) 

queueing  build  up  during  the  switch-over  period  prior  to  the  m+ 1st  polling  instant. 

From  (4.74),  and  under  equilibrium  conditions,  we  get  the  following  relation: 

P(*t>*s>  ‘  '  >*/v)  “ 

pi *.(n w)  f(np,(*.)) F\zx ,r2,  .^) 

:»l  1  *1  *1  ,m\  7 


represents  the 


V  V 

;  =  1  >-',=1  7  *.V  *V,«  1  7  J 

In  the  following  we  are  interested  in  analyzing  a  fully  symmetric  system.  Assuming  symmetry, 
and  substituting  r, “*j*" ■■**»*  in  (4.75)  we  get: 

F{z,z,  ~,z)  -  ji?({P(r)r)  {P(r)PFT(r,r.  .r)  +  fl({P(z)F)  F(0,r,r,  .r)  (4.76) 

where  we  have  used  the  observation  that  F(0,z,z,  ■,z)*F\z,0,z,  -,*)«* ■■■  ~F(z,z,-,z,Q)  due  to 
symmetry  From  (4.76)  we  have: 


Ft*.*.-.*)  -  V) 

’  *-%U)rJ{P(*)>‘v 


(4.77) 


Next,  we  substitute  into  (4.Z5)  r,  and  *j*  —  ***v»l-  This  yields: 

P(*,U. -.1)  -  ^  1p(p(*))  P(*)  F(*,U.  •  .D-J-  +  «(P(*))  F(0.1,l,  .1) 

+  ^[fl(p(c))  F(*)  F(U,1,  ,1)  +  fi(p(z))  (l -P(*))  f\z,0.U,  --,!)]  («"*> 


where  we  have  used  the  symmetry  observations: 


F(0, 1.1,  .1)  -  F(1,0,1, -.1) 


F(l,l,l,  \1,0) 


F\z, 0,1.1.  .1)  -  F\z,  1,0.1.- 1.1) 


-  Fiz.l.l, -.1,1.0) 


Pi  "  Pi 


Pn  ~ 


From  (4.78)  we  get: 


n-'u'  'n  -  + (<  7,1 

Our  next  step  is  to  calculate  the  probability  that  an  arbitrary  queue  is  empty  at  polling 
instants.  This  probability  is  given  by: 

/o  £  mu,  .1) 


In  appendix  C  we  use  (4.77)  to  calculate  f0.  This  is  found  to  be: 

,  1  -Su-Ntu 

/o  *  1  -Nn 


(4.80) 


Next  we  calculate  the  expected  queue  length  at  polling  instants.  To  do  so,  we  use  two 
simple  relations.  The  first  relation  is: 


dz  N  dz 


(4.81) 


This  relation  simply  states  that  (at  polling  instants)  the  expected  number  of  customers  in  the 
whole  system  is  jV  times  the  expected  number  of  customers  in  queue  i  ji«l,2,—,.V).  This  obser¬ 
vation  is  true  due  to  symmetry  The  second  relation  is: 


am.’-v I  ,  (V  n  anr.o.u.  .ill 

dz  l*-‘  {‘  l)  dz  l'~‘ 

which  is  also  true  due  to  symmetry. 

For  convenience  let  us  introduce  additional  notation: 

,  a  3FU.0.1.1.  .1)  I 

”  dz  H 


(4.82) 


Now  we  differentiate  (4.77)  and  (4.79)  with  respect  to  z  and  evaluate  the  derivative  at 
;>1.  Differentiating  (4.77)  and  using  (4  82)  we  show  in  appendix  C  that. 

dF(z,z.-  \z)  I  _  (.V-l)(l-.Vn)A  + _ Nr* f _ + _ VjrP _ +  .  M) 

dz  r"1  1  -Sn-Srtz  2(l-,V«)(l -Sn-Nr?)  2(1 -,VM -,Vrji)  2  ' 


Differentiating  (4.79)  with  respect  to  z,  evaluating  the  derivative  at  z » 1  and  using  (4.82)  we 


show  in  appendix  C  that: 


1  -Nn-Nrp 


_l  N-  ;Vu2(l-yVu)(5*-r2)-2.Vru2+((72+ttWr 

“ ^  2ii.mi.jvu-jvrU)  — 


Now,  using  (4.81)  we  equate  (4.83)  to  (4.84)  and  solve  (see  appendix  C)  for  /,: 

,  _  (<r  +  tfhVf 


“  2(1  -Mu)  '  ' 

Substituting  (4.85)  back  into  (4.83)  we  finally  get  an  expression  for  the  expected  queue  length  at 
polling  instants: 


_  l/v-Ultri-jilr  + _ rr _ .  ,  ru 

,a”  2(1  -Nn-Nrn)  2(l-Nn)(l-Nv-Nrn)  2(1  -Nn-Nrp)  2 


Having  calculated  the  expected  queue  length  of  queue  i  at  polling  instants,  we  next  cal¬ 
culate  the  expected  queue  length  of  queue  i  right  after  a  customers  left  this  queue.  Let  us 
denote:  * 

G,  £  E[L\  service  completion  time  at  queue  i  )| 

First,  since  the  queue  chosen  to  be  polled  at  a  given  polling  instant  is  independent  of  the  system 
status,  it  is  clear  that: 


£]£,(  service  starting  time  at  queue  » 


l-/o 


Second,  we  have: 


G,  «■  £[L,(  service  starting  time  at  queue  i  )|  +  m-1 


Thus,  from  these  two  relations  and  from  (4.80)  3nd  (4  86)  we  get: 


(7  ,,  I'"1""  ZJjJLLUHU  I  _ 2 _ 

1  2M»(1-N<i-AM  2yVM(l-.V»»-<Vrji) 

+ — ,M£ — +j£+.LaS«.+ll_1 

2(l-jV»-Nr»|  2r  2N 

Which  is  the  expected  queue  length  at  station  i  right  after  a  customer  left  this  station. 


a  .%  v-v- 


.-\-VvvV 


■  '.  -'.--•A 


Next,  using  G„  we  calculate  the  system  time  (waiting  time  plus  service  time)  of  an  arbi* 
trary  customer.  Let  us  recall  that  T,  denotes  the  system  time  of  an  arbitrary  customer  when  the 
system  is  in  equilibrium.  To  calculate  E\T\  we  investigate  the  number  of  customers  left  in  queue 
s  behind  a  tagged  customer,  let  say  Cr  These  customers  are  of  two  types: 

i.  Customers  which  arrived  together  with  C,  (in  the  same  bulk)  but  were  queued  behind 


ii.  Customers  arrived  to  queue  <  during  the  system  time  of  Cr 

Let  V ,  be  the  number  of  customers  arriving  to  queue  i  together  with  C;  (the  same  bulk) 
but  queued  behind  CJt  then  the  following  relation  is  a  direct  result  of  the  above  observation: 

•  c.-£irj+M-£|rj  (4.88) 

In  appendix  C  we  show  that  for  symmetric  stations 


Thus,  substituting  (4.80)  and  (4.87)  into  (4.88)  we  finally  get  the  expected  waiting  time  in  the 


2r  2n(\-Nn~Nrn\  2ii(l-Nn-Nrn) 


2(1  -Nn-Nrit)  2(1  -Nn-Nrp) 

4.7.1  The  Probability  of  an  Empty  Buffer 

An  important  property  of  a  queueing  system  is  the  times  at  which  the  system  is  empty. 
In  this  sub-section  we  are  interested  in  calculating  the  probability  that  a  buffer  is  empty  at  some 
specific  instants. 


In  the  analysis  done  above  we  have  calculated  the  probability  that  a  buffer  is  empty  at 
polling  instants.  This  probability  is  given  by. 


Pr\  queue  »  is  empty  at  polling  instants  ]  *■  F(0, 1,1, ••■,!) 


l-.V«-.Vrt 


From  this  measure  it  is  now  easy  to  calculate  the  probability  that  a  buffer  is  empty  at 
switch-over  times.  A  twitch-over  time  is  the  instant  at  which  a  switch-over  period  starts.  Thus, 
the  mth  switch-over  time  is  denoted  by  rim). 


Let  us  recall  that  X\ t)  denotes  the  number  of  customers  arriving  to  queue  i  at  time  t, 
and  that  P,{z)  is  the  ('transform  of  .Y,(l).  In  addition,  let  us  denote  by  e0  the  probability  that 
buffer  » is  empty  at  switch-over  times: 


•o  &  Pr\L,(rim))  -  0\  ; 


»-l,2.  -.N 


Since  every  polling  instant  &  the  end  of  a  switch-over  period,  the  probability  that  buffer 
i  is  empty  at  a  polling  instant  is  related  to  the  probability  that  this  buffer  is  empty  at  the  begin¬ 
ning  of  the  preceding  switch-over  period  as  following: 

/’r[L,(f<m)) -0  Um).  r<m)|  -  Pr|I,(j*m))  -  0|-(  ff  *W)  -  0|)  (4  91) 

t=in)+l 

Now,  since  the  arrival  process  to  station  i  is  independent  of  t,  and  since  in  the  symmetric  case  it 
is  also  independent  of  i  we  can  use  the  following  notation: 


*0  £  W(0  -  °l  : 


»-  1,2,-JV 


Thus  (4.91)  becomes: 


Pr\L\r{m))  -  0  |  i<m),  r(m)|  -  Pr\L,^m))  -0)  ■ 


Pr\L\i{m))  -0)  -  Pr|L,(4m))  -0|  /?(x0)  (4.92) 

and  finally,  from  (4.92)  and  (4.80)  we  have  the  probability  that  a  buffer  is  empty  at  an  arbitrary 
switch-over  instant: 

Pr\  queue  i  is  empty  at  switch-over  instants  I  »  77“TT*T^pT  (4.93) 

(l-Nn)-fl(sb) 


4.8  Comparison  of  the  Results  end  Discussion 

In  this  section  we  compare  the  results  derived  in  the  previous  sections  for  the  expected 
system  time  in  the  different  systems.  These  results  are  also  compared  to  the  expected  delay 
observed  in  the  equivalent  cyclic-polling  systems. 


v.v. 
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Before  making  the  comparison,  we  should  recall  that  they  are  differences,  regarding  the 
time  at  which  a  new  arriving  customer  can  be  served,  between  the  model  used  here  to  the  model 
used  in  [Taka£3],  For  this  reason  the  results  derived  in  (Taka83|  for  the  waiting  time  can  be 
interpreted,  in  our  model,  as  the  system  time.  Thus,  in  the  following,  we  will  recall  the  results 
derived  in  (Taka83|  for  the  waiting  time  in  the  different  systems,  and  use  them  as  they  were  the 
system  time  under  our  model. 

Considering  the  cyclic  polling  system  (in  a  discrete  model,  identical  to  our  model),  we 
recall  that  the  expected  waiting  time  (see  |Taka83|)  is: 

$-+ _ 2? _ 

2r  2p(l  -Nn)  2(1  -Nil) 

The  expected  waiting  time  in  the  cyclic  polling  system  under  gated  service  policy  is: 

JL  + _ 2f _ +  ^ll±id 

2r  2ji(l-iV^i)  2(l-iV/i) 

Considering  the  non-exhaustive  cycling-polling  policy  with  at  most  one  customer  served 
in  a  service  period,  we  do  not  know  about  any  previous  study  that  considered  a  discrete  time 
model.  Thus  the  result  for  this  type  of  system  is  not  available  for  comparison. 

These  results  and  the  results  derived  in  this  chapter  are  presented  in  table  1. 

Comparing  the  system  time  in  the  cyclic  polling  systems  to  the  waiting  time  in  the  ran¬ 
dom  polling  systems  we  realize  that  for  both  systems  where  the  comparison  is  applicable  (exhaus¬ 
tive  and  gated)  the  delay  of  the  random  system  is  greater  by  a  term  of: 

2(1  -Nit) 

This  observation  is  quite  intuitive  since  we  expect  the  delay  in  the  random  polling  system  to  be 
higher  due  to  the  random  behavior  of  the  server.  Note.  also,  that  when  the  number  of  stations  is 
.V  —  1.  then  the  delay  in  the  random  system  is  identical  to  the  delay  in  the  cyclic  system. 

Comparing  the  exhaustive  service  to  the  gated  service  (in  both  types  of  polling  methods) 
we  realize  that  the  expected  delay  in  the  gated  system  is  higher  Again,  the  difference  in  perfor¬ 
mance  between  the  exhaustive  scheme  to  the  gated  scheme  is  the  same  for  both  types  of  polling 
methods. 

Looking  at  stability  conditions,  we  see  that  both  the  gated  system  and  the  exhaustive 
system  are  stable  (under  both  types  of  polling  methods)  as  long  as  Xp<\.  On  the  other  band, 
the  non-exhaustive  scheme  is  stable  only  as  long  as  ,Vp(i  +  r)<l.  This  result  is  also  intuitive 
since  at  least  one  switch  over  period  (whose  expected  length  is  r)  is  associated  with  every 


Polling  Method 


Cyclic 


Random 


CHAPTER  5 

An  Analysis  of  the  Exhaustive  Slotted  ALOHA  System 


In  this  chapter  we  study  the  queueing  behavior  of  exhaustive  slotted  ALOHA,  a  method 
which  is  used  to  control  the  transmission  of  N  stations  in  a  single  channel  radio  environment. 
The  exhaustive  scheme  can  be  considered  as  a  simple  method  for  synchronizing  the  transmission 
of  the  different  stations;  it  gains  its  efficiency  from  this  synchronization.  Due  to  the  synchroniza¬ 
tion  the  events  in  these  system  are  strongly  correlated  to  each  other.  For  this  reason,  the  system 
does  not  lend  itself  to  a  simple  analysis  and  approximation  methods  must  be  used.  It  is  observed 
that  in  certain  cases  that  the  exhaustive  ALOHA  system  behaves  similarly  to  the  queue  with 
starter  system;  in  some  other  cases  the  system  behaves  like  the  random  polling  system.  For  this 
reason  the  results  derived  in  chapters  2,  3  and  4  are  used  throughout  this  chapter. 


5.1  Introduction  and  Previous  Work 

The  (classic)  ALOHA  access  scheme  |Abra70|  is  a  method  which  can  be  employed  in 
shared  channel  networks  (e.g.  in  radio  networks  or  in  satellite  networks).  In  this  access  scheme  a 
station  transmits  a  packet  as  soon  as  the  packet  arrives,  and  packets  transmitted  concurrently 
collide  and  are  not  received  at  the  receiving  station.  Collided  packets  are  retransmitted  after  a 
randomly  selected  period  of  time,  until  they  are  successfully  received. 

The  slotted  ALOHA  scheme  [Robe72|  is  identical  to  the  ALOHA  scheme,  but  in  addition, 
the  time  axis  is  divided  to  equal  length  slots  (each  of  them  equals  in  length  the  transmission  time 
of  a  packet)  and  the  stations  are  allowed  to  start  transmitting  only  at  the  beginning  of  the  time 
slots.  Usually,  the  retransmission  of  collided  packets  in  the  slotted  ALOHA  scheme  is  done  as  fol¬ 
lows-.  at  every  slot  after  the  collision  slot,  a  station  i  who  participated  in  the  collision,  will 
retransmit  the  collided  packet  with  probability  p ,.  Station  i  will  continue  this  procedure  until  the 
collided  packet  is  successfully  received. 

The  .ALOHA  scheme  has  been  extensively  studied  in  the  past.  However,  most  of  the  past 
studies  neglected  the  queueing  behavior  of  the  system  by  making  simplistic  assumptions  either 
about  the  arrival  process,  or  about  the  stations'  buffer  size.  Naturally,  the  main  result  derived 
by  these  studies,  is  the  throughput  of  the  system  as  a  function  of  the  offered  load  [Abra70, 
Abra73.  Robe72|  Several  of  these  past  studies  (see  [Lam74|,  for  example)  analyzed  the  delay  in 
the  slotted  ALOHA  system.  However,  in  those  studies  the  basic  system  model  does  not  allow  any 
queueing  behavior,  so  the  expressions  derived  in  these  reports  mainly  represent  retransmission  (of 
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a  packet)  delay  and  not  any  queueing  delay. 


I 

The  queueing  analysis  of  ALOHA  has  been  done  mainly  for  very  simple  systems.  Sidi 
and  Segall  [Sidi83|  analyzed  the  expected  delay  in  an  ,V» 2  station  slotted  ALOHA  system.  This 
analysis  is  done  under  the  assumptions  that  the  arrival  process  to  each  station  is  a  Bernoulli  pro* 
cess  and  that  the  stations  are  symmetric.  The  expected  delay  in  this  system  is  found  to  be: 


T  ,  1+  H.-P\2+-JP 


(5.1) 


where  p  is  the  transmission  probability  used  by  each  station  to  resolve*  collisions,  and  q  is  the 
Bernoulli  arrival  rate  to  each  queue.  The  optimal  transmission  probability,  p*.  that  minimizes 
this  delay  is: 


*  0.5g  +  f0.5an-c+0.5a2)l 

f  *  1-0.5 q 


The  exhaustive  slotted  ALOHA  scheme  is  a  variation  of  the  slotted  ALOHA  protocol. 
According  to  this  scheme,  a  station  whose  packet  is  successfully  received  in  slot  t,  is  granted  the 
exclusive  right  to  transmit  in  the  t  +  lst  slot.  By  this  mechanism,  the  exhaustive  scheme  over¬ 
comes  one  of  the  main  deficiencies  of  the  slotted  ALOHA  scheme:  the  continuous  "fight'’  among 
the  stations  for  every  transmitted  packet.  Using  this  simple  mechanism,  the  system  takes  advan¬ 
tage  of  the  knowledge  of  the  system  history:  the  behavior  of  all  stations  during  the  t+lst  slot 
depends  on  the  channel  status  during  the  tth  slot.  The  exhaustive  scheme  is  called,  sometimes,  a 
reservation  scheme  or,  R-ALOHA.  It  should  be  noticed  that  the  exhaustive  ALOHA  scheme  is 
based  on  the  ability  of  the  stations  to  recognize  for  each  slot  if  the  slot  is  a  successful  slot,  a  col¬ 
lision  slot,  or  an  idle  slot. 

It  is  obvious  that  the  behavior  and  the  advantages  of  the  exhaustive  scheme,  cannot  be 
studied  without  considering  a  queueing  model  of  the  system.  Clearly,  in  a  system  where  each  of 
the  stations  is  equipped  with  a  single  buffer  queue  (as  assumed  in  many  of  the  traditional 
models)  the  use  of  the  exhaustive  discipline  will  have  no  effect  on  the  system  performance 

For  this  reason,  in  our  analysis  we  cannot  use  the  simplistic  model  which  neglects  queue¬ 
ing  behavior.  To  understand  the  system  behavior,  and  to  analyze  its  performance,  it  will  be 
required,  in  this  chapter,  to  use  a  queueing  systems  model. 


'According  to  this  model  in  every  time  slot  t,  a  station  who  has  a  packet  to  traosmit  will 
transmit  with  probability  p. 


The  queueing  behavior  of  the  exhaustive  ALOHA  system  has  been  studied  before  in  two 
references.  Lam  [Lam80|  studied  the  delay  in  the  system  by  decoupling  the  behavior  of  each 
queue  from  the  behavior  of  the  rest  of  the  system.  The  decoupling  is  done  by  assuming  that  the 
probability  that  a  station  successfully  transmits  in  a  contention  slot  equals  to  the  average 
throughput  of  the  (non  exhaustive)  slotted  ALOHA  system.  This  assumption  leads  to  an  approxi¬ 
mation  of  the  delay  in  the  system;  an  approximation  which  is  relatively  good  for  targe  (around 
40)  number  of  stations  (as  shown  in[Lam80j)  but  may  not  approximate  the  system  properly  when 
the  number  of  stations  is  small.  This  analysis  yields  a  small  set  of  equations  which  must  be 
solved  by  numerical  methods  to  give  the  expected  delay  in  the  system. 

In  a  recently  published  paper,  Hofri  and  Konheim  [Hofr84|  give  an  exact  analysis  of  the 
jY-station  exhaustive  slotted  ALOHA  system.  The  analysis  yields  a  set  of  several  (relatively  com¬ 
plex)  equations  that  must  be  solved  by  numerical  methods  in  order  to  derive  the  expected  delay 
in  the  system. 

In  contrast  to  the  previous  studies  the  aim  of  the  analysis  done  in  this  chapter,  is  to 
derive  an  exact  closed  form  expression  for  the  expected  delay  in  a  two-station  exhaustive  slotted 
ALOHA  system;  for  the  .V-station  system  we  derive  a  heavy-traffic  closed  form  expression 
approximating  the  expected  delay.  In  addition,  in  our  analysis  we  will  insist  on  deriving  the 
expected  delay  not  only  for  systems  consisting  of  many  stations  (as  did[Lam80|)  but  also  for  sys¬ 
tems  consisting  of  a  few  stations.  The  analysis  of  systems  consisting  of  a  few  stations  is  impor¬ 
tant  for  the  understanding  of  the  behavior  of  multibop  packet  radio  networks.  In  these  networks, 
the  local  neighborhood  of  a  given  station  does  not  necessarily  consist  of  many  stations.  As  a 
matter  of  fact,  if  routing  algorithms  are  used,  it  is  reasonable  to  believe  that  every  local  environ¬ 
ment  consists  of  a  few  stations  which  have  many  packets  to  transmit.  This  is  in  contrast  to  the 
model  where  in  a  one  hop  environment  there  are  many  stations,  each  of  which  transmits  only  a 
very  few  packets. 

It  is  reasonable  to  believe  that  in  a  system  consisting  of  only  a  few  stations,  the  behavior 
of  each  station  is  strongly  correlated  to  the  behavior  of  the  other  stations.  In  contrast,  in  a  sys¬ 
tem  consisting  of  many  stations,  this  correlation  is  much  weaker.  Thus,  simplistic  assumptions 
about  independence  of  events,  which  are  reasonable  for  many  station  systems,  may  be  wrong  for 
a  system  consisting  of  only  a  few  stations.  For  this  reason  in  the  following  analysis,  we  will 
avoid,  as  much  as  we  can.  the  use  of  "independence"  assumptions. 

The  analysis  done  in  this  chapter  is  divided  into  three  main  parts.  First,  in  sections  5.3, 
5.4,  5.5  and  5.6  we  study  the  behavior  of  a  two-station  system.  It  is  observed  that  an  exhaustive 
slotted  .ALOHA  system  consisting  of  exactly  two  stations  possesses  special  properties  that  make 
its  behavior  different  from  the  behavior  of  the  .V-station  system  This  special  behavior  allows  us 
to  derive  exact  expressions  for  the  expected  delay  in  this  system.  In  section  5.3  we  present  an 
approach  for  analyzing  the  expected  delay  in  two-station  exhaustive  .ALOHA  systems.  This 


approach  analyzes  the  system  by  viewing  it  as  a  queue  with  starter  system,  and  by  using  the 
results  derived  in  chapters  2  and  3.  In  section  5.4  we  analyze  the  expected  delay  in  the  polite 
symmetric  system  (to  be  defined  below).  In  section  5.5  we  analyze  the  expected  delay  in  the 
noisy  system  (to  be  defined  below);  this  analysis  is  done  both  for  symmetric  and  non  symmetric 
systems.  The  results  derived  in  sections  5.4  and  5.5  are  discussed  in  section  5.6. 

The  second  part  of  this  chapter,  deals  with  the  analysis  of  the  expected  delay  in  an  N~ 
station  system;  this  analysis  is  done  in  section  5.7.  Here  we  cannot  use  the  method  used  in  sec* 
tions  5.4  and  5.5.  Instead,  we  suggest  a  heavy  load  approximation  of  the  expected  delay.  This 
approximation  is  achieved  by  viewing  the  system  as  an  N~ station  random*polling  exhaustive* 
service  system  and  by  using  the  results  derived  in  chapter  4. 

lastly,  in  section  5.8  we  study  a  two-station  system  where  the  stations  are  not  allowed  to 
assume  that  they  exist  simply  in  a  two-station  system.  In  this  case  the  special  system  behavior, 
observed  in  sections  5.3,  5.4  and  5.5  does  not  bold.  To  analyze  the  system,  we  use  the  results 
derived  in  sections  5.4  and  5.5  as  a  tow  load  approximation  and  the  results  derived  in  section  5.7 
as  a  heavy  load  approximation.  These  approximations  are  compared  to  simulation  results,  and 
shown  to  be  good  approximations. 

5.2  Model  Description 

The  system  considered  in  this  chapter  consists  of  ,V  stations  (for  some  of  the  analysis  we 
will  assume  N—2)  which  transmit  packets  of  fixed  length  to  each  other.  The  transmission 
medium  considered  is  a  single  radio  channel.  In  this  medium,  if  the  transmissions  of  two  (or 
more)  stations  overlap  all  transmitted  packets  get  garbled,  and  we  say  that  the  packets  collided 
(or,  a  collision  occurred).  Therefore,  a  transmission  of  a  packet  from  station  »  to  station  j  is 
successful  if  and  only  if  no  other  station's  transmission  overlaps  it. 

The  model  considered  is  a  discrete  time  model  time  is  slotted  with  the  slot  size  equal  to 
the  service  time  of  a  fixed  length  packet,  which,  without  loss  of  generality,  we  assume  to  be 
unity.  The  time  interval  (4-1, t)  is  called  the  Ith  slot.  It  is  assumed  that  a  packet  which  arrives 
during  the  Ith  slot  may  be  served  in  the  (th  slot,  i.e  ,  it  is  assumed  that  packets  arrive  at  the 
beginning  of  the  slot  (this  is  called  the  early  arrival  model  (KleiSij).  A  slot  to  which  exactly  one 
station  transmits  is  called  a  successful  slot.  A  slot  in  which  two  or  more  stations  transmit  is 
called  a  collision  slot  (or,  a  conflict ).  A  slot  in  which  no  station  transmits  is  called  an  i die  slot. 
It  is  assumed  that  each  of  the  stations  can  recognize  for  each  slot  if  the  slot  is  a  successful  slot,  a 
collision  slot  or  an  idle  slot. 


The  arrival  process  to  station  i  (t—1,2,  \.V)  is  an  independent  Bernoulli  process  with 
parameter  q,.  Thus,  the  number  of  packets  arriving  at  station  «  at  slot  t  is  given  by: 

1-j,  k- 0 

Pr  (  #  of  packets  arriving  at  station  i  at  slot  t  m  kj  »  qt  k—  1 

0  k>l 

Packets  which  arrive  to  a  given  station,  are  transmitted  from  this  station  according  to  a  first- 
come  first-served  order.  Each  station  is  equipped  with  an  infinite  buffer  queue  to  store  the  pack¬ 
ets  which  have  not  been  transmitted  yet. 

The  access  scheme  studied  in  this  chapter  is  the  exhaustive  slotted  ALOHA  scheme:  this 
scheme  will  be  compared  to  slotted  ALOHA  which  we  must  first  describe.  Stotted  ALOHA  is  a 
method  for  resolving  conflicts  by  probabilistic  means.  According  to  this  method,  a  station,  say  i, 
which  is  involved  in  a  collision  (namely,  transmitted  a  packet  which  collided  with  another 
packet)  will  continue  trying  to  transmit  the  packet.  To  avoid  an  eternal  deadlock,  this  station 
will  not  transmit  in  any  slot  succeeding  the  collision  slot.  Rather,  in  any  of  the  succeeding  slots 
the  station  will  transmit  with  probability  p,  and  stay  quiet  with  probability  l-p,.  The  station 
will  continue  this  collision  resolution  scheme  until  its  packet  gets  successfully  transmitted,  p,.  the 
probability  for  transmission  of  a  packet  in  any  slot  succeeding  a  collision,  is  called  the  transmit- 
sion  probability.  We  assume  that  the  transmission  propagation  is  instantaneous.  Thus,  at  the 
end  of  the  1th  slot,  all  stations  know  what  was  the  status  of  the  channel  (successful  transmission, 
idle  or  collision)  in  the  tth  slot.  In  addition,  it  is  assumed  that  the  channel  is  error  free  and 
instantaneous  and  free  acknowledgements  are  assumed 

The  exhaustive  slotted  ALOHA  protocol  (which  is  sometimes  called  R-ALOHA)  is  the 
same  as  slotted  ALOHA  scheme  with  an  additional  property.  According  to  this  method,  a  sta¬ 
tion,  say  i,  who  successfully  transmits  in  the  (th  slot,  is  granted  the  exclusive  right  to  transmit  in 
the  f  +  lst  slot.  This  means  that  all  other  stations  stay  silent  in  the  l  +  lst  slot,  letting  station  i 
transmit  with  no  interruption.  Therefore,  according  to  this  scheme,  once  station  i  has  success¬ 
fully  transmitted  a  packet  it  continues  transmitting  until  its  buffer  is  completely  exhausted. 

It  is  obvious  that  in  this  protocol  some  additional  means  are  required  to  signal  the  other 
stations  when  station  i  finishes  transmitting.  One  way  to  indicate  an  end  of  transmission  is  just 
by  not  transmitting.  The  idle  slot  succeeding  the  transmission  period  of  station  i  signals  the 
other  stations  that  statioo  »  has  no  more  packets  to  seod.  Another  method,  and  this  is  the 
method  considered  in  this  analysis,  is  to  use  an  end-of- use  flag.  According  to  this  method,  the 
last  bit  of  every  packet  sent  by  station  i  is  devoted  to  notifying  the  other  stations  if  station  i 
intends  to  use  the  channel  on  the  next  slot. 


Three  types  of  periods,  classified  according  to  the  channel  activity,  are  distinguished  in 

this  system: 

1.  Transmission  period:  this  period  consists  of  a  sequence  of  successful  slots,  all  of  them 
from  the  same  station.  The  last  packet  in  such  a  sequence  has  the  end-of-use  flag  turned 

on. 

2.  Idle  period:  a  period  in  which  none  of  the  stations  has  any  packet  to  transmit,  and  the 
channel  is  idle. 

3.  Contention  period:  During  this  period  there  exist  some  (at  least  one)  stations  who  wish 
to  transmit,  but  none  of  the  slots,  due  to  collisions,  is  successful.  Due  to  the  probabilistic 
behavior  of  the  ALOHA  scheme,  it  is  clear  that  some  of  the  slots  in  a  contention  period 
may  be  idle  (all  the  stations  involved  in  the  conflict  stay  quiet)  while  the  other  slots  in 
the  period  must  be  collisions. 

From  this  classification  we  conclude  that: 

1.  A  transmission  period  may  be  followed  either  by  another  transmission  period  (if  station  t 
transmits  end-of-use  flag  in  the  ith  slot  and  some  station  j  successfully  transmits  in  the 
f+lst  slot),  or  by  an  idle  period  (empty  system),  or  by  a  contention  period. 

2.  An  idle  period  may  be  followed  either  by  a  transmission  period  or  by  a  contention 
period. 

3.  A  contention  period  is  always  followed  by  a  transmission  period 

Exhaustive  slotted  .ALOHA  schemes  may  differ  from  each  other  by  the  specific  conflict 

resolution  protocol  used  during  the  contention  period.  In  the  following  we  consider  two  basic 

schemes: 

1.  Polite  ALOHA  conflict  resolution  protocol  with  transmission  probabilities  p,.p:.  ■,pv. 
According  to  this  method,  if  station  i  wants  to  transmit,  and  if  the  channel  is  not 
currently  exhausting  any  other  station's  buffer  (namely,  this  is  not  a  transmission 
period),  then  station  i  (*=*1,2,  •  •, JV)  will  transmit  with  probability  p,. 

2.  Noisy  ALOHA  conflict  resolution  protocol  transmission  probabilities  Pj-Pj,  P,y. 
According  to  this  method,  a  station,  say  i.  who  wishes  to  transmit  following  an  idle 
period  or  following  a  transmission  period,  will  transmit  with  probability  1.  If  this 
transmission  is  successful,  then  station  i  is  already  in  a  transmission  period.  Otherwise, 
station  i  collided  with  other  stations,  and  now  it  will  transmit,  in  every  slot,  with  proba> 
bility  p,.  The  ith  station  will  continue  to  transmit  with  probability  p,  until  one  of  the 
competing  statioos  wins  the  conflict  and  starts  a  transmission  period.  At  the  end  of  this 


transmission  period,  all*  the  stations  who  wish  to  transmit  will  again  become  "noisy" 
(transmit  with  probability  1)  and  then  the  algorithm  repeats. 


5.3  An  Approach  for  th«  Two  Station  Caaat  The  Queue  with  Starter 

An  exhaustive  ALOHA  system  which  consists  of  exactly  two  stations  possesses  a  very 
important  property:  When  station  i  (i»l,2)  stops  transmitting,  declaring,  by  the  end-of-use 
flag  that  it  has  no  more  packets  to  send,  then  the  other  station  can  use  the  next  slot  without  any 
interruption.  Thus,  in  a  two-station  exhaustive  ALOHA  scheme,  a  transmission  period  of  station 
1  will  be  followed  by  a  transmission  period  of  station  2  (unless  station  2  has  nothing  to  transmit 
when  the  transmission  period  of  station  1  ends)  and  vice  versa.  Therefore,  we  can  conclude  that 
in  this  system,  once  a  transmission  period  starts,  a  successful  transmission  will  be  seen  on  the 
channel  until  the  whole  system  (namely  both  buffers)  empties.  Thus  a  contention  period  in  the  2 
station  system  will  occur  only  after  an  idle  period,  which  is  not  the  case  in  a  W-statioa  system. 

A  natural  approach  to  analyze  this  system  is  as  follows:  Derive  the  number  of  packets 
found  at  queue  i  at  an  arbitrary  point  of  time  and  then,  from  this  result,  derive  the  waiting  time 
at  that  station.  However,  this  approach  is  not  trivial  since  the  behavior  of  one  station  depends 
on  the  state  of  the  other  station. 

For  this  reason  we  choose  an  alternative  approach  to  calculate  the  expected  delay  We 
consider  the  whole  system  as  a  black  box  and  derive  the  expected  waiting  time  of  the  total  sys¬ 
tem.  We  assume  that  the  arrival  stream  entering  the  black  box  system  is  identical  to  the  com¬ 
bined  arrival  stream  entering  the  real  system.  The  service  time,  in  the  black  box  system  is 
assumed  to  be,  as  in  the  real  system,  one  unit  of  time.  The  server  behavior,  in  the  black  box 
system,  is  identical  to  the  server  behavior  in  the  real  system,  according  to  the  following  rule:  A 
customer  is  served  in  the  black  box  system  if  and  only  if  a  packet  is  successfully  transmitted  in 
the  real  system.  It  is  clear,  under  this  "simulation"  rule,  that  the  number  of  customers  found  at 
time  t  in  the  black  box  system  must  be  identical  to  the  total  number  of  packets  found  at  time  t 
in  the  real  system.  Figure  5.1  depicts  the  relation  between  the  real  system  and  the  black  box 
system. 


It  is  true  that  if  the  black  box  system  serves  the  customers  in  a  first-come  first-served 
fashion,  and  if  each  station  in  the  real  system  serves  its  customers  in  the  same  manner,  then  the 
actual  delays  observed  in  the  two  systems  will  not  be  identical.  Nevertheless,  it  is  obvious  that, 
at  every  moment,  the  total  number  of  customers  (packets)  found  in  both  systems  is  the  same,  so 
the  expected  number  of  customers  found  in  both  systems  is  the  same.  Therefore,  using  the  black 


*A  station  whose  buffer  is  empty  at  the  beginning  of  the  contention  period  (i.e.,  a  station  who 
does  not  transmit  in  the  "noisy  slot")  and  which  generates  an  arrival  during  the  contention 
period,  will  transmit  ooly  at  the  end  of  the  following  transmission  period. 
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Figure  S.l:  The  two-station  ALOHA  system  and  the  corresponding  black  box  system 
box  system  we  can  easily  And  the  expected  (total)  number  of  packets  found  in  the  real  system. 

Moreover,  since  the  number  of  customers  arriving  to  the  black  box  system  at  slot  t 
equals  the  total  number  of  packets  entering  the  two-station  ALOHA  system,  it  is  obvious  that 
the  arrival  rate  in  the  two  systems  is  identical.  Thus,  using  Little's  result  we  can  conclude  that 
the  expected  system  time  (waiting  time  plus  service  time)  of  an  arbitrary  customer  in  the  black 
box  system  is  identical  to  the  expected  system  time  of  an  arbitrary  packet  in  the  real  system. 
The  use  of  Little's  result  in  this  case  is  allowed,  since  this  result  is  valid  for  any  work-conserving 
system,  independent  of  the  arrival  process,  and  independent  of  the  service  policy  used  in  the  sys¬ 
tem. 


Let  us  start  by  analysing  the  black  box  system.  From  the  behavior  of  the  real  system,  as 
described  above,  the  black  box  system  will  behave  as  follows: 

1.  Once  the  server  in  the  black  b«x  system  starts  serving  customers,  it  will  continue  serv¬ 
ing,  at  a  normal  rate  of  one  customer  per  one  unit  of  time,  until  the  queue  of  this  system 
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becomes  empty.  This  behavior  actually  corresponds  to  the  sequence  of  alternating 
transmission  periods  in  the  real  system. 

2.  When  the  black  box  system  becomes  empty  the  server  will  stay  idle  as  long  as  no  custo¬ 
mers  arrive  to  this  system.  This  period  is  the  idle  period  of  the  black  box  system,  and  it 
corresponds  to  the  idle  period  of  the  real  system. 

3.  When  new  customers  arrive  to  the  black  box  system,  following  an  idle  period,  they  will 
not  be  served  immediately.  Rather,  some  time  will  elapse  before  the  first  of  these  custo¬ 
mers  will  be  served.  This  period  of  time,  starting  at  the  first  arrival  to  an  idle  system, 
and  ending  at  the  beginning  of  the  first  service  slot  (following  the  idle  period) 
corresponds  exactly  to  the  contention  period  in  the  real  system.  This  is  a  period  of  time 
where  there  are  packets  in  the  real  system  but  no  packet  is  transmitted  (a  period  of  time 
where  there  are  customers  in  the  black  box  system  but  no  customer  is  served).  We  call 
this  period,  in  the  black  box  system,  a  warm  up  period  (i.e.,  the  cold  start  period)  since 
at  this  time  the  server  can  be  thought  as  "warming  up"  after  being  idle  and  before  get¬ 
ting  ready  to  serve  the  new  arriving  customers. 

From  the  above  description,  one  can  easily  recognize  that  the  black  box  system  behaves 
exactly  like  the  queue  with  starter,  which  was  analyzed  in  chapters  2  and  3.  Thus,  we  will 
analyze  this  syc.em  by  using  the  results  reported  in  the  analysis  of  the  queue  with  starter. 

From  the  analysis  done  in  chapters  2  and  3  let  us  recall  that  the  expected  delay  in  a 
queue  with  starter  system  can  be  calculated  by  going  through  the  following  steps: 

i.  Calculate  the  expected  delay  in  the  equivalent  queue  without  starter. 

li.  Calculate  the  first  two  moments  of  the  start  up  (warm  up)  period. 

in.  From  (i)  and  (li)  above  and  the  relations  given  in  chapters  2  and  3  calculate  the  expected 
delay  in  the  queue  with  starter. 

In  the  following  we  will  use  this  approach  to  derive  the  expected  delay  in  two  different 

systems: 

a.  A  black  box  system  which  corresponds  to  a  real  system  where  the  conflict  resolution  pro¬ 
tocol  is  a  polite  exhaustive  slotted  ALOHA.  This  approach  will  allow  us  to  solve  only  for 
the  case  where  p,=p2»l/2  (section  5.4);  for  general  p  we  will  later  obtain  a  solution 
using  a  Markov  chain  approach. 

b.  A  black  box  system  which  corresponds  to  a  real  system  where  the  conflict  resolution  pro¬ 
tocol  is  a  noisy  slotted  ALOHA  (section  5.5). 


S.4  Two-Station  Polite  Exhaustive  ALOHA 


Io  this  section  we  study  the  expected  delay  in  a  symmetric  tw>station  polite  exhaustive 
ALOHA  system.  The  system  is  analyzed  under  the  assumption  that  the  stations  are  fully  sym¬ 
metric;  Thus  the  arrival  rate  for  each  station  is  q,  and  the  transmission  probability  used  by  each 
station  is  p.  Two  approaches  are  used  to  solve  this  system:  First  we  use  the  queue  with  starter 
approach,  which  allows  us  to  solve  for  the  expected  delay  in  the  system  when  p  » 1/2.  Second,  a 
Markov  chain  approach  is  used  to  derive  the  expected  delay  for  an  arbitrary  p.  The  expressions 
derived  by  these  two  methods  are  compared  to  each  other  and  shown  to  be  equivalent. 

The  importance  of  using  the  queue  with  starter  approach  to  analyze  the  system  when 
plsmpJMil/2  is  twofold:  1)  The  transmission  probabilities  — 1/2  are  known  to  be  the 

optimal  transmission  probabilities  of  a  two-station  ALOHA  system.  These  are  optimal  in  a  model 
where  queueing  is  not  modeled  and  the  performance  criteria  is  to  maximize  the  system 
throughput.  2)  As  we  see  in  the  following,  this  specific  system  under  the  assumption  that 
pj  *p2  *  1/2  easily  lends  itself  to  analysis,  by  using  the  queue  with  starter  approach.  Thus,  the 
(relatively  simple)  results  derived  in  this  analysis  can  be  used  later  to  verify  results  derived  in  the 
analysis  of  the  more  general  system. 


5.4.1  A  Special  Case  Using  the  Queue  with  Starter  Approach 

In  the  following  we  analyze  the  expected  delay  in  an  exhaustive  ALOHA  system  where 
the  conflicts  are  resolved  by  the  polite  ALOHA  conflict  resolution  scheme,  with  parameters 
pxa*p2*M  1/2.  As  suggested  above,  the  system  will  be  studied  by  analyzing  the  black  box  system 
and  by  using  the  discrete-time  queue  with  starter  results. 

The  queue  with  starter  system  to  be  studied  is  the  following: 

a.  The  model  is  a  discrete  time  model,  measured  in  units  of  slots. 
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b.  Arrivals  consist  of  the  merged  stream  of  two  Bernoulli  sources,  each  with  parameter  ?. 

c.  Service  times  are  equal  to  one  slot. 

d.  Cold  start  periods,  correspond  to  the  contention  periods  in  the  exhaustive  slotted 
ALOHA  system. 

Let  us  recall  that  that  the  delay  in  a  queue  with  starter  can  be  calculated  as  a  sum  of 
two  random  variables: 

•  the  original  delay,  which  is  the  delay  suffered  in  the  queue  without  starter. 


-  the  additional  delay,  an  additional  delay  which  is  due  to  the  presence  of  a  starter. 


The  first  step  in  analyzing  the  queue  with  starter  is  finding  the  delay  (system  time)  in 
the  equivalent  queue  without  starter,  i.e..  the  system  time  in  the  equivalent  system  that  does  not 
suffer  cold  starts.  This  is  a  simple  single  server  queue  with  arrivals  as  in  the  queue  with  starter, 
and  regular  service  policies  (the  server  serves  a  customer  whenever  there  is  some  customer  in  the 
system).  Let  us  analyze  a  discrete  time  single  server  queue  where  service  times  are  one  slot,  and 
the  number  of  customers  arriving  in  any  slot  is  taken  from  an  arbitrary  distribution.  Let  L(t) 
denote  the  number  of  customers  found  in  this  system  at  time  t  ( i.e .  at  the  slot  boundary)  and  let 
,V/(z)  denote  the  z-transform  of  L(t)  when  the  system  is  in  equilibrium,  i.e.: 

M(z)  £  lim£|ji(f)] 

t—OO 

Let  X(l)  be  the  number  of  the  customers  arriving  to  the  system  at  slot  (time)  t  and  let: 


V(s)  M  Elr0'*]  ,  n  -  £|AT(0| 


a1  -  Var\X[  <)| 


From  the  system  description  we  can  relate  the  number  of  customers  found  in  the  system 
at  time  1  +  1  to  the  number  of  customers  found  in  the  system  at  time  t  as  follows: 


LU+ 1) 


(L[t)+) 


AT(f+l)-l  if  L(t)>0 
,Y(t  +  l)  ifi(l)-0 


From  (5.3),  in  equilibrium  we  get: 


M[z)  =.-j-(,Vf(z)-.V/(0))  K(.-)  +  ,V/(0)  F(z) 


A/(-l  =  V/(0) 


Applying  A/(l)»l,  and  using  L  Hospital’s  rule  in  (5.4),  we  get: 

A/(0)  =»  1  -\i 

Now,  differentiating  (5.4)  with  respect  to  z  and  evaluating  the  derivative  at  z=*l  we  get  the  the 
known  result  of  the  expected  queue  length  in  the  system  (at  the  slot  boundaries): 


Now,  after  analyzing  a  general-arrival  system,  recall  that  the  arrivals  to  our  system  con¬ 
sist  of  the  merged  stream  of  two  independent  Bernoulli  sources.  Thus  we  have: 

(l-?)2  *-0 
2«(l-«)  k-1 

V  *-2 

0  else 

I 

and 

M  -  £W)|  -  2? 


Pr|X(f)-*J  - 


o2  -  Var[Jf(0|  -2?(l-?) 

V(0)  -Pr(X(<)-0]  -(l-?)2 
So,  substituting  /j  and  a2  into  (5.5)  we  get: 


£1I|  -  2? 


Now,  to  Ond  the  expected  delay  in  this  system  we  apply  Little’s  result: 

E|  system  time  in  the  “  queue  without  starter"  ]  *»  IMA.  „  j  +  .ml.,  . 

2  7  2(1  -2f) 


(56) 


(5.7) 


Next,  the  second  step  in  calculating  the  delay  in  the  queue  with  starter,  is  to  derive  the 
additional  delay  suffered  in  the  system.  Let  5  denote  the  length  of  a  cold  start  and  let: 

«,  i  *(S-i|  ,  5(r)  £  7  £  £»•■*,  •  ?  £ 

1=0  1=0  1=0 

In  addition,  let  U  denote  the  expected  value  of  the  additional  delay  suffered  by  an  arbitrary  cus¬ 
tomer. 


To  calculate  the  additional  delay  suffered  in  the  queue  with  starter  one  has  to  calculate 
the  first  and  the  second  moments  of  the  cold  start.  We  recall  that  the  cold  start  in  this  system 
corresponds  to  the  contention  period  in  the  exhaustive  slotted  ALOHA  system.  The  length  of  this 
contention  period  is  the  number  of  slots  from  the  arrival  of  a  customer  to  the  empty  system, 
until  a  first  packet  is  successfully  transmitted  (not  including  the  successful  slot).  Let  us  find  the 
probability  that  a  slot,  t,  in  the  contention  period  will  be  a  successful  transmission.  Clearly,  this 
probability  depends  on  the  number  of  stations  who  wish  to  transmit  at  time  I.  There  exist  two 
cases: 


1. 


Only  one  station  wishes  to  transmit.  In  this  case  the  probability  of  having  a  successful 
transmission  at  time  t  is  p.  and  since  we  have  p» 1/2,  the  probability  of  a  successful 


transmission  is  1/2. 


2.  Both  stations  wish  to  transmit  (i.e.,  both  buffers  are  not  empty).  In  this  case  the  probv 
bility  of  a  successful  transmission  is  2p(  1  -p),  which  again,  under  the  assumption  that 
p  *1/2,  equals  to  1/2. 

From  these  properties  it  is  easy  to  realize  that  independently  of  the  number  of  stations 
wishing  to  transmit,  the  length  of  the  cold  start  is  distributed  as: 

*.-7  (7)’  :  > -0,1,2,  -  (5  8) 


|  It  is  important  to  emphasize  that  the  length  of  the  cold  start,  in  this  carefully  selected 

case,  is  independent  of  the  number«of  customers  arriving  to  the  system  during  the  contention 
period  (note  that  for  pjd  1/2  this  property  fails  and  thus  the  queue  with  starter  approach  cannot 
be  used  to  analyze  the  general  system).  Therefore,  we  are  allowed  to  apply  the  results  derived  in 
chapter  2  (the  analysis  of  a  queue  with  an  independent  starter).  From  (5.8)  it  is  easy  to  derive 
I  the  z-transform  and  the  first  two  moments  of  the  cold  start  length: 

5(2)  ,  1 — L_  _  y  -  1  .  S*  *  3  (5.9) 


Now  that  we  have  the  first  two  moments  of  the  the  length  of  the  cold  start  we  recall 
that  the  expected  value  of  the  additional  delay  suffered  in  the  queue  with  starter  can  be  calcu- 
lated  from  these  two  moments  and  from  V^O)  (the  probability  that  no  customer  arrives  to  the 
system  at  a  given  slot.  <)  This  is  done  using  the  following  expression  (taken  from  chapter  2): 

2?+(S?-5Ml-V'(0)) 

2  +  2S(l -1(0)) 


Substituting  5.  ?  and  K(0)  into  this  equation  we  get  the  expected  value  of  the  additional  delay 
in  the  system: 


2  ±  2(1- V(0))  _  t 
2  +  2(1-V(0)) 


(5  10) 


Note,  that  the  additional  delay  in  this  system  is  always  I.  independent  of  the  arrival  rate.  This 
property  is  not  surprising,  due  to  the  fact  that  the  cold  start  of  this  system  is  geometrically  dis¬ 
tributed,  3nd  since  the  geometric  distribution  was  shown  (in  chapter  2)  to  be  the  eigenfunction 
of  the  queue  with  starter  system. 
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Now,  after  calculating  the  original  delay  in  the  queue  without  starter,  and  calculating 
the  additional  delay  in  the  queue  with  starter,  we  can  add  them  up  and  finally  get  the  total 
delay  (system  time)  in  our  black  box  system: 

r  -  £|  system  time  in  the  queue  without  starter  |  +  ?7  —  2  +  -  (5.11) 

Thus,  we  conclude  that  the  expected  system  time  of  an  arbitrary  packet  in  the  two-station  polite 
exhaustive  slotted  ALOHA  system  (with  parameters  1/2)  is: 


T  -  2  + 


o 

2(1-2?) 


5.4.2  The  General  Symmetric  Case:  A  Markov  Chain  Approach 

In  section  5.4.1  we  used  the  queue  with  starter  approach  to  derive  the  expected  delay  in 
a  two-station  polite  ALOHA  system  where  the  transmission  probability  of  the  stations  was 
Pl=p2=.  1/2.  The  goal  of  this  section  is  to  calculate  the  expected  delay  in  this  system  for  an  arbi¬ 
trary  (yet  symmetric)  transmission  probability  (i.e.,  p^Pj^p) 

The  analysis  method  to  be  used  in  this  section  is  a  direct  one:  we  construct  the  Markov 
chain  representing  the  number  of  packets  in  the  system  and  derive  from  this  chain  the  expected 
number  of  packets  and  the  expected  delay  in  the  system. 

As  in  previous  sections,  due  to  symmetry  in  the  system,  our  interest  is  in  the  total 
number  of  packets  found  in  the  system.  For  this  reason,  a  state  in  the  Markov  chain  should 
represent  the  total  number  of  packets  in  the  system.  However,  this  representation  is  not 
sufficient;  it  is  also  required  to  represent  the  specific  state  of  the  system.  These  states  can  be  any 
one  of  four  types: 

1.  The  system  is  in  idle  period.  This  state  is  called  an  idle  elate. 

2.  The  system  is  in  a  contention  period,  and  only  one  queue  contains  packets  (the  other 
queue  is  empty).  These  states  are  called  single- contention  elates. 

3.  The  system  is  in  a  contention  period  3nd  both  queues  have  packets.  These  states  are 
called  double-contention  states. 


4. 


The  system  is  in  exhaustive  transmission  period.  These  states  are  called  An  exhaustive 


transmission  state*. 


It  is  easy  to  see  that  if  we  define  the  system  state  to  be  specified  by  the  specific  state 
type  (one  of  the  four  mentioned  above)  and  by  the  number  of  packets  in  the  system,  we  have 
then  formed  a  Markov  chain. 

Based  on  these  definitions  we  denote  the  following: 
e0  £  Pr\  system  is  in  the  idle  state  ] 

c,  ^  Pr(  system  is  in  a  single-contention  state  packets  in  system  |  ;  i=*l,2,  ••• 

d,  £  Pr\  system  is  in  a  double-contention  state  ,i  packets  in  system  ]  ;  i  =0,1,2, ••• 

e,  £  Pr[  system  is  in  an  exhaustive  transmission  state  ,t  packets  in  system  ]  ;  i=0, 

It  is  clear  from  the  state  definition  that  <f0*0,  =  0,  and  eo»0. 

In  addition  to  these  definitions,  m,  denotes  the  probability  that  there  are  t  packets  in  the 
system,  independently  of  the  system  state: 

m,  =»  Pr|  there  are  i  packets  in  the  system  j 

so  we  have: 

m,  m  c,  +  4t  +  e,  ;  «=0,1,2,- 

Based  on  this  notation,  let  us  define  the  z-transforms  of  the  number  of  packets  found  in  the  sys¬ 
tem: 

C\z)  -  £  c,z' 

1=0 

D(z)  £  £<-' 

.=2 

E{z)  £ 

i  =  l 

M(z)  £  £  m,z‘ 

.=0 

In  addition  we  give  notation  for  the  probability  of  the  events  which  can  occur  in  the  system; 


a0  ^  Pr\  oo  pocket  arrives  to  the  system  at  time  <j 
a,  £  Pr(  ooe  packet  arrives  to  the  system  at  time  f| 

a}  A  pr |  a  packet  arrives  to  queue  1,  oo  packet  arrives  to  queue  2,  at  time  t) 
af  £  Pr{  a  packet  arrives  to  queue  2.  oo  packet  arrives  to  queue  1,  at  time  <| 

*i  k  P'l  successful  transmission  at  potential*  contention  slot  | 

one  queue  is  empty  and  the  other  is  not  { 

/  =  Pr(  no  successful  transmission  at  potential  contention  slot  | 

one  queue  is  empty  and  the  other  is  not  ] 
s2  £  pr[  successful  transmission  at  potential  contention  slot 

|  both  queues  are  not  empty  ] 

/2  £  Pr(  no  successful  transmission  at  potential  contention  slot  | 

both  queues  are  not  empty  ] 

Let  us  recall  that  the  arrival  process  to  each  station  is  an  independent  Bernoulli  process 
with  parameter  q,  and  that  a  busy  station  transmits  at  every  contention  slot  with  probability  p. 
Thus,  from  the  notation  defined  above  we  have: 

a0=*(l-7)2.  a,=2?(l-?).  « s  *  r 

fll 

a{  +  aJ*o,  and  due  to  symmetry:  a|  =  aj  »  —  *  7(1-?) 

»i  *  P  .  /|  —  1  -r,  »  1-p 

*A  potential  contention  slot  is  a  non-idle  slot  which  does  not  follow  a  transmission  slot.  In  a 
potential  contention  slot  some  of  the  stations  are  willing  to  transmit  If  only  one  station 
transmits  in  this  slot,  this  is  a  transmission  slot,  otherwise  it  is  a  contention  slot 


I 


»2-2p(l-p),  /j  -  l-»2  -  l-2p(l-p) 

Figure  5.2  depicts  this  Markov  chain.  A  state  in  this  figure  is  denoted  by  a  couple:  the 
first  element  of  the  couple  denotes  the  system  state  type  (/  denotes  idle,  C,  denotes  single* 
contention,  C2  denotes  double-contention  and  E  denotes  exhaustive  transmission).  The  second 
term  in  the  couple  denotes  the  number  of  packets  in  the  system.  Three  main  rows  can  be 
observed  in  this  figure.  The  upper  row  in  the  chain  (figure  5.2a)  contains  the  double-contention 
states.  The  middle  row  contains  both  the  idle  state  and  the  single-contention  states.  The  lower 
row  contains  the  exhaustive  transmission  states. 

Due  to  the  comple  ,ty  of  the  figure  we  represent  some  of  the  state  transitions  in  figure 
5.2a  and  the  others  ;  agure  5.2b.  Figure  5.2a  depicts  all  the  states  and  the  rows  as  described 
above.  In  addition  it  depicts  the  transitions  entering  states  in  the  double-contention  row  and 
transitions  entering  states  in  the  single-contention  and  idle  row.  Figure  5.2b  depicts  all  the  tran¬ 
sitions  entering  states  in  the  exhaustive  transmission  row;  for  the  sake  of  clarity  the  double¬ 
contention  row  (which  is  the  upper  row  according  to  figure  5.2a)  is  shifted  to  the  bottom  of  the 
figure. 


Using  the  notation  defined  above,  our  next  goal  is  to  derive  the  z-transform  of  the 
number  of  packets  in  the  system.  First,  we  deal  with  the  single-contention  states,  represented  by 
the  middle  row  in  figure  (5.2a).  From  this  figure  we  get  the  following  equilibrium  relations: 


c,  »  c0ai  +  ciao/i 

c.  *  c,-ia}/i  +  e.ao/i  :  *'*2,3.- 

From  these  relations  we  solve  for  e,\ 


(5.12a) 

(5.12b) 


(5.13) 


From  equation  (5.13)  we  find  C(z)  as  follows 

C[;) 


.=0 


*0  + 


i  _ao/ 1  ~a\!\ ' 


(5.14) 


Next,  we  deal  with  the  double-contention  states.  From  the  Markov  row  we  get: 

d2  *  c0a2  +  cla;fi  +  d2o0/2  (5.15a) 

*  c,-2a;/i  +  f,-iar/t  +  d,.1a1/2+d,s0/;  *  =3.4.  (5.15b) 

From  these  equations  we  get  D[z)  expressed  in  terms  of  C(c(: 
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c{j)\azf\*+ a\fA  +  colaiU  -/>)g2~ai/izl 


Thus,  the  z-transform  of  the  top  row  can  be  expressed  id  terms  of  the  z>transform  of  the  middle 
row. 


Last,  we  deal  with  the  bottom  row,  representing  the  exhaustive  transmission  states.  For 
these  states  we  have: 


r,  “  (e,«i  +  e2«o)  »i+K«i  + Vo)  »*+(Mi  +  ezao)  (5.17a) 

«,  *  (C,-I«8+C.al  +  C,*ia0)  »l  +  M-l^*  Vi  +  Vlao)  *2 


-t- (e,.la2+e1a1  +  e,^ia0)  ;  *=“2.3. 

Now  taking  the  z>transform  of  these  equations  we  get: 

£(z)  a  (»1C(z)  +  »IZ)(z)  +  £,(:)|  (aj  +  -^-  +  a„z|  -  fljc0-a0c,  +  -^ -c0a,z  - -~L 

Next,  we  use  the  equilibrium  equation  for  the  state  (/,0).  This  is: 


(5.17b) 


(5.18) 


c0  “  C0<,0  +  Cia0,l  +  <1<,0 

Equation  (5.19)  is  now  used  to  calculate  e,: 

co 

c,  -  -—-c,*,-^ 


(5.19) 


(5.20) 


Now  substituting  equation  (5.20)  into  (5.18)  and  manipulating  (5.18)  further  gives: 

,  ...  .  _ 

E(z)  »  z - : - i,[P(z)-c0J  -  b2D(z)  (5.21) 

z-aQ-a^-a,^ 

From  equations  (5.14),  (5.16)  and  (5.21)  it  is  now  possible  to  calculate  the  transform  of  the 
number  of  packets  found  in  the  system,  in  terms  of  ?0  and  the  system  parameters.  This  can  be 
done  by: 


.Vf(z)  -  C(z)+D(z)  +  E(z) 


(522) 


From  equation  (5.22)  we  next  can  solve  for  c0.  This  can  be  done  by  using  the  fact  that  the  sum 
of  the  m't  must  yield  1.  Thus,  we  calculate  c0  by  solving  the  equation: 


Due  to  tbe  complex  structure  of  this  Markov  chain,  this  job  (of  solving  equation  (5 .23) 
for  c0)  is  quite  complicated.  Thus,  we  are  aided  by  a  computer  program'  to  derive  this  solution: 


(a2~ao)(a;/i  ~ao/i  ~/;) 


aOal/l/ 2  "a0^/|/l  ~  ao / 1/2  “*ai/2  ^  -  f  2  acA  3ao /  1 


(524) 


Now,  substituting  the  values  of  a0,  a2,  fl  and  /2  into  equation  (5.24)  we  get: 


co 


_ ^p-l)pl-e-D(pe-g-p) _  „ 

-2(2pV-4pV  +  3p?4-ifs-6pV+  14p*iT-9p72+2f2  +  6psg-12p2ij  +  6p?-2p3 


Let  us  evaluate  c0  for  some  known  cases. 

i.  For  1/2  and  arbitrary  p,  we  get  c0=0  This  means  that  when  the  system  is  heavily 
loaded  (total  arrival  rate  .0  the  system  is  one  packet  per  one  unit  of  time)  then  the  pro¬ 
bability  that  the  system  is  empty,  is  zero. 

ii.  For  q  =  0  and  arbitrary  p  we  get  c0=*l.  This  means  that  when  the  arrival  rate  is  zero, 
the  system  must  be  empty 

ni  For  p* 0  and  p»l  and  for  an  arbitrary  value  of  q  (qyt 0)  we  have  c0=  0  This  is  a  case 
where  the  contention  period  could  become  infinitely  long,  either  due  to  too  low  a 
transmission  probability,  or  due  to  too  high  a  transmission  probability  In  any  of  these 
cases,  the  probability  that  the  system  is  empty  must  be  zero. 

Now.  that  we  have  the  value  of  c0,  we  substitute  it  back  into  .Vf(;)  (defined  by  equations 
(5  14),  (5  16)  and  (5  21)).  Next  ,lf(z)  is  differentiated  with  respect  to  1,  and  the  derivative  is 
evaluated  at  ;*il  This  yields  tbe  expected  value  of  the  number  of  packets  in  the  system. 
Again,  due  to  the  complexity  of  th«> z- transform,  this  task  is  quite  complicated  (even  worse  than 
finding  c0),  and  again  we  need  to  be  aided  by  the  computer  to  derive  this  expression.  Once  we 
have  the  expression  for  the  expected  number  of  packets  in  tbe  system  we  use  Little's  result  and 
divide  this  expression  by  the  total  arrival  rate  (2?)  to  yield  tne  expected  system  time 


The  expected  system  time  is  expressed  in  a  rational  form  where  both  the  numerator  and 
the  denominator  are  polynomials  of  p  and  q  Thus  we  have: 


t  _  ■>.'{£,« I 

Dip  q) 


(5  26a) 


where 


'Part  of  the  algebraic  manipulation  required  in  this  analysis  was  done  by  tbe  computer  program 
MACSYMA 


V(p.ff)  »  +2pV-*ffV+lVf‘-23pV+l®pV-1>Pf‘  +  2#‘ 


-8p  V  +  40  p  V  -88p  V  +  108p  V  -77  p  V  4-  30pf4  -5f4 


12pV-72pV+  161pV  -  !79pV  +  l02pV -28p7*+2fJ 

-8pV‘,'60pV-134p472+!32psr-57pV  +  8p?2 


+  2p9?-24p*?  +  52p4?-42ps?-M2p^ 

+  4p‘-8p4  +  4p*  (5.26b) 


0(P,f)  »  2(l-p)p(l-2?)(p  +  7-p?)- 

(2pV-4pV+P«*-«s 

-6ps?2+14pJja-9pg2  +  2?2 
+6psj-12p27+6pf 

-2p*  +  2p*l  (5.26c) 


The  expression  Tor  the  expected  delay  in  the  system,  given  in  equation  (5.26)  is  quite 
complex,  and  does  not  lend  itself  to  an  easy  interpretation.  For  this  reason,  testing  this  expres¬ 
sion  for  specific  cases  is  essential  for  the  understanding  of  the  system  behavior,  and  for  the 
"verification "  of  this  computer  aided  analysis. 

When  the  arrival  rate  to  the  system  is  very  low,  i.e.,  when  0  we  have: 
lim;V(p,?)  -  4ps(l-p2) 

f— o 

and: 

limi?(p,7)  —  4p4(l  -p2) 

f— 0 

and  so  we  get: 

limX  -  -  (5  27) 

1—' o  p 

This  behavior  has  a  very  simple  explanation:  When  the  load  is  very  low.  each  packet  arrives  to 
an  empty  system  and  the  delay  it  suffers  is  the  time  until  it  will  be  transmitted  successfully. 
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Since  no  collision  is  likely  to  occur  in  the  system  (no  other  packets  are  likely  to  arrive  to  the  sys¬ 
tem  before  it  is  transmitted)  the  delay  is  actually  the  time  elapsing  from  the  slot  at  which  the 
packet  arrives,  until  it  is  first  transmitted.  Since,  in  every  slot  following  the  arrival  slot,  the 
packet  will  be  transmitted  with  probability  p,  the  expected  delay  of  the  packet  is  1  Ip. 


When  the  system  is  heavily  loaded,  i.e.,  when  7— 1/2,  we  have: 


lim  S[p,q)  -  p(l-p)(l+p)  --*■ 
t-i/2  32 


and: 


lim  D{p,q) 
f—i/a 


and  so  we  get: 


lim  T 
e-1/2 


lim 


•1/2 


1 


(528) 


1 


This  is  identical  to  the 


e-i'2  4(1  -2q) 

Thus  at  heavy  load,  the  delay  in  the  system  behaves  as  ^  , 

behavior  of  the  queue  without  starter  studied  in  section  5.4.1.  Let  us  recall  that  the  queue 
without  starter  studied  in  section  5.4.1  represents  a  single  server  queue  where  the  arrival  process 
is  identical  to  the  arrival  process  in  our  system.  Now,  the  explanation  of  this  result  is 
trivial:  When  the  exhaustive  ALOHA  system  is  heavily  loaded,  the  system  spends  most  of  the 
time  in  the  exhaustive  transmission  mode;  in  this  mode  of  operation,  the  system  behaves  exactly 
like  a  single  server  queue  (no  confiicts,  and  perfect  transmissions),  so  the  expected  delay 
approaches  the  expected  delay  of  the  single  server  queue. 


When  the  transmission  probability  p  is  very  small,  i.e.,  when  p— 0,  we  have: 
limiV(p,9)  -  ?*(2-f)(l-2v) 

p—0 

lim £?( p , q)  *  Iim2^(2-f)(l  -2f)  p 

p—0  p—o 

Thus  we  have: 

lim  T  »  lim  •}—  »  x  (5  29) 

r—o  r—o  2  p 

Again,  this  result  is  very  intuitive:  For  a  fixed  arrival  rate  0<j<1/2  and  when  p—0  the  major 
part  of  the  delay  is  due  to  the  contention  period  (the  queueing  effects  are  negligible  compared  to 
the  contention  period  effect).  In  this  case,  since  p—0  and  the  arrival  rate  is  non-zero,  both 
queues  will  be  non  empty  during  the  major  part  of  the  contention  period.  Thus,  the  probability 
of  a  successful  transmission  during  this  period  behaves  like  2p(l-p)  which  approaches  2 p  when 

p—0.  Thus  the  expected  length  of  the  contention  period  and  the  expected  delay  behave  like  ~\ 


When  the  transmission  probability  is  very  high,  i.e.,  when  p-»l  we  get  a  similar 
behavior: 


IimfV(p,?)  -  «*(l-2«) 
»— 1 


and: 


li mD(p,q)  »  lim  2f{\  -2?) (1-p) 

t—i  t—i 


so: 


lim  T  —  lim 


1 


»—  i  t—i  2(1  -p)  * 


oo 


(5.30) 


This  behavior  is  symmetric  to  the  behavior  of  the  system  when  p—0,  and  the  explanation  is 
similar. 


The  last  "verification”  test,  is  to  evaluate  the  system  delay,  when  p  «■ 1/2.  We  are  able  to 
perform  this  test  since  the  behavior  of  the  system,  under  this  transmission  policy,  was  indepen¬ 
dently  studied  in  section  5.4.1.  Evaluating  the  delay  at  p  —1/2  gives: 


AO.ne  - 


and: 


D[p -1/2,7) 


ti+mag-iH^-il 

16 


so: 


rip-i/2,?) 


2(1-2?) 


2  + 


2(1-2?) 


(5.31) 


This  expression,  as  expected,  is  identical  to  the  expression  (equation  (5  11)  we  derived  earlier  by 
using  the  queue  with  starter  method. 


Next,  we  plot  the  expected  delay  in  the  system  as  function  of  the  transmission  probabil¬ 
ity  (p)  and  the  arrival  rate  (?)  arriving  to  one  of  the  queues  Figure  5.3  depicts  the  expected 
delay  in  the  system  as  function  of  the  transmission  probability  p.  The  figure  contains  several 
curves,  each  of  them  corresponds  to  different  arrival  rate  (?).  Figure  5.4  depicts  the  expected 
delay  in  the  system  as  function  of  the  single-station  arrival  rate  ?.  The  figure  contains  several 
curves,  each  of  them  corresponds  to  a  different  transmission  probability  (p).  Figure  5.5  is  a  three 
dimensional  plot,  depicting  the  expeeted  delay  as  function  of  both  the  transmission  probability  p 
and  the  single-station  arrival  rate  ?. 


5.5  Two  Station  Noisy  Exhaustive  Slotted  ALOHA*  The  Queue  with  Starter 
Approach 


la  the  following  we  analyze  the  expected  delay  in  an  exhaustive  ALOHA  system  where 
the  conflicts  are  resolved  according  to  the  noity  slotted  ALOHA  scheme.  .As  in  the  analysis  of 
the  polite  slotted  ALOHA  (section  5.4.1)  we  derive  the  expected  delay  of  the  two-station  ALOHA 
system  by  analyzing  the  black  box  system  and  using  the  results  from  the  analysis  of  the  queue 
with  starter.  This  analysis  is  done  in  two  parts:  First  a  fully  symmetric  system  is  analyzed,  and 
then,  the  results  are  extended  to  a  general  (non  symmetric)  system.  Note  that  for  the  noisy  pro¬ 
tocol  the  queue  with  starter  analysis  carries  us  all  the  way. 

5.5.1  A  Fully  Symmetric  System 

We  start  this  analysis  by  studying  the  fully  symmetric  p,=*p:  1,2)  system.  Due 

to  the  symmetry  assumption,  it  is  obvious  that  the  only  difference  between  this  system  and  the 
system  studied  in  section  5.4.1  above,  is  the  behavior  of  the  stations  during  the  contention 
period.  Thus,  the  original  delay  in  the  queue  without  starter  is  as  reported  in  equation  (5.7),  and 
what  is  left  to  be  done  is  to  derive  the  additional  delay  suffered  in  the  system  due  to  the  cold 
starts. 


The  behavior  of  an  a  noisy  ALOHA  system  during  the  contention  period  can  be  one  of 
two  types: 

a  Right  before  the  beginning  of  the  contention  period  exactly  one  station  is  willing  to 

transmit  (i.e  .  all  the  other  stations  are  still  idle).  This  station  will  transmit  right  after 
the  end  of  the  idle  period,  and  this  transmission  will  be  successful  The  length  of  the  con¬ 
tention  period,  in  this  case  is  0 

b  u  'hr  beg-noing  of  the  contention  period  more  then  one  station  is  willing  to  transmit. 

\ll  these  stations  will  transmit  at  the  first  slot  of  the  contention  period,  and  all  these 
transmissions  will  collide  Following  this  collision  slot,  a  station,  say  i,  which  was 
involved  m  the  collision,  will  start  transmitting  at  every  slot  with  probability  pr  This 
will  continue  until  one  of  the  competing  stations  wins  and  successfully  transmits  a 
packet 

For  our  two-station  system  and  for  the  corresponding  black  box  system,  we  realize  that 
possibility  (a)  occurs  when  the  first  slot  following  an  idle  period,  contains  exactly  one  customer. 
This  corresponds  to  the  case  where  the  first  arrival  (following  an  idle  period)  to  the  two-station 
.ALOHA  system  consists  of  one  packet  (which  arrives  either  to  station  1  or  to  station  2).  The 
second  possibility  occurs  when  the  first  slot  following  an  idle  period  in  the  black  box  system  con¬ 
sists  of  two  customers  This  corresponds  to  the  case  where  the  first  arrival  to  the  two-station 
.ALOHA  system,  consists  of  two  packets:  one  arriving  to  station  1,  and  the  other  arriving  to 
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station  2. 


From  this  observation  it  is  easy  to  see  that  the  length  of  the  contention  period  is  not 
independent  of  the  arrival  process.  Thus,  we  can  no  longer  apply  the  results  of  the  queue  with 
independent  starter  to  our  system.  This  is  true,  since  in  the  analysis  of  the  queue  with  indepen* 
dent  starter  (chapter  2)  we  assumed  that  the  length  of  a  cold  start  is  independent  of  the  arrival 
process  following  the  cold  start. 

However,  checking  our  system  more  carefully  we  observe  that  the  length  of  the  conten¬ 
tion  period  depends  only  on  the  number  of  arrivals  in  the  slot  following  the  idle  period.  If  the 
slot  contains  one  customer,  the  length  of  the  contention  period  is  distributed  as  described  in  (a). 
If,  on  the  other  hand,  this  slot  contains  two  packets,  the  length  of  the  contention  period  is  distri¬ 
buted  according  to  the  behavior  described  in  (b).  Therefore,  this  system  corresponds  to  a  queue 
with  starter  where  the  cold  start  depends  on  the  number  of  customers  arriving  to  the  system  at 
the  beginning  of  a  busy  period.  This  type  of  a  queue  with  starter  was  studied  in  chapter  3,  and 
we  can  apply  the  results  derived  in  that  chapter  to  find  the  expected  delay  in  our  system. 

Let  us  recall  the  main  results  reported  in  chapter  3  with  regard  to  the  queue  with  starter 
where  the  starter  depends  on  the  number  of  customers  starting  a  busy  period.  According  to 
these  results,  in  order  to  calculate  the  expected  value  of  the  additional  delay  suffered  by  an  arbi¬ 
trary  customer  it  is  not  sufficient  to  know  the  first  two  moments  of  the  cold  start  distribution. 
In  addition  to  these  moments,  one  has  also  to  calculate  the  conditional  moments  of  the  cold  start 
distribution. 


Let  us  recall  the  notation  used  in  chapter  3: 

bk  £  Pr\  a  busy  period  starts  by  the  arrival  of  k  customers  ) 

5|j  |t)  =  5(;  |  the  busy  period  starts  by  k  customers  ) 


5^7  =  £]5  |  the  busy  period  starts  by  k  customers  ] 

In  chapter  3  it  is  shown  that  the  expected  value  of  the  additional  delay  suffered  by  an  arbitrary 
customer  in  the  queue  with  starter  can  be  calculated  from  V  (0),  5^7  and  bk  as  following: 


X> 


<  =1 


Thus,  in  order  to  derive  the  additional  delay  suffered  in  our  system  we  next  calculate  bk,  5(c  1 4:), 
5(;),  7,  ? |t,  and  V'(0): 
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1)  bk  is  the  probability  that  a  busy  period  in  the  queue  without  starter  starts  by  the  arrival  of  k 
customers.  In  our  system  a  busy  period  may  start  either  by  one  customer  (the  arrival  of  one 
packet  to  an  empty  system)  or  by  two  customers  (the  simultaneous  arrival  of  two  packets  to  an 
idle  system).  Thus,  we  can  easily  calculate: 

6i  »  JBdl-fl-  »  2=2l 

2tU-7)+7*  2~t 


3  2?(l-?)+72  2-f 

2)  5(r  fk)  is  the  z-transform  of  the  cold  start,  conditioning  on  the  number  of  customers  starting 
the  contention  period.  Thus  we  have: 

S(z  |1)  -  1 


S(z  |2)  »z  V[2P(l-p)j  (p2+(l-p)2)>  z- 


«-2»(l-i 


i-|*a+0 -***!•* 


3)  S(z)  can  be  easily  calculated  from  the  above: 

5(z)  -  b,S(z  |l)  +  *,-S|n  12)  -  ■= 


JUI  —  v,  J  6  ill  ■  I/O  *»  I  •  J  —  .  _  .  .  _ 

12  2-q  (2-9)  l-iP2+(l-p)=)z 

4)  7]7  and  777  can  be  calculated  by  differentiating  S(z  |l)  and  S(c  |2)  (respectively)  with  respect 
to  z  and  evaluating  the  derivatives  at  l: 

777*0 


yr.  iStaJS!  ,  t  +  r±lL-£L  _ _ L_ 

'2  dz  ,  =  l  2p(l  ~p)  2p{l-p) 


5)  7  can  be  calculated  by  differentiating  S(z )  with  respect  to  z  and  evaluating  the  derivative  at 


(2-9)  -V(l-P) 


6)  ?-7  can  be  calculated  by  differentiating  S(D  twice  with  respect  to  :  and  evaluating  the 


derivative  at  z  *  1: 


■‘..I 


'  .  r 
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Next,  we  caa  substitute  these  expressions  into  equation  (5.32)  to  give  the  expected  value  of  the 
additional  delay  observed  by  an  arbitrary  customer  in  the  system: 


n  =  <rl+2pn-p) 'g(l-g) 

2p(l-p)(?2+2p(l-p)| 


(5.33) 


Now  we  can  add  the  original  delay  observed  in  the  system  (calculated  in  equation  (5.7))  to  the 
additional  delay  derived  above  and  get  the  expected  value  of  the  total  delay  suffered  in  the  sys- 
tem: 


j  *  i  +  —2 _  +  <r +  2p(l  -p)g(l  -g) 

2(1-?)  2p(l-p)[?2  +  2p(l-p)j 

This  is  the  system  time  in  the  two-station  exhaustive  noisy  ALOHA  system. 


(5.34) 


Optimization  at  ttaa  Tmntmimion  Probability 


An  important  issue  in  planning  access  schemes  is  to  optimally  set  the  values  of  the  sys¬ 
tem  parameters.  In  this  system,  it  is  important  to  set  p  (the  symmetric  transmission  probability, 
used  by  both  stations)  to  minimize  the  expected  delay.  It  is  obvious,  that  in  order  to  find  the 
optimal  value  of  p,  one  does  not  have  to  calculate  the  value  of  the  total  delay  Since  p  affects 
only  the  expected  value  of  the  additional  delay, and  since  the  total  delay  is  the  sum  of  the  origi¬ 
nal  delay  and  the  additional  delay,  then  one  can  find  the  optimal  value  of  p  by  analyzing  the 
expression  of  the  additional  delay. 


For  the  sake  of  optimization  we  can  substitute  2p(l-p)  =  z  into  equation  (5.33),  giving: 

x(?:  +  z) 

It  can  be  seen  that  this  expression  monotonicaily  decreases  for  z>0,  so  the  minimal  value  of  U  is 
achieved  for  the  maximal  value  of  z  (  =  2p(  1  - p ) ).  This  maximum,  under  the  constraint  that 
0<p<l  15  achieved  when  p  =*  1/2.  Thus,  the  optimal  symmetric  transmission  probability  is 
p»  1/2.  This  result  is  quite  intuitive  since  p  =  1/2  is  the  symmetric  transmission  probability 
which  will  minimize  the  length  of  the  contention  period 


Now,  substituting  p  *  1/2  into  (5  33)  we  get  the  expected  value  of  the  additional  delay 
under  the  optimal  policy: 


■'op* 


1 


Accordingly,  the  optimal  system  time  is: 


(5.35) 


‘op* 


1  + 


2*0-?) 


2g*+2« 
2f*+ 1 


(5.36) 


S.S.2  A  Non  Symmetric  System 

Having  analyzed  the  fully  symmetric  system  we  next  study  the  non  symmetric  system. 
We  assume  that  the  arrival  rate  to  stations  1  is  qx  and  the  arrival  rate  to  station  2  is  q2  (both 
arrival  streams  are  Bernoulli  independent  as  in  the  previous  models).  The  transmission  probabil¬ 
ity  used  by  station  1  during  the  conflict  resolution  period  is  p,,  and  the  transmission  probability 
used  by  station  2  is  p2- 

The  approach  to  analyze  this  system  is  identical  to  the  one  used  in  sub-section  55  1 
above,  and  the  notation  to  be  used  in  the  sequel  is  identical  to  the  notation  used  in  sub-section 

5.5.1. 

Following  the  calculation  in  section  5.5.1  we  first  calculate  the  additional  delay  in  the 
system.  This  is  calculated  as  follows: 

1)  The  value  of  bk  is: 

h  _  ?i  +  fr-2Mz 

+  '  ?l 

A  Ms 

*  7i  +  ?a-7i72 


2)  The  value  of  S(z  |fc)  is: 
5(r  |1)  -  1 


5(z  |2) 


->>;)+ PsU-Pi)! 

l-|l-p1-Pj  +  2^y2Jr 


3)  The  value  of  5(r)  is: 


S(z)  - 


?i  +  fr-2  Ms  +  Ms  hkU-Pal  +  JMl-PiH) 


4)  The  value  of  S  is: 
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T 


Pi+Ps-tPiPi 


5)  The  value  of  £  is: 


+  P\+P2-2P\Pi 


6)  The  value  of  S*-?  is: 


M2  2(H-2p1p?-p1-po) 
Vi  +  ?2-?if2  (Pl  +  P2-2Pil,2)* 


In  addition  let  us  calculate  V(0),  the  probability  that  no  packet  arrives  to  the  system  at 
time  I.  This  is: 

V10)  «(!-?,)( l-*2) 


Now  substituting  the  values  calculated  above  into  equation  (5.32)  yields  the  expected 
value  of  the  additional  delay  suffered  in  the  system: 

„  ?l72|2(p,+P2-2M2)  +  (?l  +  ?:)(1+2PlP2-Pl-P2))  _ 


IPj  +  P2 -*PlPt+  h  »2>(Pl  +  P2 -2PlP2)(  »l +  h) 

In  addition  to  the  calculation  of  the  additional  delay  we  have  to  recalculate  the  original 
delay,  suffered  in  the  queue  without  starter.  To  derive  this  value  we  repeat  the  derivation  of 
equation  (5.7)  but  with  non  symmetric  arrivals.  This  calculation  yields: 


£(  system  time  in  the  queue  without  starter  j  =■  1  + 


|l-?l-?2)(7l  +  ?2) 


Adding  the  original  delay  to  the  additional  delay,  finally  gives  the  expected  delay  in  the 
non  symmetric  system: 


T  «  1  + 


M2  +  WflPl*  P;-2PlP2)-f(7l^?2)(l->,2PiP2-P|-P2)| 

(Pl  +  P2-2PlP2+W2)(Pi  +  P2-2P,P2)(«l  +  ?2)  ^ 


I 


It  is  obvious  that  the  set  of  values  for  px,  p2  which  minimises  the  expected  delay  is  the 
set  that  maximizes  the  probability  of  successful  transmission  when  both  stations  are  willing  to 
transmit.  This  set  (see[Yemi80|)  is  either  {^*1,  p2»0}  or  {p,»0,  p2“l}. 


5.6  Dlaeunnlon  of  thn  Results  for  Symmetric  Two  Station  Systems 

In  this  section  we  compare  the  expected  delay  as  observed  in  three  systems:  1)  The  non 
exhaustive  slotted  ALOHA  scheme,  described  in  section  5.1.  2)  The  noisy  exhaustive  ALOHA 
scheme.  3)  The  polite  exhaustive  ALOHA  scheme.  The  comparison  is  done  for  the  results 
derived  for  the  symmetric  system. 

5.6.1  A  Comparison  of  thn  Results 

As  we  studied  in  the  previous  sections,  the  expected  delay  in  each  of  these  schemes 
depends  both  on  the  transmission  probability  p  and  on  the  arrival  rate  (to  a  single  queue)  q.  In 
the  following  we  compare  these  schemes  when  they  are  optimally  operated.  A  scheme  is 
optimally  operated  if  for  every  arrival  rate  q  the  transmission  probability  p  is  chosen  to  minimize 
the  expected  delay.  An  optimal  tronomioiion  policy  for  a  given  scheme,  is  a  function  F(f),  which 
defines  for  every  arrival  rate  q  the  optimal  transmission  probability  to  be  used:  p ^  —  F[q). 

The  first  question  of  interest  is  to  compare  the  optimal  transmission  policies  of  these 
schemes.  Equation  (5.2)  of  section  5.1  gives  the  analytic  expression  for  the  optimal  transmission 
policy  for  the  non  exhaustive  scheme.  From  section  5.5.1  it  is  obvious  that  the  optimal  transmit 
sion  policy  for  the  noisy  exhaustive  ALOHA  is:  pop4  »  1/2.  independent  of  the  arrival  rate. 
Thus,  it  only  remains  to  derive  the  optimal  transmission  policy  of  the  polite  exhaustive  ALOHA. 
Due  to  the  complexity  of  the  expression  for  the  expected  delay  in  this  system,  we  are  unable  to 
derive  an  analytic  expression  for  the  optimal  transmission  policy  of  this  scheme;  we  use  numeri¬ 
cal  methods  instead. 

In  figure  5.6  we  plot  the  optimal  transmission  policies  of  the  three  schemes  as  a  function 
of  the  arrival  rate  q.  The  optimal  policies  for  the  exhaustive  schemes  are  plotted  over  the  range 
0<?<l/2.  The  optimal  policy  for  the  non-exhaustive  scheme  is  plotted  only  over  the  range 
0<?<l/4,  which  is  the  stable  range  for  this  scheme. 

From  this  figure  we  can  observe  the  following  properties: 

i.  The  optimal  transmission  probability,  in  any  of  the  schemes  is  non  increasing  function  of 

q.  This  is  true  since  in  any  scheme,  higher  loads  make  the  queues  less  likely  to  be  empty, 

which  in  turn,  suggests  a  more  polite  (lower  p)  policy. 


Figure  5.6:  Two  stations:  The  optimal  transmission  probability  as  function  of  the  arrival  rate 

The  optimal  transmission  probability  of  the  polite  exhaustive  scheme  is  always  higher 
than  the  optimal  transmission  probability  of  the  non  exhaustive  scheme.  The  reason  for 
this  property,  is  that  at  any  arrival  rate  a  queue  in  the  non  exhaustive  scheme  is  less 
likely  to  be  empty  than  a  queue  in  the  exhaustive  polite  scheme. 

i.  Only  for  one  value  of  q  {q  =  1/4)  does  the  optimal  transmission  probability  of  the  non 
exhaustive  scheme  equal  to  one  half.  The  reason  is  that  only  at  this  load  is  the  system 
heavily  loaded,  and  none  of  the  queues  gets  empty.  Thus,  in  this  case  the  heavy  load 
approximation  holds,  and  the  optimal  transmission  policy  is  1/2.  For  any  other  value  of 
q,  the  system  is  not  heavily  loaded,  and  the  optimal  transmission  probability  must  be 
higher. 


The  optimal  transmission  probability  of  the  polite  exhaustive  scheme  is  always  greater 
than  one  half.  The  reason  is  that  a  contention  period  in  this  system  always  follows  an 
idle  period.  Thus,  the  stations  can  not  be  assumed  to  be  heavily  loaded  during  the  con* 
tention  period,  and  the  optimal  transmission  probability  must  be  greater  than  a  half. 


Next  we  compare  the  expected  delay  observed  in  these  systems.  Figure  5.7  depicts  the 
expected  delay  in  the  three  systems  whea  they  are  operated  under  the  optimal  transmission  pol¬ 
icy.  In  addition,  for  comparison,  we  plot  in  this  figure  the  expected  delay  in  a  single  server 
queue  (no  contention)  which  operates  under  the  same  arrival  process  (the  expected  delay  as  given 
in  equation  (5.7)). 
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Figure  5.7:  The  optimal  (minimal)  expected  delay  as  function  of  the  arrival  rate 


It  is  easy  to  see  that  for  every  arrival  rate  q,  both  exhaustive  schemes  are  superior  to  the 
non  exhaustive  scheme.  Similarly,  for  every  arrival  rate  q,  the  single  server  queue  (without  con¬ 
tention)  is  superior  to  both  exhaustive  schemes.  Both  these  observations  are  very  intuitive. 

A  more  surprising  observation  is  that  the  expected  delay  of  the  exhaustive  schemes  is 
almost  identical  to  the  expected  delay  of  the  single  server  queue.  To  test  this  observation  more 
closely,  we  plot  in  figure  5  8  the  difference  between  the  expected  delay  in  the  exhaustive  scheme 
to  the  expected  delay  in  the  non-contention  single  server  system.  This  can  be  thought  of  as  an 
extra  delay  (i.e.  the  additional  delay)  spent  in  the  ALOHA  schemes  due  to  the  distributed  control 


Figure  5.8:  The  additional  delay  observed  iu  the  exhaustive  schemes 

they  use.  From  figure  5.8  we  see  that  the  performance  of  the  exhaustive  schemes  (in  terms  of 
expected  delay)  is  very  close  to  the  performance  of  an  optimally  controlled  scheme  (namely,  the 
single  server  queue)  and  the  "extra  delay"  suffered  in  these  schemes  is  bounded  by  a  unity.  The 
fact  that  the  optimal  additional  delay  suffered  in  the  polite  scheme  is  bounded  by  1  agrees  with 
our  previous  results;  according  to  these  results  for  p**W2  the  additional  delay  is  exactly  1.  Thus, 
the  additional  delay  in  an  optimally  controlled  scheme  cannot  be  greater  than  1. 

5.6.3  Applications 

In  the  analysis  carried  in  the  previous  sections  the  measure  for  the  expected  delay  was 
the  time  slot.  Thus,  in  the  comparison  made  above,  we  compared  the  expected  number  of  slots  a 
packet  stays  in  the  system  under  different  transmission  policies. 


Recalling  the  description  of  the  exhaustive  ALOHA  protocol,  we  realize  that  an  extra  bit 
of  every  packet  is  used  as  an  eod-of-use  flag.  Such  a  Sag  in  the  non  exhaustive  scheme  is  not 
required.  For  this  reason  is  it  clear  that  the  time  duration  of  a  slot  in  the  exhaustive  scheme  is 
slightly  longer  than  the  time  duration  of  a  slot  in  the  non  exhaustive  scheme. 

Let  4  be  the  number  of  bits  used  in  a  packet  in  the  noo  exhaustive  scheme.  Thus,  the 
number  of  bits  that  must  be  used  in  the  exhaustive  schemes  is  4  +  1,  and  in  order  to  compare  the 
delay  of  the  different  schemes  one  must  multiply  the  delay  suffered  in  the  exhaustive  scheme  by 
a  factor  of  1  + 1/4. 

It  is  obvious  that  for  any  reasonable  packet  size  (e.g.,  100  bits  and  above)  this  factor  is 
very  small,  and  does  not  affect  most  of  the  results.  The  two  effects  this  factor  has  on  the  results 
discussed  above  are: 

1.  At  very  low  arrival  rates  (j-»0)  the  delay  in  the  non  exhaustive  scheme  will  be  lower 
than  the  delay  in  the  exhaustive  schemes. 

2.  The  additional  delay  suffered  in  the  exhaustive  schemes  (in  comparison  to  the  expected 
delay  suffered  in  the  single  server  queue)  is  not  bounded  by  a  constant*. 

Nevertheless,  these  two  effects  are  minor  and  for  most  practical  purposes  the  results  reported 
above  are  accurate  enough. 

Another  important  issue  is  the  applicability  of  the  exhaustive  scheme  as  described  in  this 
section.  In  all  the  analysis  done  above  we  used  an  important  property  of  the  two-station  exhaus¬ 
tive  scheme:  When  one  station  finishes  transmitting,  the  other  statu,  i  can  start  transmitting  in 
the  next  slot  without  any  interruption.  This  assumption  cannot  be  applied  to  an  ZV-station  sys¬ 
tem,  since  in  such  a  system,  when  one  station  fioishes  transmitting,  several  other  stations  may  be 
willing  to  transmit. 

For  this  reason  we  conclude  that  the  analysis  done  above  bolds  only  for  two-station  sys¬ 
tems,  where  the  stations  know  that  they  are  the  only  stations  in  the  system.  Therefore,  if  ooe  is 
willing  to  analyze  a  two-station  exhaustive  system,  where  the  two  stations  cannot  assume  that 
they  are  the  only  stations  in  the  system,  one  cannot  use  this  method.  However,  for  such  sys¬ 
tems.  the  expected  delays  derived  above  can  be  used  as  a  lower  bound  approximation  of  the 
actual  expected  delay  in  the  system.  This  we  investigate  in  the  following  section. 


'it  is  obvious  that  under  heavy  load  the  cost  of  the  end-of-use  flag  is  very  high.  Clearly,  at  very 
high  loads  it  is  more  efficient  to  use  the  "silent  slot"  method  to  notify  the  end  of  transmission. 


132 


5.7  N  Symmetric  Statlonai  An  Approach  by  the  Random  Polling  System 

Id  this  section  we  study  the  expected  delay  in  an  exhaustive  ALOHA  system  which  con¬ 
sists  of  N  queues.  It  is  obvious  that  the  events  in  such  a  system  are  strongly  correlated  to  each 
other,  so  there  is  little  hope  of  a  closed  form  exact  delay  analysis  of  the  system. 

Our  goal  is  to  approximate  the  expected  delay  in  this  system  under  certain  conditions. 
This  analysis  is  carried  out  under  the  basic  assumption  that  the  stations  are  symmetric.  Thus,  it 
is  assumed  that  the  arrival  process  to  each  station  is  a  Bernoulli  process  with  parameter  q,  and 
that  the  conflict  resolution  scheme,  used  during  the  contention  periods,  is  the  same  for  all  sta¬ 
tions. 


The  main  analysis  tool,  used  in  this  section,  is  the  exhaustive  service  random  polling  sys¬ 
tem,  studied  in  chapter  4.  The  reason  for  this  is  that  the  behavior  of  the  exhaustive  ALOHA  sys¬ 
tem  is  very  similar  to  that  of  the  random  polling  scheme:  1)  The  service  method  in  both  systems 
is  exhaustive.  2)  The  contention  period  in  the  ALOHA  scheme  can  be  approximately  modeled  as 
the  switch  over  period  in  the  random  polling  system.  3)  In  the  random  polling  system  the  sta¬ 
tion  to  be  served  following  a  switch  over  period  is  chosen  among  all  the  stations  by  a  random 
method.  In  the  exhaustive  ALOHA  scheme  the  station  to  be  served  following  a  contention  period, 
is  randomly  selected  among  all  the  stations  who  partii.pated  in  the  contention  period.  There¬ 
fore.  our  analysis  method  in  this  section  is  to  emulate  the  ALOHA  scheme  by  the  proper  ran¬ 
dom  polling  system,  and  to  use  the  results  derived  in  chapter  4. 

Before  starting  the  analysis,  some  more  definition  ;  are  required.  In  section  5.2  we  have 
classified  the  slots  in  the  exhaustive  ALOHA  scheme  into  three  types:  1)  Transmission  slots.  2) 
Contention  slots.  3)  Idle  slots.  In  addition  to  the  above,  a  slot  is  called  a  potential  transmission 
slot  if  it  is  either  a  contention  slot  or  the  first  slot  in  the  transmission  period.  The  common  pro¬ 
perty  of  all  the  potential  transmission  slots,  is  that  at  the  beginning  of  such  a  slot  there  are 
several  stations  (at  least  one)  who  are  trying  to  transmit  in  the  slot.  If  exactly  one  of  these  sta¬ 
tions  transmits  at  this  slot,  then  the  slot  is  a  transmission  slot;  otherwise,  it  is  a  contention  slot. 

In  addition,  let  us  recall  from  chapter  4  some  of  the  notation  used  in  the  analysis  of  the 
random  polling  systems.  The  notation  used  to  denote  the  arrival  process  is: 

AT, ( r )  ^  the  number  of  customers  arriving  to  statioo  i  at  time  t 

n  J  £1-V,(0|  <r  ^  Var(.V,(  l)| 

The  length  of  a  switch  over  period  is  denoted  by  R  and  we  have, 
r  J  E[R\  ;  c-  i  Var[R\ 
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5.7.1  A  Heavy  Load  Approximation  of  the  Polite  Exhauatlve  ALOHA 

In  the  following  we  approximate  the  expected  delay  in  a  polite  exhaustive  ALOHA  sys¬ 
tem,  by  the  expression  of  the  expected  delay  in  the  exhaustive  service  random  polling  system.  In 
order  to  use  this  approximation,  we  have  to  define  the  behavior  of  the  random  polling  system,  in 
a  way  that  will  simulate  the  ALOHA  system.  Since  in  both  systems  the  service  policy  is  exhaus¬ 
tive  service,  what  is  left  to  be  done  is  to  simulate  the  contention  period  of  the  ALOHA  system  by 
the  switch  over  period  of  the  random  polling  system.  Thus  we  will  extract  parameters  from  the 
exhaustive  slotted  ALOHA  system  and  substitute  them  into  the  delay  expressions  of  the  random 
polling  system. 

First,  we  examine  the  behavior  of  the  ALOHA  system  during  the  contention  period. 
Since  this  system  is  assumed  to  be  heavily  loaded,  it  can  be  assumed  that  at  the  end  of  an 
exhaustive  service  period  exactly  N-l  of  the  stations  are  busy,  and  one  of  them,  say  station  i, 
(the  station  which  was  just  served)  is  idle.  Clearly,  this  claim  is  not  correct  in  all  cases  (there  are 
still  occasions  where  the  whole  system  is  idle!)  but  it  can  be  used  as  a  good  approximation  of  the 
system  status  in  most  cases.  Therefore,  the  number  of  busy  stations,  at  each  contention  slot,  say 
t,  is  either  IV -1  or  jV.  In  the  first  case,  no  packet  arrives  to  station  i  during  the  contention  period 
before  time  1,  and  in  the  second  case  at  least  one  packet  arrives  to  station  i  during  this  period. 

It  is  clear  that  the  time  at  which  the  first  packet  arrives  to  station  i  affects  both  the 
length  of  the  contention  period  and  the  performance  of  the  system.  For  simplicity  of  the  analysis, 
and  since  we  are  interested  only  in  an  approximation,  let  us  consider  two  simple  extreme  cases: 

1.  The  first  packet  arriving  to  station  i  arrives  right  before  the  end  of  the  exhaustive  ser¬ 
vice  period.  Thus,  the  number  of  busy  stations  during  the  whole  duration  of  the  conten¬ 
tion  period  is  N.  It  is  obvious  that  this  is  not  a  feasible  event  in  the  exhaustive  scheme, 
since  the  first  packet  can  arrive  to  station  i  only  after  the  contention  period  started 
However,  this  can  serve  as  a  simple  extreme  case  for  our  approximation. 

2.  No  packet  arrives  to  station  i,  during  the  duration  of  the  contention  period  Thus  the 
number  of  busy  stations,  during  the  contention  period  is  always  .V-l 

We  start  the  analysis  by  looking  at  the  first  case.  Let  »4  denote  the  probability  that  a 
potential  transmission  in  the  slotted  ALOHA  system  is  a  successful  transmission,  i.e  : 

3  Pr\  slot  l  is  a  successful  transmission  |  slot  t  is  a  potential  transmission  ) 

Under  the  assumption  that  at  any  contention  slot  all  the  ,V  stations  are  willing  to  transmit,  it  is 
clear  that  for  every  potential  transmission  slot  we  have 

•a  -  .Vp(l-P)‘*-U  (5  -10) 
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Let  r,  denote  the  probability  that  the  length  of  a  switch  over  period,  in  the  random  pol¬ 
ling  system  is  t: 


r,  J  Pr\R  =  i| 


Using  the  above  notation,  we  can  simulate  the  exhaustive  ALOHA  system  by  an  exhaustive  ran¬ 
dom  polling  system  where  we  have: 

r.  i  » =0,1,2,-  (5.41) 

From  (5.41)  it  is  easy  to  derive  the  expected  value  and  the  variance  of  the  length  of  the  switch 
over  period: 

r  =  El/?)  =.  ;  S2  »  Var\R\  *  2-iii  (5.42) 

«4* 


Now  we  must  find  the  parameters  of  the  arrival  process;  since  the  arrival  process  to  each  station 
is  a  Bernoulli  process  with  parameter  q  we  have: 

H  «  £!*,(/)!  =4  ;  tr2  -  M*.(0|  -  ?(!-?)  (5.43) 


Now,  to  derive  the  expected  waiting  time  in  the  system,  we  substitute  n,  a2,  r  and  6s  into  equa¬ 
tion  (4.54?),  to  yield: 


,V|— -1|  (1  -?) 

j>  _  1  |  1  ~  <7  |  ^-4 

“2^  2(1-, V,)  2|1-A  g) 


( "V  - 1 )  ■  [  ~  - 1 ) 

_ 3a 

Ml-Nq) 


(5.44) 


where: 


sA  =  .Vp(i-/>)<v-» 


For  the  second  case  we  calculate  the  delay  in  a  system  where  exactly  .V-l  of  the  stations 
take  part  in  the  contention  period.  The  simulation  of  this  system  by  the  random  polling  system 
is  not  as  straight  forward.  The  reason  is  that  in  the  random  polling  system  the  next  station  to  be 
served  after  a  switch  over  period  is  selected  among  all  the  stations,  while  in  the  exhaustive 
.ALOHA  system  the  next  station  to  be  served  is  selected  from  the  .V-l  busy  stations. 

Let  us  define  as  defined  above,  namely,  this  is  the  probability  that  a  potential 
transmission  slot  in  the  slotted  ALOHA  system  is  a  successful  transmission  slot.  It  is  clear  that  in 
this  system  the  value  of  *4,  for  every  potential  transmission  slot,  is: 

»a  -  (-V-l|p(I  -p)«  v  (5  45) 


And  the  length  of  a  contention  period  is  geometrically  distributed  with  parameter 


Let  A  be  a  random  variable  representing  the  length  of  a  switch  over  period  in  the  ran¬ 
dom  polling  system,  and  let  R(z),  r  and  S2  be  the  z-transform,  the  mean  and  the  variance  of  R, 
respectively. 

Let  us  denote  by  the  virtually  idle  period  (of  the  polling  system),  the  period  that  starts  at 
the  beginning  of  any  switch  over  period,  and  ends  right  before  the  beginning  of  the  service 
period  (i.e.,  right  before  a  customer  is  first  served  following  the  switch  over  period).  We  call  this 
period  the  virtually  idle  period  since  during  this  time  the  server  is  idle,  but  the  system  is  not 
necessarily  idle.  Let  Rx  be  the  random  variable  representing  the  length  of  the  virtually  idle 
period,  and  let  /?[(z),  rx  and  Sf  be  the  z-transform,  the  mean  and  the  variance  of  R,  respectively. 

It  is  obvious  that  in  the  simulation  the  contention  period  of  the  slotted  ALOHA  system 
should  be  represented  by  the  virtually  idle  period  of  the  random  polling  system  (and  not  simply 
by  the  switch  over  period!),  since  this  is  the  period  during  which  the  server  is  idle  in  these  sys¬ 
tems.  Thus,  Rx  in  the  simulation  is  distributed  as  the  length  of  the  contention  period,  and  in 
order  to  complete  the  simulation  it  is  now  required  to  calculate  r  and  S2  (from  r,  and  £?)  and 
substitute  them  in  the  expression  of  the  expected  delay  in  the  random  polling  system. 

I'nder  the  assumption  that  exactly  .V-l  stations  are  busy  during  the  switch  over  period, 
it  is  easy  to  derive  a  relation  between  /?,(c)  and  /?(:).  This  is: 

/?,(-’)  =  —  *(-’>  +  -)*,<--)  (5  ■«) 

The  explanation  of  this  expression  is  simple:  The  first  term  in  the  expression  represents  the  case 
where  at  the  end  of  a  switch  over  period  the  server  selects  one  of  the  .V-l  busy  stations.  In  this 
case  the  length  of  the  virtually  idle  period  is  identical  to  the  length  of  the  switch  over  period. 
The  second  term  in  the  expression  represents  the  case  where  at  the  end  of  the  contention  period 
the  server  selects  the  idle  station.  In  this  case  the  length  of  the  virtually  idle  period  is  distributed 
as  the  sum  of  two  independent  random  variables.  1)  the  length  of  a  switch  over  period  2)  the 
length  of  a  virtually  idle  period 


From  (5  46)  we  derive: 


*<*) 


•VgiU) 
•V-l +/?,(;> 


Now,  we  calculate  r  and  6s: 

dR(z)  I  (■v-l)rl 

r  =  iz  l,=l  *  ,V 


fEhl 

iz 2 


V  - 1 
.V 


(*?■ 


rl)  - 


:i  ,\n 


.Vs 


(54T) 


(5.48) 


\ 
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so  we  have: 


S2 


(5.49) 


As  stated  above,  the  length  of  the  virtually  idle  period  is  distributed  as  the  length  of  the 
contention  period.  Thus,  we  have: 


;  « -0.1.2.  ■ - 


where: 

*4  »(iv-i)P(i-Pr2 


Thus: 


so  we  have: 

AM  1-*a 


(5.50) 


(5.51) 


,V-1 

.V 


/(AM)  +  s4  \ 

(— v-^-J  =  r,1  +  r) 


(5.52) 


Finally,  we  substitute  n,  a2,  r  and  S1  into  equation  (4.54?)  to  derive  the  expected  delay  in 
the  ALOHA  system: 


i  +  r  +  i-q  +  -Vril-~7)  +  ,1>-  Ul 
2  2(1  -Sq)  2(1 -A/7)  2(  1  -  .V7 ) 


(5  53) 


where: 


1  AM 

.vpd-pr* '  y 


Dbcuaton 

Two  different  expressions  have  been  suggested  above  to  approximate  the  expected  delay 
in  the  N- station  polite  exhaustive  ALOHA  system  for  heavy  traffic.  The  first  expression  assumes 
that  all  the  N  stations  compete  during  the  contention  period  and  the  second  expression  assumes 
that  exactly  AM  of  the  stations  compete  during  this  period.  The  first  expression  tends  to  be  a 
pessimistic  approximation  while  the  second  expression  tends  to  be  an  optimistic  approximation. 
The  true  value  of  the  expected  delay  is  likely  to  lie  somewhere  between  the  two  values  given  by 
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these  expressions. 


When  the  number  of  stations  is  small  (small  .V)  it  is  reasonable  to  believe  that  the  pes¬ 
simistic  expression  is  a  better  approximation  than  the  optimistic  approximation.  The  reason  is 

that  the  arrival  rate  to  a  single  queue,  when  the  system  is  at  heavy  load,  is  about  — .  When  ,V  is 

,V 

small,  -77  is  a  relatively  high  arrival  rate  so  it  is  very  likely  that  the  station  which  was  idle  at  the 

M 

beginning  of  the  contention  period  will  soon  get  busy  (due  to  a  new  arrival  to  this  station)  and 
the  contention  in  most  slots  will  be  among  .V  stations  On  the  other  hand,  when  ,V  gets  larger, 
the  arrival  rate  to  a  single  station,  when  the  system  is  at  heavy  load,  is  very  low.  and  the  idle 
station  is  very  unlikely  to  become  busy  during  the  contention  period.  Thus,  when  the  number  of 
stations  is  large,  the  pessimistic  expression  (assuming  that  exactly  ,V-1  stations  are  willing  to 
transmit  during  the  contention  period)  is  believed  to  be  a  good  approximation  of  expected  delay 
in  the  system.  Nevertheless,  note  that  for  large  values  of  N  the  two  delay  expressions  are 
approximately  the  same,  so  both  can  be  used  to  approximate  the  expected  delay  in  the  system. 

An  Invariant  Behavior  under  Heavy  Load 

As  described  above  the  length  of  a  contention  period  when  the  system  is  at  heavy  load, 
may  depend  on  the  time  at  which  the  first  packet  arrives  to  the  idle  station.  The  probability 
that  a  potential  transmission  slot  is  a  successful  transmission  when  N  stations  participate  in  the 
contention  period  is: 

•Vp(l-p)v  * 

The  probability  that  a  potential  transmission  slot  is  a  successful  transmission  slot  when  JV-l  sta¬ 
tions  participate  in  the  contention  period  is: 

(N-l)p(l-p)VJ 


Let  us  examine  what  is  the  transmission  probability  p  for  which  the  behavior  of  the  pol¬ 
ite  exhaustive  ALOHA  during  the  contention  period  (at  heavy  load)  is  independent  of  the 
number  of  stations  (N  or  N- 1)  which  participate  in  the  contention  period.  Let  p*  be  this  invari¬ 
ant  transmission  probability.  Thus,  we  must  have: 

•vp'd-p*)"-1  -(n-i)p*(i-p*)W2 


or: 


This  is  exactly  the  transmission  probability  which  maximizes  the  system  throughput  when  the 
system  is  under  heavy  load  (see  section  5.1  above). 
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It  is  clear  that  under  these  conditions  the  length  of  the  contention  period  is  independent 
of  the  time  at  which  a  new  packet  arrives  to  the  idle  station.  Thus,  if  the  transmission  probabil¬ 
ity  is  chosen  to  maximize  the  heavy  load  throughput,  then  the  length  of  the  contention  period  in 
the  polite  exhaustive  ALOHA  system  (when  the  system  is  at  heavy  load)  is  geometrically  distri¬ 
buted  with  parameter: 

<vp'(iV)v-‘  =  (i-~r' 

5.7.2  A  Heavy  Load  Approximation  of  the  Noisy  Exhaustive  ALOHA 

The  approximation  of  the  expected  delay  in  the  noisy  exhaustive  ALOHA  system  is  simi¬ 
lar  to  the  approximation  of  the  polite  system.  Under  heavy  load  conditions,  the  number  of  sta¬ 
tions  which  are  busy  right  after  the  end  of  a  contention  period  is  exactly  .V-l.  Thus,  the  first 
slot  of  the  contention  period  is  a  collision  slot  (of  iV-1  stations)*  and  the  rest  of  the  period  con¬ 
sists  of  contention  slots.  In  each  of  these  contention  slots  exactly  .V-l  stations  are  willing  to 
transmit.  Thus,  the  probability  of  successful  transmission  in  each  of  these  i,  As  is: 

•A  »(.V-l)p(l-p)*-2  (5  54) 


If  we  assume  that  the  idle  station  becomes  busy  before  the  end  of  the  contention  period, 
then  as  in  the  polite  system,  we  can  simulate  the  .ALOHA  system  by  a  random  polling  system 
where  the  length  of  the  switch  over  period  is  distributed  as  the  length  of  the  contention  period. 
Thus,  the  switch  over  period  is  distributed  as: 


r,  - »« i  =*i,2, 

The  expected  value  and  the  variance  of  this  distribution  are. 


1 


«* 


(l -Us) 


•a  V 

and  the  expected  delay,  in  the  system  is: 

<V|~j  (1  -?)  (iV-l)-M-l 


1  -s. 


2  »A  211-W  2(1  -,v9) 

where  the  value  of  sA  is  given  in  equation  (5.54). 


2(1 -AW 


(5.55) 


(5  56) 


(5.57) 


'This  observation  is  true  only  when  <V>2.  For  the  analysis  of  a  two-station  system,  see  section 


If,  oo  the  other  hand,  we  use  the  optimistic  assumptioo,  namely,  if  we  assume  that  the 
idle  station  does  not  become  busy  before  the  end  of  the  contention  period,  then  we  follow  the 
derivation  for  the  similar  case  in  the  polite  system.  Thus  we  set  that  the  length  of  the  virtually 
idle  period  in  the  polling  system  is  distributed  as: 

Pr\Rx  -,|  :  t  — 1.2,  (5.58) 

and  the  mean  and  the  variance  of  the  virtually  idle  period  are: 


where  aA  is  given  in  equation  (5.54). 


From  equations  (5.59),  (5.48)  and  (5.49)  we  can  derive  the  mean  and  the  variance  of  the 
corresponding  switch  over  period: 

_ jV-1  *  _  AM  1  , 


,v-i  r(-,v-i)- 

NtA  1  y.A 


and  the  expected  delay  in  the  system  is: 

r  ,  Lii  +  I--*  +  PHlrll  +  .LY-lll 

2  2(1  -Nq)  2(1  -Hq)  2(1  -/Vg) 

where  the  value  of  r  is: 


Wi-fV* 

As  in  the  polite  exhaustive  ALOHA  system,  the  pessimistic  approximation  is  good  for 
systems  with  a  small  number  of  stations,  and  the  optimistic  approximation  is  good  for  systems 
with  a  large  number  of  stations. 


5.8  Two  Stations  In  a  General  N  station  Environment 


The  twostation  system  studied  in  sections  5.3,  5.4,  5.5  and  5.6  above,  were  studied 
under  the  basic  assumptions  that  the  two  stations  know  and  con  aoiumc  that  they  are  the  only 
stations  willing  to  transmit  in  the  system.  This  assumption  was  used  in  the  access  scheme 
employed  by  the  station,  and  allowed  the  continuous  transmission  of  packets  in  the  system  as 
long  as  any  of  the  stations  has  something  to  transmit. 


In  the  following  we  study  the  behavior  of  a  two-station  system  where  the  stations  cannot 
assume  that  they  are  the  only  stations  wilting  to  transmit  in  the  system.  In  this  system,  after  a 
transmission  period  of  station  1,  station  2  cannot  assume  that  it  is  the  only  station  in  the  sys¬ 
tem  who  wants  to  transmit  (if  station  2  has  a  packet  to  transmit  at  this  moment),  so  it  cannot 
transmit  right  after  hearing  the  end-of-use  Sag  transmitted  by  station  1.  Rather,  a  collision  reso¬ 
lution  scheme  has  to  be  applied  before  the  beginning  cf  every  transmission  period. 

5.8.1  Polite  Exhaustive  ALOHA:  An  Approximation 

It  is  obvious  that  the  expected  delay  in  the  two-station  system,  studied  in  sections  5.3, 
5  4  5.5  and  5.6  above,  is  a  lower  bound  for  the  expected  delay  in  this  system.  Thus,  one  can  use 
the  expressions  (5.9)  and  (5.26)  as  a  lower  bound  for  the  delay  in  this  system.  In  addition,  it  can 
be  noted  that  the  behavior  of  the  studied  in  sections  5.3,  5.4  5.5  and  5.6  is  similar  to  the 
behavior  of  the  system  we  study  here  when  the  arrival  rate  is  low.  In  this  case,  transmission 
periods  are  relatively  short,  and  it  is  very  rare  that  station  2  will  be  busy  when  station  1  finishes 
transmitting.  Thus,  this  lower  bound  is  a  good  approximation  of  the  expected  delay  when  the 
system  load  is  low.  Ou  the  other  hand,  when  the  arrival  rate  is  high,  this  lower  bound  cannot  be 
used  as  a  good  approximation  of  the  system  delay.  The  reason  is  that  at  high  load,  station  2  is 
very  likely  to  be  busy  when  station  1  finishes  transmitting,  and  the  similarity  between  the  sys¬ 
tems  is  very  weak. 

Thus,  we  conclude  that  the  expected  delay  derived  in  sections  5.4  and  5.5  is  a  lower 
bound  for  the  expected  delay  in  our  system,  and  that  these  results  are  good  approximations  of 
the  expected  delay  in  our  system  whtn  the  system  is  under  light  load. 

At  the  other  extreme  we  have  the  analysis  of  section  5.7  (using  the  random  polling 
method).  This  analysis  provides  an  heavy  load  approximation  of  the  expected  delay  in  the  sys¬ 
tem.  As  stated  in  section  5.7,  when  the  number  of  stations  is  small  (and  this  is  the  case  here)  a 
good  approximation  of  the  heavy  load  delay  is  taken  from  equation  (5.44).  This  expression,  when 
evaluated  at  <V» 2  yields. 

2(—  -l|(l-<7)  !—-l| 

T  =»  — —  +  — Li - +  — ^ -  (5.62) 

2»*  2(1  -Nq)  2(1 -N?)  2(1  -Nq) 

where: 

» a  -  2p(l  -p) 

Using  the  two  approximations  mentioned  above,  let  us  now  approximate  the  expected 
delay  in  the  system  when  the  transmission  probability  p,  is  the  invariant  transmission  probabil¬ 
ity;  i.e.,  p  *  1/2.  The  light  load  approximation  is  given  by  equation  (5.11): 


T. 


(5.63) 


2  + 


2-4  q 


The  heavy  load  approximatioo  is  calculated  by  substituting  p  *  1/2  in  equation  (5.62): 


1  ha*«y 


2  +  — *—  +  — - — 

2-44  2-4  o 


(564) 


Now,  if  one  is  interested  in  approximating  the  expected  delay  in  the  system  over  the 
whole  range  of  arrival  rates  (0<4<l/2),  a  natural  approach  is  to  use  a  linear  combination  of 
equations  (5.63)  and  (5.64).  This  combination  yields: 


2  + 


2-44  2-44 


(5.65) 


To  test  the  quality  of  this  approximation,  the  expected  delay  in  the  two-station  polite 
exhaustive  ALOHA  was  studied  by  running  a  simulation  program  and  measuring  the  expected 
delay  for  different  arrival  rates.  The  results  of  this  simulation,  and  the  approximation  expressions 
suggested  above,  are  plotted  in  figure  5.9.  The  three  curves  represent  the  light  load  expression, 
the  heavy  load  expression  and  the  approximation  (equation  (5.65))  expression.  The  black  squares 
the  simulation  results.  From  this  figure  it  is  we  see  that  the  expression  given  in  equation  (5.65) 
serves  as  a  good  approximation  of  the  expected  delay  in  the  system. 

S.8.1  Noisy  Exhaustive  ALOHAi  An  Approximation 

The  analysis  of  the  two-station  noisy  exhaustive  ALOHA  system,  where  the  stations  can 
not  assume  that  they  are  the  only  stations  in  the  system  is  trivial.  This  is  implied  from  the  fol¬ 
lowing  observation:  When  the  number  of  statioos  in  the  system  is  exactly  two,  the  "noisy''  slot, 
following  the  end  of  a  transmission  period,  will  always  be  a  successful  transmission.  This  is  true 
since  at  most  one  statioo  will  transmit  at  this  slot.  From  this  observation  it  can  be  concluded 
that  the  behavior  of  this  system  is  identical  to  the  behavior  of  the  two-station  system  studied  in 
section  5.5. 

Therefore,  we  conclude  that  the  expected  delay  in  the  two-station  noisy  exhaustive 
ALOHA  system  is  given  by  equations  (5.34)  and  (5.36)  even  if  the  two  statioos  can  not  assume 
that  they  are  the  only  stations  in  the  system. 

5.9  Summary 

In  this  chapter  we  have  derived  the  expected  delay  for  several  exhaustive  slotted  ALOHA 
schemes.  In  the  case  of  two-station  systems  we  have  derived  exact  expressions;  part  of  this 
aoalysis  was  done  using  the  the  queue  with  starter  approach.  For  /V-statioo  systems  a  heavy-load 
approximatioo  was  introduced.  This  approximation  was  achieved  by  emulating  the  system  by  a 
random  polling  system.  The  approximation  expression  was  shown  to  be  very  close  to  simulation 
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-  CHAPTER  6 

Synchronization  Properties  in  the  Behavior  of  a  Slotted  ALOHA  Tandem 


The  tandem  is  one  of  the  basic  structures  frequently  used  within  communication  net¬ 
works.  For  this  reason,  understanding  the  behavior  of  a  tandem  is  crucial  for  the  invention  of 
access  and  routing  schemes,  and  in  the  performance  analysis  of  multi-hop  networks.  This 
Chapter  deals  with  the  throughput  analysis  of  a  directional  tandem  in  a  multi-hop  radio  environ¬ 
ment.  The  synchronization  properties  uncovered  by  this  study  suggest  that  the  throughput 
achieved  in  this  tandem  is  relatively  high.  It  is  shown  that  that  the  tandem  throughput,  due  to 
the  synchronization  effects,  is  much  higher  than  the  value  calculated  for  the  throughput  in 
models  where  "traditional**  independence  assumptions  are  used. 


0.1  Introduction  and  Previous  Work 

Recent  development  and  implementation  of  multi-hop  packet  radio  networks  has  raised 
the  need  for  the  aoalysis  of  such  networks.  Compared  to  one-hop  packet  radio  networks  or  to 
point-to-point  wire  networks  these  systems  are  very  complicated  and  difficult  to  analyze. 

A  tandem  is  the  simplest  multi-hop  packet  radio  network.  Therefore,  it  is  very  attrac¬ 
tive  to  study  this  system  in  order  to  get  better  understanding  of  general  multi-hop  packet-radio 
networks.  Moreover,  thinking  about  a  general  multi-hop  network  that  carries  the  packets  accord¬ 
ing  to  relatively  stable  routing,  we  realize  that  a  general  network  is  actually  a  collection  of  inter¬ 
connected  tandems.  This  is  true  since  the  route  from  one  station  to  another  can  be  considered 
as  a  directional  tandem.  For  these  two  reasons  we  believe  that  studying  the  tandem  behavior  will 
contribute  to  the  understanding  of  multi-hop  networks  Discovering  special  properties  related  to 
tandems  may  lead  to  the  invention  of  new  access  and  routing  schemes  tailored  for  multi-hop  net¬ 
works.  This  is  in  contrast  to  existing  schemes,  that  are  based  on  the  behavior  of  one-hop  net¬ 
works,  and  which  have  been  modified  to  fit  the  multi-hop  environments. 

The  behavior  of  a  station  located  on  a  tandem  is  strongly  correlated  to  the  behavior  of 
its  neighbor  station  oo  the  tandem.  This  is  true  since  the  packets  one  station  transmits  are 
received  by  its  neighbor  station.  Therefore,  it  is  expected  that  the  events  occurring  in  a  tandem 
will  be  correlated  to  each  other,  and  that  commonly  used  independence  assumptions  may  fail  to 
predict  the  real  behavior  of  the  tandem. 
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For  these  reasons  we  choose  to  analyse  in  this  chapter  the  behavior  of  a  directional  tan* 
dem  under  the  Slotted  ALOHA  transmission  policy. 

The  one-hop  ALOHA  system  has  been  extensively  studied  in  the  past.  For  literature 
review  of  this  ares,  see  chapter  5  above. 

One  recent  approach  to  study  general  multi-hop  packet-radio  networks  was  developed  by 
Boorstyn  and  Kershenbaum  (Boor80|  ,  Sabin  [Sahi82|  and  Tobagi  and  Brasio  (Toba83|.  This 
approach  numerically  solves  for  the  set  of  attained  throughputs  as  function  of  the  set  of  offered 
traffic  for  given  topology,  routing  and  access  schemes.  The  access  schemes  analyzed  by  this 
approach  are  the  traditional  one-hop  access  schemes  when  applied  in  a  multi-hop  environments. 
The  drawback  of  this  approach  is  that  in  order  to  analyze  the  system,  strong  "independence 
assumptions"  have  to  be  made  which  may  hide  important  system  properties. 

A  directional  tandem  network  under  a  Slotted  ALOHA  policy  was  studied  by  Yemini 
[Yemi80|.  The  network  model  assumed  by  Yemini  is  depicted  in  Figure  ff.l. 


Figure  0.1:  A  tandem  network 

The  assumptions  made  for  this  model  are: 

1.  The  time  is  slotted  with  slot  size  equals  to  the  transmission  time  of  a  fixed  size  packet. 

2.  Station  N  is  the  only  traffic  source.  The  other  stations  do  not  generate  any  traffic. 

3.  All  stations  are  under  "heavy  load”,  so  that  they  always  have  something  to  transmit. 

4.  The  access  scheme  used  is  Slotted  ALOHA:  At  time  slot  t  station  i  transmits  with  proba¬ 
bility  p,.  The  transmission  probabilities  of  different  stations  are  not  necessarily  identical. 
The  transmission  of  a  station  is  independent  of  its  actual  buffer  status  due  to  the  heavy 
load  assumption. 


5. 


The  propagation  delay  is  zero  and  acknowledgements  are  free  and  instantaneous. 


6. 


A  station  in  the  system,  let  say  i,  only  hears  the  packets  transmitted  by  tts  neighbors, 
namely,  stations  1  +  1  and  i-1  (This  is  with  the  exception  that  stations  1  and  N  hear 
only  one  neighbor). 


7.  Station  i  (i^»2,3,  ,.V)  transmits  its  packets  to  station  i-1.  Station  1  transmits  its  pack¬ 
ets  to  the  destination. 

The  throughput  S  is  defined  as  the  rate  of  packets  successfully  leaving  station  N.  Buffers 
are  not  considered  in  this  model  and  are  not  "required”  once  assumption  3  is  made.  This  assump¬ 
tion  means  that  all  stations  are  always  under  heavy  load.  A  "fair"  policy  in  this  model  is  a  set  of 
transmission  probabilities  {p}  such  that  the  probability  of  successful  transmission  from  station  i 
to  station  i+1  is  identical  for  all  stations. 

Under  this  model  Yemini  analyzes  the  relation  between  the  set  {p,}  and  the  system 
throughput.  This  is  described  in  figure  6.2.  For  most  practical  networks  (those  which  consist  of 
more  than  four  stations)  it  is  shown  that  the  maximal  throughput  is  about  4/27. 
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Figure  6.2:  Tuned-up  transmission  policies  from  Yemim's  model 


An  important  observation  made  in  [YemiSOj  says  that  when  ail  stations  are  "rude"  (i.e: 
they  all  transmit  with  probability  p,  *1)  the  tandem  becomes  synchronized  and  the  throughput 
is  1/3,  much  higher  then  the  throughput  achieved  in  figure  6.2! 

The  goal  of  this  chapter  is  to  study  in  more  detail  the  behavior  of  the  directional  tandem 
under  the  slotted  ALOHA  access  scheme.  This  is  in  light  of  the  observations  made  in  [Yemi80| 
with  regard  to  the  synchronization  properties  of  this  tandem.  In  section  6.3  we  derive  the  tan¬ 
dem  throughput  under  the  assumption  that  the  behavior  of  each  station  is  independent  of  the 
behavior  of  the  other  stations.  This  analysis  is  based  on  the  analysis  done  in  [Yemi80|.  In  sec¬ 
tion  6.4  the  independence  assumption  is  relaxed  and  the  tandem  throughput  is  approximated 
both  for  heavily  loaded  system  and  for  "relatively  synchronized"  system.  Based  on  these  two 
approximations  a  general  approximation  of  the  system  throughput  is  then  suggested.  Lastly,  sec¬ 
tion  6.5  discusses  the  properties  discovered  in  sections  6.3  and  6.4. 


A.2  Assumptions  snd  Model  Description 

The  model  considered  here  is  very  similar  to  the  one  used  in  [Yemi80|.  We  consider  a 
tandem  of  N  stations,  as  described  in  figure  6.1.  Station  N  is  the  source  of  all  packets  and  the 
packets  are  destined  to  the  destination  station  (the  black  station  at  the  right  hand  side  of  the 
figure).  Each  station  i  (s' *2.3.  ,.V)  transmits  its  packets  to  station  i-1  and  station  1  transmits 
to  the  destination  station. 

The  assumptions  on  the  system  (most  of  them  identical  to  the  assumptions  made  in 
[Yemi80|)  are  the  following: 

1.  Time  is  slotted  into  equal  length  slots  (each  of  them  equal  in  duration  to  the  transmis¬ 
sion  time  of  a  fixed  length  packet)  Without  los  of  generality  it  is  assumed  that  the 
length  of  a  slot  is  a  unit. 

2.  Station  .V  is  the  only  traffic  source  The  other  stations  do  not  generate  any  traffic. 

3.  The  access  scheme  used  is  Slotted  ALOHA:  At  any  lime  slot  t.  every  station  flips  a  coin 

(with  probability  p  for  "heads").  If  at  time  t  station  i  has  a  packet  in  its  buffer  and  if  its 
coin  shows  "heads"  then  it  transmits  the  packet:  in  all  other  cases  station  i  keeps  silent. 

4.  The  buffer  size  of  all  stations  is  infinite. 

5.  The  system  is  under  heavy  load.  This  means  that  station  .V  always  has  something  to 

transmit. 


6. 


The  transmission  probability  p  is  identical  for  all  stations. 


7. 


The  propagation  delay  is  zero  and  acknowledgements  are  free  and  instantaneous. 


A  transmission  from  station  i  to  station  i  +  1  is  successful  if  at  the  transmission  time 
both  stations  i+1  and  i  +  2  are  silent  (equivalent  special  definition  can  be  made  with  regard  to 
the  transmissions  made  by  stations  1  and  2).  The  throughput  of  the  system,  5,  is  defined  to  be 
the  expected  number  of  packets  successfully  transmitted  from  station  N  to  station  N-l  per  slot. 
It  is  clear  that  in  this  model,  under  equilibrium,  this  number  is  identical  to  the  expected  number 
of  packets  successfully  received  at  any  arbitrary  statioo  on  the  tandem,  in  particular,  at  the  des¬ 
tination. 

Using  this  model  we  are  interested  in  finding  the  throughput  5  as  function  of  the 
transmission  probability  p. 


0.3  The  Throughput  Under  Independence  Assumption 

In  this  section  we  derive  the  system  throughput  under  the  assumption  that  the  behavior 
of  every  station  is  independent  of  the  behavior  of  the  other  stations. 

The  following  independence  assumption  decouples  the  behavior  of  station  i  from  the 
behavior  of  the  other  stations: 

INDEPENDENCE  ASSUMPTION  The  event  "station  i  transmits  at  time  t"  is  independent  of 
the  event  "station  j  transmits  at  time  <"  for  every  iy&j. 

This  assumption  is  very  common  in  the  analysis  of  shared  channel  networks,  in  particu¬ 
lar  in  packet  radio  networks  (see  (8oor80,  Sahi82,  Toba83|  for  example).  Clearly,  this  assumption 
is  not  true  for  the  tandem  system  and  the  goal  here  is  to  test  how  close  this  assumption  is  to  the 
real  system. 

Let  P,  denote  the  probability  that  station  i  transmits  a  packet  at  time  t.  Note  that  T,  is 
different  from  p, ,  since  p,  is  the  probability  that  station  i  transmits  at  time  t  given  that  its  buffer 
in  not  empty 

Under  stability  conditions,  and  under  the  assumptions  made  above,  it  is  obvious  that  the 
tandem  throughput  equals  to  the  probability  that  station  i  (i  =  l,2,  ..V)  transmits  a  packet  at 
time  t,  and  this  packet  is  successfully  received  at  its  destination  (station  i-I)  Thus  we  have: 

S=T, 


(6  la) 


s«r2(  i-r,) 


(6.1b) 


5-r,(i-r1.1)(i-r1.2)  ;  *=3,4. -,n  (e.ic) 

The  set  of  equations  given  by  equation  (6.1)  can  be  solved  to  yield  the  throughput  of  the 
tandem.  It  is  obvious  that  the  model  analyzed  in  this  section  is  actually  identical  to  the  model 
studied  in  [YemiSOj.  This  is  true,  since  the  assumption  that  the  transmission  of  station  »'  at  time 
t  is  independent  of  the  transmission  of  station  j  is  equivalent  to  the  assumption  that  all  stations 
are  always  busy. 

This  set  of  equations  has  been  analyzed  in  [Yemi80|  and  the  solution  of  this  set  is  actu¬ 
ally  depicted  in  figure  6.2.  The  interpretation  of  this  figure  is  the  following:  if  the  figure  axis  are 
interchanged,  then  the  curve  denoted  by  p,  represents  the  throughput  in  a  tandem  of  length  i  as 
function  of  the  transmission  probability  p.  From  this  figure  it  is  obvious  that  under  the  indepen¬ 
dence  assumption  the  maximum  achievable  throughput  for  most  tandems  (those  which  consist  of 
more  than  four  stations)  is  about  4/27. 


6.4  The  Realistic  Model:  Discovering  the  Synchronisation  Properties 

In  this  section  we  study  the  tandem  behavior  without  using  the  independence  assump¬ 
tion  made  in  section  6.3  above.  It  is  obvious  that  in  order  to  give  an  exact  analysis  of  the  tan¬ 
dem  one  has  to  consider  the  state  of  all  N  queues  (one  in  each  station)  in  the  system.  This  model 
is  equivalent  to  the  model  of  an  .V-d intension al  random  walk.  Facing  the  fact  that  even  a  two- 
dimensional  random  walk  is  very  difficult  problem  to  solve  (A  comprehensive  discussion  about 
the  problems  related  to  the  two-dimensional  random  walk  can  be  found  in  (Yemi80)  aod  an 
approach  for  solving  such  problems  is  suggested  in  [Cohe83||  we  study  this  system  using  approx¬ 
imations. 

6.4.1  A  Heavy  Load  Approximation:  A  Lower  Bound  for  the  System  Throughput 

Our  first  approximation  is  a  heavy  load  approximation.  Let  us  assume  that  the  system 
is  heavily  loaded,  in  particular,  assume  that  the  queues  of  stations  ,V-1  and  S- 2  are  never 
empty*.  Under  this  assumption  it  is  easy  to  calculate  the  system  throughput  from  the  expres¬ 
sion  for  the  probability  that  station  N  successfully  transmits  a  packet  to  station  .V-l: 

5  =  p(l  -pf  (6.2) 


I 


Recall  that  from  the  system  model  station  V  is  also  always  busy 


i 
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Considering  the  real  system  it  is  obvious  that  disregarding  the  transmission  probability 
(p)  used  in  the  tandem,  there  exist  always  times  at  which  either  station  N- 1  or  station  N-2  (or 
both)  are  empty.  Clearly,  in  these  cases  the  probability  that  station  N  successfully  transmits  to 
station  N- 1  is  higher  than  p(l-p)2.  Thus  equation  (6.2)  forms  a  lower  bound  on  the  tandem 
throughput. 

0.4.2  A  Synchronised  Syatemt  An  Approximation  of  the  Throughput  at  High 
Transmission  Rates 

(n  this  subjection  we  investigate  the  synchronization  properties  observed  in  [Yemi80|. 

First,  let  us  consider,  the  rude  transmission  policy.  According  to  this  policy,  as  defined 
in  (Yemi80|,  the  transmission  probability  used  by  all  stations  is  p=*  1.  As  observed  in  |Yemi80|,  if 
the  system  starts  operating  when  all  queues  are  empty,  and  if  the  rnde  transmission  policy  is 
used,  then  the  system  throughput  is  1/3.  This  property  is  depicted  in  figure  6.3  In  this  figure 
the  horizontal  axis  represents  the  tandem  and  the  vertical  axis  represents  time.  An  empty  circle 
represents  a  station  whose  buffer  is  empty,  and  a  bullet  represents  a  non-empty  buffer.  Packet 
propagation  (transmission)  is  represented  by  an  arrow. 

From  figure  6  3  it  is  observed,  that  when  the  rude  policy  is  used,  the  system  is  fully  syn¬ 
chronized,  and  the  throughput  obtained  by  this  policy  (1/3)  is  the  highest  attainable  throughput 
for  a  slotted  ALOHA  tandem. 

Next,  let  us  define  more  carefully  the  synchronization  property  observed  above:  A  sta¬ 
tion,  say  i  (i»l,2,-",zV-l),  on  the  tandem  is  called  a  type  1  station  if  i(mod  3)=*1.  Station  i  is 
called  a  type  2  station  if  i(mod  3)=»2.  Station  i  is  called  a  type  3  station  if  i(mod  3)=0. 
According  to  this  definition  the  stations  of  type  1  are:  1,4.7.  ;  the  stations  of  type  2  are: 
2,5.8.  •;  and  the  stations  of  type  3  are:  3.6.9, •••.  A  tandem  of  .V  stations  is  fully  synchronized  at 
time  t  if  at  this  time  one  of  the  following  holds: 

1  All  stations  of  type  1  have  exactly  one  packet  ;n  their  buffer,  and  all  the  rest  of  the  sta¬ 

tions  have  empty  buffers. 

2.  All  stations  of  type  2  have  exactly  one  packet  in  their  buffer,  and  all  the  rest  of  the  sta¬ 
tions  have  empty  buffers. 


3.  AH  stations  of  type  3  have  exactly  one  packet  in  their  buffer,  and  all  the  rest  of  the  sta¬ 
tions  have  empty  buffers. 

It  is  obvious,  from  this  definition,  that  the  tandem  depicted  in  figure  6.3  is  fully  synchronized  at 
every  time  t>  5. 


Figure  6.3:  Packet  propagation  in  a  seven  station  rude  tandem 


The  observation  made  in  [Yemi80|  actually  states  that  if  the  system  starts  operating 
when  ail  the  queues  are  empty  and  if  the  rude  policy  is  used  then  after  at  most  ,V-1  time  units 
the  tandem  is  fully  synchronized  and  its  throughput  is  1/3. 

A  similar  observation  can  be  made,  even  if  not  all  the  queues  are  empty  at  the  starting 

time: 

THEOREM  6.1:  Let  be  the  number  of  packets  found  at  time  0  in  queues 

N- 1 

l,2,  ",iV-l,  respectively.  Let  m  —  £  m,.  Let  us  assume  that  the  system  starts  operating  at  time  0, 

«i 

using  the  rude  policy.  Then  at  every  time  i  >  rnax(iV,m/3)  the  tandem  is  fully  synchronized,  and 
the  system  throughput  is  1/3. 

Theorem  6.1  can  be  proved  by  a  simple  induction,  a  proof  which  is  avoided  here  for  its  simpli* 
city. 


The  importance 
stations  start  using  thi  r 
synchronized. 


independently  of  the  system  state,  if  at  time  I  all 
will  eventually  (and  relatively  fast.')  become  fully 


fi'-  ’if 


After  understanding  the  tandem  behavior  under  the  rude  policy,  we  next  discuss  the  sys¬ 
tem  performance  when  pyi  1.  The  goat  here  is  to  derive  the  system  throughput  when  p  is  rela¬ 
tively  large.  This  will  be  done  by  assuming  that  the  system  is  fully  synchronized,  and  by  observ¬ 
ing  its  behavior  when  and  £*0. 

•  .  *«?:  *  * 

Let  us  assume  that  the  tandem  is  fully  synchronized  and  that  the  transmission  probabil¬ 
ity  used  is  p*l-(.  Under  these  assumptions  it  is  clear  that  the  normal  operation  of  the  tandem 
is  the  following:  At  time  l  all  stations  whose  buffer  is  not  empty  (successfully)  transmit  their 
packet  to  their  down  stream  neighbor.  An  exception  to  this  ''normal"  operation  occurs  when  one 
of  the  stations,  say  i,  whose  buffer  is  not  empty,  does  not  transmit  its  packet  This  can  happen 
since  the  transmission  probability  is  p  <1.  In  this  case  we  say  that  a  failure  occurs  at  station  t  at 
time  t.  The  point  (i,i)  in  the  time  space  domain,  is  called,  in  this  case  a  failure  point 

Let  us  assume  that  at  time  t-1  the  system  is  fully  synchronized,  and  that  at  time  t  a 
failure  occurs  at  station  i.  In  addition,  let  us  assume  that  no  other  failure  occurs  in  the  system  at 
time  t  or  afterwards.  In  figure  6.4  we  depict  a  fully  synchronized  tandem  consisting  of  16  sta¬ 
tions,  where  a  single  failure  occurs  at  station  9  at  time  5.  The  points  in  this  figure  represent  the 
location  of  the  packets  on  the  tandem.  A  bullet  in  this  figure  represents  a  successful  transmis¬ 
sion,  and  an  empty  square  or  a  cross  represents  an  unsuccessful  transmission.  A  cross  in  this 
figure  (point  (9.5))  represents  a  failure  point;  a  point  where  a  station  whose  buffer  is  not  empty 
chooses  not  to  transmit  (with  probability  1-p).  An  empty  square  represents  a  different  type  of 
unsuccessful  transmission:  in  this  case  a  packet  is  transmitted  but.  due  to  noise,  it  is  not  suc¬ 
cessfully  received  by  its  destination  station.  For  the  simplicity  of  the  figure  the  empty-queue  sta¬ 
tions  are  not  explicitly  depicted  in  this  figure. 

From  figure  6.4  we  make  the  following  observations  on  a  fully  synchronized  system: 

1  In  the  time  space  domain,  a  fully  synchronized  system  is  represented  by  a  uniform  struc¬ 
ture  of  diagonals,  going  from  top  left  to  bottom  right.  Each  of  these  diagonals  represents 
the  propagation  of  one  packet  over  the  tandem.  These  diagonals  are  three  units  apart 
from  each  other. 

2.  A  single  failure  occurring  at  station  i  at  time  (  affects  the  uniform  structure  by  produc¬ 
ing  two  waves  as  following:  . 

a.  A  forward  wave,  which  is  a  diagonal  that  propagates  from  the  failure  point  to 
the  bottom-right  direction.  Along  this  wave  the  distance  between  two  consecu¬ 
tive  packets  is  four  units,  instead  of  normally  three  units. 


153 


V*V- 

.  -y  y 

« • .  -  — 

i . 


V-l 

*  .  '  .  •  *  1 
.o 

*  ^ 
*.  • *  VS 


stations 


Figure  6.4:  A  failure  in  a  fully  synchronized  tandem 

b.  A  backward  wave,  which  is  a  diagonal  that  propagates  from  the  failure  point  to 
the  bottom-left  direction.  This  wave  contains  all  the  unsuccessful  transmissions 
occurring  in  the  system  as  a  result  of  the  failure  occurring  at  station  i  at  time  t. 

To  calculate  the  tandem  throughput  in  the  presence  of  failures  let  us  observe  the  system 
behavior  at  the  destination.  From  figure  6.4  we  see  that  when  the  tandem  is  fully  synchronized 
packets  arrive  at  the  destination  at  rate  of  one  packet  per  three  time  units.  When  a  single  failure 
occurs,  the  interarrival  time  between  the  failed  packet  to  the  packet  preceding  it  is  four  time 
units.  From  this  observation  it  is  easy  to  calculate  the  throughput  when  single  failures  occur  in 
the  system.  Let  us  call  a  packet  who  arrives  to  the  destination  four  units  of  time  behind  the 
packet  preceding  it  a  delayed  packet.  Let  F  be  the  failure  rate  as  observed  by  the  destination; 
i.e.,  this  is  the  expected  number  of  diagonals  who  get  shifted  by  a  forward  wave,  per  unit  of 
time.  Let  a  cycle  be  the  period  starting  right  after  the  arrival  of  a  delayed  packet  to  the 


destination  and  ending  right  after  the  Arrival  of  the  preceding  delayed  packet  to  the  destination. 
Let  z  be  the  number  of  packets  arriving  to  the  destination  in  some  cycle. 

From  these  definitions,  we  see  that  z-l  of  the  interarrival  times  observed  by  the  destina¬ 
tion  during  the  cycle  are  of  length  3,  and  one  of  these  interarrival  times  is  of  length  4.  Thus  the 
length  of  the  cycle  is  3z+l  time  units.  The  expected  length  of  the  cycle  can  be  calculated  from 
the  failure  rate: 


£|cycle  length)  =  -jr  +  l  (6.3) 

t 

This  is  true  since  for  every  failure  occurring  in  the  system,  one  packet  gets  delayed  by  additional 
unit  of  time.  Similarly  the  expected  number  of  packets  arriving  to  the  destination  in  a  cycle  is 
thus: 


E |  number  of  packets  arriving  at  the  destination  during  a  cyclej 


I 

3  F 


Thus,  the  system  throughput  can  be  calculated  from  equations  (6.3)  and  (6.4): 


5 


1 

3  F 


1 

3(1  +F) 


(6.4) 


(6.5) 


Now,  let  us  calculate  F,  the  failure  rate.  Before  calculating  F,  we  should  note  that  not  all 
failures  occurring  in  the  system  are  sensed  by  the  destination.  The  reason  is  that  some  of  the 
failures  may  "cancel'’  each  other.  In  particular,  the  next  theorem  deals  with  failures  which  occur 
concurrently 

THEOREM  6.2:  Let  (i.l)  and  (;,<)  be  two  failure  points  in  the  time  space  domain  and  let  t 
Then  the  forward  wave  produced  by  ( i,t )  is  not  sensed  by  the  destination. 

We  avoid  a  formal  proof  of  this  theorem:  the  reader  may  convince  himself  by  observing  figure  6  5 
where  two  concurrent  failures  are  depicted.  Each  of  the  two  failures,  one  occurring  at  station  7 
at  time  8  and  the  other  occurring  at  station  16  at  time  8,  generates  a  forward  wave  and  a  back¬ 
ward  wave.  However,  the  forward  wave  generated  at  the  point  (16,8)  and  the  backward  wave 
generated  at  the  point  (7,8)  "cancel"  each  other.  Thus,  only  one  forward  wave,  the  one  generated 
by  station  7,  arrives  at  the  destination. 

From  theorem  6.2  we  may  conclude  that  if  k  failures  occur  in  the  tandem  at  time  t  at 
most  one  of  them  will  be  sensed  in  the  destination.  Thus,  at  most  ooe  of  these  concurrent 
failures  should  be  counted  in  the  throughput  calculation. 
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Figure  8.5:  Two  concurrent  failures  in  a  fully  synchronized  tandem 


A  more  complicated  task  is  to  consider  non-concurrent  failures.  It  can  easily  shown  that 
not  only  concurrent  failures,  but  also  failures  who  occur  at  different  times  may  "cancer  each 
other.  For  example  observe  figure  6.5  and  suppose  that  in  addition  to  the  failures  depicted  in  the 
6gure,  a  failure  also  occurs  at  time  6  at  station  20.  The  forward  wave  generated  from  this  failure 
will  get  canceled  by  the  backward  wave  generated  from  the  failure  (18,7). 


The  problem  with  non-concurrent  failures  is  that  it  is  quite  complicated  to  estimate  their 
effect.  For  this  reason  we  simplify  our  calculation  by  the  following  assumption: 

ASSUMPTION:  The  waves  produced  by  non-concurrent  failures  do  not  cancel  each  other. 

Under  this  assumption  and  from  theorem  6.2  we  can  now  calculate  F,  the  failure  rate  as 
observed  by  the  destination.  This  is  simply  the  probability  that  at  least  one  failure  occurs  at 
time  t  in  the  whole  tandem.  This  is  true  since  for  every  set  of  concurrent  failures  we  count 
exactly  one  failure.  Since  in  the  average,  the  number  of  stations  whose  buffer  is  not  empty,  is 
S/ 3  (recall  that  the  system  is  synchronized)  then  the  probability  that  at  least  one  failure  occurs 
at  time  t  can  be  estimated  by: 

F  =  l-pm  (6.6) 

From  equations  (6.5)  and  (6  6)  we  finally  calculate  the  tandem  throughput  as  a  function 
of  the  transmission  probability  p: 


Note  that  the  expression  given  in  equation  (6  7)  should  be  good  only  for  relatively  high 
values  of  p,  since  in  the  derivation  of  (6.7)  we  assumed  that  the  system  is  fully  synchronized. 
Note  also  that  this  expression  should  give  a  lower  bound  on  the  tandem  throughput;  the  reason 
for  this  is  that  wave  cancellations  due  to  non-concurrent  failures  are  not  considered  in  this  calcu¬ 
lation. 

0.4.3  A  General  Throughput  Approximation 

Two  expressions  have  been  suggested  above  for  the  tandem  throughput:  1)  A  heavy 
load  approximation  given  by  equation  (6.2)  2)  A  high  transmission-rate  approximation  given  by 
equation  (6  7).  To  test  the  quality  of  these  approximations  we  compared  them  to  simulation 
results.  In  figure  (6.6)  we  plot  the  system  throughput  as  a  function  of  the  transmission  probabil¬ 
ity  in  a  4  station  system  (,V=»4).  The  continuous  curve  in  this  figure  represent  simulation  results 
and  the  dashed  curves  represent  the  approximations.  In  a  similar  way,  figures  (6.7)  and  (6.8) 
depict  the  tandem  throughput  in  a  nine  station  system  (,V=9)  and  in  a  nineteen  station  system 
(.V»19),  respectively. 

The  following  observations  can  be  made  on  the  quality  of  the  approximations: 

1.  The  heavy  load  approximation,  given  by  equation  (6.2)  is  very  good  for  the  lower  range 
of  transmission  probability.  The  quality  of  this  approximation  increases  with  the  size  of 
the  tandem;  the  reason  for  this  property  is  that  the  longer  the  tandem  is,  the  more  the 


Figure  6.6:  The  throughput  id  3  ^-station  tandem 
stations  are  likely  to  be  heavily  loaded. 

2.  The  high  transmission  rate  approximation  is  good,  as  expected,  in  the  higher  range  of 
the  transmission  probability.  The  quality  of  (his  approximation  decreases  with  the  tan¬ 
dem  size:  The  reason  is  that  in  long  tandems  the  likelihood  that  two  non-concurrent 
waves  will  cancel  each  other  is  higher  than  in  short  tandems.  Since  this  effect  is 
neglected  in  equation  (6.7),  the  approximation  for  short  tandems  is  better  than  the  one 
for  long  tandems.  Nevertheless,  it  is  observed  that  for  most  practical  purposes  (tandems 
which  are  shorter  than  20  stations),  this  approximation  is  relatively  good. 

Using  the  two  approximations  suggested  above  we  oext  suggest  a  general  approximation 
of  the  system  throughput.  This  approximation  C3n  be  constructed  as  following: 

4 

l.  For  the  low  range  of  p  ( p  smaller  than  the  point  p,,  which  is  to  be  de6ned  below)  use  the 
heavy  load  approximation  given  by  equation  (6  2). 


Figure  6.7:  The  throughput  in  a  9-station  tandem 


For  the  high  range  of  p  (p  greater  than  the  point  p2,  which  is  to  be  defined  below),  use 
the  high  transmission-rate  approximation  given  by  equation  (6.7). 

For  the  middle  range  (P|<p<Pj)  use  a  linear  approximation.  S  =  o  p  +  6.  tangent  to  the 
curves  given  by  equations  (6.2)  and  (6.7). 

The  four  parameters  required  for  this  approximation,  a,  b.  p ,  and  p2  can  be  determined 
by  solving  a  simple  set  of  equations,  consisting  of  equations  (6  2).  and  (6  7),  and  of  the 
linearity  and  tangency  constraints.  This  set  is: 

a-p,  +  fr  »  p,  (1 -p,)2  (6.8a) 


o  -  (1  -p,)  (1  -3p,) 


(6.8b) 
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Figure  6.8:  The  throughput  ia  a  19-station  tandem 


(68c) 


(68d) 


6.5  Dtaeuulon 

Two  types  of  behavior  have  been  observed  for  the  slotted  ALOHA  directional  tandem: 


When  the  transmission  probability  p  is  small,  the  system  behaves  in  non-synchronited 
way.  Under  this  policy  the  queues  in  the  system  are  usually  non-empty  and  the  taodem 


t 


can  be  considered  as  heavily  loaded.  Thus,  the  behavior  of  each  station  is  independent  of 
the  behavior  of  the  other  stations. 

2.  When  the  transmission  probability  is  high  the  system  gets  synchronized.  It  is  evident 
that  the  transmissions  are  usually  phased  in  waves,  and  thus  the  number  of  collisions  is 
relatively  low  and  the  throughput  is  high. 

In  contrast  to  what  could  be  thought  from  (YemiSOj  the  system  moves  from  a  heavy-load 
behavior  to  a  full-synchronization  behavior  in  a  continuous  way:  the  higher  the  transmission 
probability  the  more  likely  the  tandem  to  be  synchronized. 

It  is  observed  that  the  throughput  in  the  system  monotonically  increases  with  the 
transmission  probability  p  This  property  suggests  that  high  transmission  probabilities  can  be 
used  very  efficiently  in  multi-hop  radio  networks  to  yield  high  throughput  over  tandems.  It 
should  be  emphasized  that  p  «■  1  cannot  be  used  safely  in  general  multi-hop  networks  since  the 
use  of  rude  policy  in  such  networks  may  cause  eternal  deadlocks  between  conflicting  stations. 

The  synchronization  behavior  suggests  that  using  independence  assumptions  in  the 
analysis  of  multi-bop  radio  networks  may  lead  to  a  wrong  analysis  of  the  system  behavior.  It  is 
evident  that  the  results  derived  by  using  independence  assumptions  (see  figure  6.2  and  the  heavy 
load  approximation  in  figures  6  6.  6.7  and  6  8)  may  be  absolutely  wrong  in  predicting  the  system 
behavior  Moreover,  using  those  results  in  the  invention  of  access  schemes  and  in  the  process  of 
tunning  up  their  parameter;  may  cause  these  schemes  to  behave  inefficiently. 


CHAPTER  7 

On  the  Behavior  of  a  Very  Fast  Bidirectional  Bus  Network 


In  this  chapter  we  study  the  behavior  of  the  very  fast  bidirectional  bus  system.  The 
bidirectional  bus  system  has  been  investigated  in  the  past  under  the  main  assumption  that  the 
propagation  delay  incurred  by  a  packet  is  relatively  small  in  comparison  to  its  transmission  time. 
Under  this  assumption,  it  has  been  shown  that  if  the  packet  transmission  time  decreases  the  per* 
formance  of  existing  access  schemes  (like  CSMA)  degrades.  Recent  technological  developments 
(such  as  fiber  optics)  in  communication  networks  have  brought  up  new  faster  bus  networks.  For 
these  networks  it  cannot  be  assumed  any  more  that  the  propagation  delay  is  relatively  small  in 
comparison  to  the  transmission  time.  This  chapter  deals  with  analysing  the  very  fast  bidirec¬ 
tional  bus  system.  In  contrast  to  the  previous  studies,  the  assumption  that  the  bus  is  very  fast  is 
inherently  embedded  in  the  system  model.  The  results  derived  in  this  chapter  show  that  due  to 
self  synchronization  properties  observed  in  the  system  at  high  loads,  the  system  performance  is 
not  poor  as  implied  from  previous  studies. 

7.1  Introduction  and  Previous  Work 

In  a  local  area  network  a  channel  is  shared  among  many  stations  which  are  (relatively) 
close  to  each  other.  One  of  the  common  topologies  for  such  a  network  is  the  bidirectional  bus 
(like  Ethernet)  and  one  of  the  most  popular  access  schemes  for  this  topology  is  the  Carrier  Sense 
Multiple  Access  (CSMA).  In  this  scheme  a  station  behaves  in  a  ’’polite'*  way:  when  it  wants  to 
transmit,  it  first  senses  the  channel.  If  the  channel  is  found  to  be  idle  the  station  will  transmit 
the  packet,  and  if  the  channel  is  busy  the  station  remains  silent  and  postpones  its  transmission 
attempt.  An  improvement  of  CSMA  is  CSMA  with  Collision  Detection  (CSMA-CD).  In  this 
scheme,  in  addition  to  the  protocol  described  above,  a  station  can  detect  if  it  is  involved  in  a  col¬ 
lision.  If  a  collision  is  detected  the  station  aborts  its  transmission  and  repeats  the  scheme 
described  above. 

Both  access  schemes  take  advantage  of  the  very  short  propagation  delay  (relative  to  the 
transmission  time).  The  ratio  between  the  propagation  delay  and  the  transmission  time  is 
denoted  by  a  and  can  be  thought  of  as  the  number  of  packets  "contained  in"  the  bus. 


The  performance  of  CSMA  was  studied  by  Kleinrock  and  Tobagi  in  (Klei74,  Klei75, 
Toba74|.  The  performance  of  CSMA-CD  wan  studied  by  Tobagi  and  Hunt  [Toba79|. 

The  following  properties  are  observed  with  respect  to  these  access  schemes: 

1.  Both  schemes  are  superior  to  Aloha  and  Siotted-Aloha.  The  superiority  is  in  terms  of 
higher  throughput  and  lower  delay. 

2.  The  attained  throughput,  S,  of  both  systems,  increases  with  the  offered  load,  G,  until  it 
reaches  its  maximum.  After  this  point  (very  high  load)  the  throughput  decreases.  This 
property  (and  the  properties  described  above)  is  shown  in  figure  7.1  (taken  from 
[Klei76j). 

3.  The  maximum  attainable  throughput,  denoted  by  the  system  capacity,  decreases  with  a. 
This  is  shown  in  figure  7.2  (taken  from[Klei76|).  It  is  observed  that  the  performance  of 
these  schemes  is  good  as  long  as  s<  .05. 


Figure  7.1:  Throughput  for  the  various  random  access  modes  (s»0.01) 


Technological  developments  (such  as  fiber  optics)  in  communication  networks  have 
recently  increased  the  speed  of  the  communication  channel,  and  future  developments  are  likely 
to  increase  it  even  more.  Other  technological  improvements  allow  the  future  networks  to  be 
longer  and  longer.  These  trends  lead  the  communication  industry  to  the  build  it  ^  of  systems 


Figure  7.2:  Effect  of  propagation  delay  on  channel  capacity 


where  the  parameter  a  is  larger  and  larger.  Observing  the  properties  mentioned  above,  we  real¬ 
ize  that  CSMA  and  CSMA-CD  may  not  be  efficient  in  these  future  systems.  Nevertheless,  it  is 
not  really  clear  what  will  be  the  performance  of  these  access  schemes  under  the  presence  of  big-a. 
This  is  so,  since  all  the  properties  described  above  were  derived  from  models  that  aatvmtd  rela¬ 
tively  small  a  (very  small  propagation  delay).  It  is  therefore  desirable  to  study  the  behavior  of  a 
shared-bus  communication  system  under  the  assumption  of  big-a. 

The  behavior  of  such  systems  has  been  recently  investigated  by  several  studies.  However, 
these  studies  concentrated  on  suggesting  semi-organized  access  schemes  for  these  networks  and 
not  on  studying  the  behavior  of  these  networks  under  the  CSMA  scheme.  The  main  principle  of 
these  schemes  is  to  organize  the  packets  transmitted  in  the  system  to  efficiently  use  the  channel. 
These  studies  are  reported  in  |Frat£l,  Gerl83a,  Gerl83b,  Limb82). 

This  chapter  is  devoted  to  the  study  of  multi-access  bus  systems  under  the  assumption 
of  big-a.  The  purpose  here  is  to  take,  as  a  basic  assumption,  the  fact  that  the  communication 
channel  is  fast  and  that  the  parameter  a  is  large.  For  this  type  of  system  we  study  its  behavior 
and  analyze  its  performance  when  controlled  by  different  access  schemes. 
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Two  main  aspects  of  this  system  are  studied  in  this  chapter.  First,  in  section  7.3  we 
study  the  theoretical  limitations  of  the  very-fast  shared  bus  system.  The  main  goal  in  this  section 
is  to  calculate  the  maximum  throughput  which  can  be  achieved  in  the  system,  neglecting  the 
randomized  behavior  of  the  system  inputs.  The  capacity  of  the  system,  defined  to  be  the  highest 
attainable  throughput,  is  derived  in  this  section,  under  several  assumptions.  The  main  result  of 
this  section  is  that  the  capacity  of  the  very  fast  bus  system  is  about  2.  This  means  that  it  is  pos¬ 
sible  to  schedule  packet  transmissions  in  the  system  such  that  the  expected  number  of  packets 
transmitted  and  successfully  received  (per  slot ')  is  about  two. 

Second,  in  section  7.4  we  investigate  the  system  behavior  under  the  assumption  of  sto¬ 
chastic  arrivals.  The  model  used  in  this  section  is  similar  to  the  models  used  in  the  analysis  of 
slotted  ALOHA  and  CSMA-CD;  however,  in  contrast  to  those  models,  this  model  encaptures  the 
correlation  between  events  occurring  in  the  system.  This  property  is  rather  important  since  the 
correlation  between  events  in  the  very  fast  bus  system  seriously  affects  the  system  performance. 
The  main  property  discovered  in  this  analysis  is  that  in  contrast  to  previously  studied  shared 
channel  systems,  this  system  is  very  stable  and  the  system  throughput  always  increases  with  the 
offered  load. 


7.2  Model  Description 

The  system  considered  here  consists  of  N  stations  connected  by  a  bidirectional  bus.  It  is 
assumed  that  the  stations  are  located  on  the  bus  such  that  the  distance  between  every  two 
neighboring  stations  is  exactly  a  unit.  The  stations  are  numbered  1,2,  -.Af  from  left  to  right. 
Since  the  bus  is  bidirectional  a  transmission  which  is  originated  at  station  t  will  propagate  in 
both  directions  on  the  bus. 

The  time  is  slotted  with  slot  size  equals  to  tbe  propagation  delay  a  transmission  incurs 
when  propagating  between  two  neighboring  stations.  This  means  that  if  station  t  starts 
transmitting  at  time  t,  then  station  i+1  will  start  hearing  this  transmission  at  time  (  +  1.  The 
time  interval,  starting  at  time  t  and  ending  at  time  <4-1,  is  called  the  tth  slot.  Every  packet 
transmission  starts  at  the  beginning  of  some  slot. 

The  transmission  media  is  assumed  to  be  very  fast,  such  that  the  length  of  a  fixed  size 
packet,  measured  in  terms  of  distance,  is  smaller  than  or  equal  to  the  distance  between  two 
neighboring  stations.  This  implies  that  the  parameter  a  of  this  system  is  a>N- 1.  For  simplicity 
we  assume  that  the  packet  size  exactly  equals  to  the  distance  between  neighboring  stations,  i.e., 
a— AM. 


The  duration  of  each  slot  is  the  transmission  time  of  a  packet. 
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Due  to  the  above  assumptions,  the  traditional  model  which  considers  only  the  timing  of 
events  can  not  be  used  to  model  our  system.  The  reason  is  that  each  event  must  be  represented 
by  two  parameters:  time  and  location.  For  example,  consider  that  station  1  starts  transmitting  a 
packet  at  time  t.  Station  2  will  start  hearing  this  packet  at  time  1  + 1,  station  3  will  start  hearing 
this  packet  at  time  (+2  and  so  on. 

To  represent  the  system  behavior,  we  use  the  time-space  domain.  In  this  domain  the  hor¬ 
izontal  axis  is  used  to  represent  the  bus  (on  which  the  stations  1.2 ,—,/V  are  located  left  to  right) 
and  the  vertical  axis  represents  the  time.  The  propagation  of  a  packet,  in  this  domain,  is 
represented  by  a  band.  For  example,  see  figure  7.3  which  depicts  the  propagation  of  a  packet, 
transmitted  at  slot  f  from  station  2. 

stations 

12  3  4 

t 


M 


t*2 


t*3 

t*4 
time 

Figure  7.3:  The  Representation  of  a  Packet  in  the  Time-Space  Domain 

This  packet  is  heard  by  stations  1  and  3  at  slot  t+ 1  and  by  station  4  at  slot  <  +  2. 

In  contrast  to  the  traditional  model,  packets  which  collide,  are  not  assumed  to  destroy 
each  other.  Rather,  they  are  assumed  to  'pass  through”  each  other.  For  example,  consider  the 
two  packets  depicted  in  figure  7.4.  These  two  packets  are  transmitted  concurrently  at  slot  t  by 
stations  2  and  4.  At  slot  (  +  i  the  packets  collide  at  station  3  and  thus  non  of  them  is  heard 
properly  by  station  3.  However,  the  packets  pass  through  each  other,  so  at  slot  (+2  one  of  them 
is  beard  correctly  by  station  2  and  the  other  one  is  heard  correctly  by  station  4. 


stations 

12  3  4 


Figure  7.4:  Two  Packets  Pass  Through  Each  Other 


From  the  above  description,  it  is  implied  that  the  terms:  idle  slot,  successful  slot  and 
collision  slot  are  not  global  properties  of  the  system  but,  rather,  local  properties  of  a  given  sta¬ 
tion.  Slot  l  may  be  a  collision  for  station  i  and  idle  for  station  j.  Similarly,  a  given  packet  may 
be  successfully  heard  by  station  i  and  unsuccessfully  heard  by  station  j. 

A  time  slot  t  is  said  to  be  idle  at  station  i  if  no  transmission  is  heard  by  station  i  during 
this  slot.  Slot  I  is  said  to  be  successful  at  station  i  if  exactly  one  transmission  is  heard  by  station 
i  during  this  slot.  Slot  t  is  said  to  be  collision  at  station  i  if  more  than  one  transmissions  are 
heard  by  station  i  during  this  slot.  A  packet  x  is  said  to  be  heard  correctly  by  station  i  at  slot  t  if 
x  is  heard  by  station  i  at  slot  t  and  no  other  packet  is  heard  by  i  during  this  slot.  A  packet  x  is 
said  to  be  collided  at  station  i  at  slot  l  it  x  is  heard  by  station  i  at  slot  t  and  and  x  is  not  the 
only  packet  heard  by  station  i  at  this  slot. 


To  analyte  the  system  performance  one  has  to  recognise  for  every  slot  t  and  for  every 
station  i  if  t  is  a  successful  slot  at  station  i  or  if  it  is  an  idle  (collision)  slot  at  this  station.  From 
the  assumptions  made  above,  it  is  clear  that  a  given  packet  is  heard  by  station  i  during  slot  t  if 
and  only  if,  the  head  of  the  packet  is  heard  by  station  >  at  time  t.  Therefore,  to  analyze  the  sys¬ 
tem,  one  can  simplify  the  representation  of  packets:  instead  of  using  a  band  to  represent  the 
transmission  of  the  packet,  use  a  line  to  represent  the  time  at  which  the  packet  head  is  heard. 


7igure  7.5:  A  Simplifying  Representation  of  tbe  Packets  Propagation 


When  analyzing  the  performance  of  a  shared  channel  communication  media  one  has  to 
be  careful  in  defining  the  performance  criteria.  A  shared  channel  communication  network  can  be 
used  both  for  broadcast  and  for  point-to-point  communication  purposes.  A  broadcast  transmis¬ 
sion  ( packet j  is  a  transmission  (packet)  which  is  originated  at  station  i  and  has  to  be  received 
correctly  by  all  other  stations.  A  point-to-point  transmission  < packet )  is  a  transmission  (packet) 
which  is  originated  at  station  i,  destined  to  station  j  (jj^i)  and  has  to  be  received  correctly  at 
station  j. 

In  this  chapter  our  main  interest  is  in  the  point-to-point  performance  of  the  system. 
Thus,  it  is  assumed  that  each  packet  x  is  destined  to  a  specific  station,  let  say  i  and  has  to  be 
successfully  heard  by  that  station.  The  way  by  which  this  packet  is  heard  by  the  other  stations 
(successfully  or  not  successfully)  is  not  relevant  to  this  analysis.  Following  this  assumption  we 
have  to  define  the  successful  reception  of  a  packet  more  carefully:  A  packet  z  is  said  to  be  rue- 


cessfully  received '  by  itation  i  at  slot  t  if  x  is  destined  to  station  t  and  if  it  is  successfully  heard 
by  »  at  slot  t. 

In  this  chapter  we  will  study  the  behavior  of  the  system  under  different  transmission  pol¬ 
itic s.  A  transmission  policy  is  a  set  of  rules,  used  by  the  stations  in  the  system  to  determine 
when  a  station  can  transmit  and  when  it  stays  silent. 

As  stated  in  the  introduction,  the  influence  of  two  general  transmission  rules,  the  polite¬ 
ness  rule  and  the  fairness  rule,  will  be  examined  in  this  chapter.  These  rules  are  defined  next. 

A  station  is  said  to  be  polite  if  it  does  not  transmit  when  it  hears  transmission  originated 
from  another  station.  A  station  is  said  to  be  polite  to  the  left  if  it  does  not  transmit  when  it 
hears  transmission  originated  at  a  lower  index  station  (i.e.,  transmission  that  arrives  from  the 
left,  according  to  our  representation).  A  station  is  said  to  be  polite  to  the  right  if  it  does  not 
transmit  when  it  hears  transmission  originated  at  a  higher  index  station.  A  transmission  policy 
is  said  to  be  bidirectional-polite  policy  if  all  stations  in  the  system  are  polite.  A  transmission  pol¬ 
icy  is  said  to  be  unidirectional-polite  policy  if  every  station  in  the  system  is  either  polite  to  the 
left  to  polite  to  the  right.  A  transmission  policy  is  said  to  be  left-polite  policy  fright-polite  policy) 
if  every  station  in  the  system  is  polite  to  the  left  (polite  to  the  right) 

A  transmission  policy  is  called  a  fair  policy  if  for  every  to  stations  i  and  j,  station  ;  is 
allowed  to  transmit  between  any  two  consecutive  transmissions  of  station  i.  A  transmission  pol¬ 
icy  is  called  a  strictly  fair  policy  if  for  every  four  stations  i,  j,  k,  and  /,  station  i  is  allowed  to 
transmit  to  station  j  between  any  two  consecutive  transmissions  from  station  k  to  station  l. 

To  better  understand  the  politeness  rule,  let  us  observe  the  transmissions  depicted  in 
figure  7.5.,  and  let  us  assume  that  these  are  the  only  transmissions  in  the  system.  Under  polite 
policy,  station  1  is  not  allowed  to  transmit  at  times  i  +  1  and  t  +  3;  station  2  is  not  allowed  to 
transmit  at  time  1+2;  station  3  is  not  allowed  to  transmit  at  time  (  +  1  and  station  4  is  not 
allowed  to  transmit  at  time  <  +  2.  Under  left-polite  policy  stations  1  and  2  have  no  transmission 
constraints;  station  3  is  prohibited  from  transmitting  at  time  l  +  l  and  station  4  is  prohibited 
from  transmitting  at  time  /  + 2. 


'in  contrast  to  the  previous  definition  of  "successfully  heard". 
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7.3  On  th«  Capacity  of  tba  System 


In  this  section  we  study  the  capacity  of  a  very  fast  bidirectional  bus  system.  The  impor¬ 
tance  of  this  study  is  that  the  capacity  of  a  system  forms  a  reachable  upper  bound  on  the  system 
transmission  capabilities,  and  thus  provides  an  evident  for  the  system  potential. 

7.3.1  Tha  Definition  of  Capacity 

In  the  following  we  are  interested  in  the  "logical*  capacity  of  the  system.  For  a  given  sys¬ 
tem,  consisting  of  N  stations,  it  is  assumed  that  a  station  can  transmit  one  unit  of  information 
(one  packet)  per  one  unit  of  time.  Since  our  interest  is  in  the  point-to-point  performance  of  the 
system,  a  packet  transmission  is  defined  to  be  successful  if  the  packet  is  transmitted  by  station  i, 
destined  to  station  j,  and  received  correctly  by  station  j.  Let  t  denote  the  time,  and  let  P{t) 
denote  the  number  of  packets  transmitted  and  successfully  received  in  the  system  by  time  t.  The 
throughput  of  the  system  is  denoted  by  5  and  defined  as: 

5  A  lim  fill. 

I— 00  t 

The  capacity  of  the  system,  denoted  by  C,  is  defined  to  be  the  highest  achievable  throughput  of 
the  system. 

To  understand  the  capacity  definition  and  its  importance,  let  us  calculate  the  capacity  of 
some  simple  systems. 

First,  let  us  consider  a  system  consisting  of  two  stations,  connected  by  a  point  to  point 
line.  Each  of  the  stations  can  either  transmit  or  receive,  but  cannot  traosmit  and  receive  simul¬ 
taneously.  This  system  is  depicted  in  figure  7.0. 


station  1 


station  2 


Fig  ire  7.6:  The  Capacity  of  a  Point  to  Point  Two  Station  System  is  1 


It  is  obvious  that  the  capacity  of  this  system,  according  to  the  definition  given  above,  is  1;  i.e., 
the  maximal  number  of  packets  that  can  be  transmitted  and  received,  per  unit  of  time,  is  1.  It  is 
also  obvious  that  if  in  this  system,  the  stations  are  able  to  traosmit  and  receive  concurrently, 
than  the  system  capacity  is  2. 


Next,  let  us  consider  a  system  which  consists  of  N  stations  where  each  station  is  con* 
nected  to  every  other  station  by  a  point  to  point  line.  Like  in  the  previous  system,  here  too,  each 
station  can  -either  transmit  or  receive,  but  cannot  do  both  concurrently.  This  system,  is  depicted 
in  figure  7.7. 


1  3 


4  5 

Figure  7.7:  The  Capacity  of  a  Point  to  Point  Fully  Connected  N  Station  System  is  N/ 2 


It  is  easy  to  see  that  the  capacity  of  this  system,  if  N  is  even,  is  N/2.  The  reason  is  that  the  max- 
imum  number  of  conversations  that  can  be  handled  concurrently,  is  N/2. 

The  last  system  to  be  considered  is  the  one  bop  packet  radio  network  consisting  of  N 
stations.  Here,  if  the  distance  between  the  stations  is  assumed'  to  be  negligible,  then  at  every 
moment  at  most  one  statioo  can  transmit.  The  reason  is  that  if  two  stations  transmit  con* 
currently  the  packets  collide  and  get  garbled.  Therefore,  the  point-to-point  capacity  of  this  sys¬ 
tem  is  1. 

It  should  be  noted  that  the  definition  of  capacity  as  given  above,  gives  a  measure  for  the 
concurrency  of  the  system.  The  capacity  of  the  system  can  be  thought  of  as  an  average  over  time 
of  the  maximum  number  of  conversations  that  can  be  held  concurrently  in  the  system. 


’  This  is  the  traditional  assumption  in  the  analysis  of  one  hop  packet  ndio  networks 


Having  defined  the  capacity  measure,  we  now  calculate  the  capacity  of  our  system  under 
several  constraints.  First,  the  capacity  of  an  unconstrained  system  is  derived. 

7.3.1  Two  Upper  Bounds  on  the  System  Capacity 

In  the  following,  we  derive  two  upper  bounds  for  the  throughput  in  the  system.  These 
will  serve  also  as  upper  bounds  on  the  system  capacity.  Before  deriving  these  bounds,  some 
more  definitions  related  to  the  time-space  domain  are  required. 

A  point  (1,»)  in  the  time-space  domain  is  called  a  tranamuaion  point  is  station  >  transmits 
a  packet  at  slot  t  (i.e.,  starts  transmitting  at  time  1).  A  point  (l,s)  in  the  time-space  domain  is 
called  a  reception  point  is  station  i  bears  a  single  transmission  at  slot  t  and  if  this  transmission  is 
destined  to  station  i.  A  line  which  contains  the  points  (1,1),  (1  +  1,2),  (1+2,3),  —,  (t  +  W-l.jV)  is 
called  a  left  diagonal  (a  diagonal  that  starts  from  top  left  and  goes  to  bottom  right).  Similarly,  a 
line  which  contains  the  points  (I, Af).  (1  + 1  ,jV -1),  (1+2, N-2),  (l  +  N-1,1)  is  called  a  right  diag¬ 
onal. 

Using  this  notation  we  next  derive  the  upper  bounds  on  the  system  throughput.  First  it 
is  shown  that  the  system  throughput  is  bounded  by  half  the  number  of  stations. 

THEOREM  7.1:  Let  N  be  the  number  of  stations  in  the  system,  then  the  system  throughput 

obeys:  S<  S/2. 

Proof:  Let  T(l)  be  the  set  of  transmission  points  (!',»')  such  that  t'<t.  Let  /7(l)  be  the  set  of 
reception  points  (t'.i)  such  that  !'<!.  Let  (!,,i)  be  a  reception  point  in  R(t),  then  there  exists  a 
transmission  point  (tj.j)  which  is  in  T(l)  and  which  corresponds  to  (I, ,s).  This  is  the  transmission 
point  which  corresponds  to  the  transmission  of  the  packet  successfully  received  at  (!,,»).  For  this 
reason  we  conclude  that  the  sue  of  the  traosmission-poiot  set  is  larger  than  or  equal  to  the  size 
of  the  reception-point  set:  |  7*(f )|  >  j*. ( 7*)| .  In  addition,  the  sets  of  transmission  points  and 
reception  points  must  be  disjoint  (a  statioo  cannot  transmit  and  receive  concurrently)  so  the 
number  of  points  in  the  union  of  R(t)  and  7(1)  cannot  exceed  the  number  of  points  in  the  rec¬ 
tangle  Mxt.  Thus  | /?(!))  +  |  7(l)|<Nl.  Therefore  we  have: 

i/?mi  <  jl 

t  ~  2 

Now,  since  the  number  of  packets  successfully  received  by  the  time  t  equals  to  the  number  of 
points  in  /?(!),  we  finally  have: 

5-,im^I  <  * 

1—00  I  2 


The  next  theorem  states  that  the  system  throughput  is  upper  bounded  by  2.  To  prove 
this  theorem  let  us  consider,  for  a  moment,  a  system  consisting  of  N  stations  connected  to  a  uni¬ 
directional  but.  Without  loss  of  generality,  let  us  assume  that  packets  are  transmitted  in  this 
system  from  left  to  right.  Now  let  us  examine  the  time-space  domain  for  this  unidirectional  sys¬ 
tem. 

LEMMA  7.2:  Let  d  be  a  left  diagonal  in  the  time  space  domain  representing  the  unidirectional 
system.  Then,  there  exists  at  most  one  reception  point  on  d. 

Proof:  For  the  contradiction  assume  that  d  contains  more  then  one  reception  points,  and  let  R{ 
and  R2  be  such  two  points;  let  /?,  be  the  upper  point  of  the  two  (see  figure  7  8). 


LEMMA  7.3:  The  throughput  of  the  unidirectional  bus  is  5<  I. 


Proo  .  From  lemma  7  3  the  number  of  reception  points  in  the  rectaogie  t  X  .V  must 
obey:  |/?(<)| < t  +  ,V- 1.  Thus: 


S  < lim  •  -  -  1  + 

(—00  (  I— 00  ( 

and  the  proof  follows.  ■ 

Now  that  we  examined  the  unidirectional  bus  system,  let  us  return  to  the  bidirectional 
bus  system. 

THEOREM  7.4:  The  throughput  of  the  bidirectional  bus  system  obeys:  S<  2. 

Proof:  Let  SYSl  be  the  bidirectional  bus  system.  Let  SYS2  be  a  system  with  the  same  number 
of  stations,  which  are  connected  to  two  unidirectional  busses:  one  is  used  to  transmit  packets 
from  left  to  right  and  the  other  is  used  to  transmit  packets  from  right  to  left.  Let  us  assume  that 
in  SYS2  each  station  is  connected  to  each  unidirectional  bus  according  to  the  same  rule  a  station 
is  connected  to  the  bidirectional  bus  in  SYSl;  i.e.,  a  station  can  transmit  on  the  bus  or  receive 
from  it  but  cannot  perform  both  operations  concurrently.  In  addition,  let  us  assume  that  the 
operations  taken  by  a  station  on  one  bus  are  independent  of  the  operations  taken  on  the  other 
bus;  for  example,  a  station  can  transmit  on  one  bus  and  receive  from  the  other  bus  concurrently 
Clearly,  the  throughput  of  SYS2  cannot  exceed  the  throughput  of  two  separate  unidirectional 
systems,  so:  S(5Y52)<2.  In  addition,  from  the  assumptions  made  above  it  is  easy  to  see  that 
the  maximum  achievable  throughput  of  SYS2  is  not  smaller  than  the  maximum  achievable 
throughput  of  SYSl.  The  reason  is  that  any  operation  operated  on  the  bidirectional  system  can 
be  simulated  on  the  two  unidirectional-line  system.  Thus,  it  follows  that  S(5Y5l)<2.  ■ 

7.3.3  The  Capacity  of  an  Unconstrained  System 

In  this  sub-section  we  present  a  lower  bound  on  the  capacity  of  an  unconstrained  sys¬ 
tem.  The  lower  bound  presented  is  very  close  to  the  upper  bound  derived  above,  and  thus  deter¬ 
mines  the  system  capacity. 

To  prove  that  z  is  a  lower  bound  on  the  system  capacity  one  has  to  show  that  the 
throughput  z  is  achievable  on  the  system.  Using  the  time-space  domain,  io  figure  7.9  we  depict  a 
transmission  pattern  implemented  on  a  six  station  system.  The  throughput  of  this  pattern  when 

implemented  on  the  six  station  system  yields  throughput  of  value  S»-^\  It  is  easy  to  see  that 

0 

this  pattern  can  be  implemented  for  a  general  .V  station  system  yielding  throughput  of  value 
S*2-2/N.  From  this  observation  we  conclude: 

COROLLARY  7.5:  The  capacity  of  a  non  constrained  S  station  system  is: 

2-^-  <  C  <  min(2,~) 


(71) 


stations 

1  2  3  4  5  6 

i  i  i  i  i  i 


7.3.4  Th«  Capacity  of  a  (Strictly)  Fair  System 

In  the  previous  sub-section  we  derived  the  capacity  of  an  unconstrained  system.  How¬ 
ever,  the  pattern  used  to  derive  a  lower  bound  for  the  system  capacity  does  not  obey  the  restric¬ 
tion  of  either  a  fair  system  or  of  a  strictly  fair  system.  The  reason  is  that  according  to  that  pat¬ 
tern  most  transmissions  in  the  system  are  originated  at  the  end  stations  (1  and  .V)  and  destined 
to  these  stations.  Since  fairness  is  a  property  which  may  be  required  from  most  systems  it  is 
important  to  see  if  the  performance  of  the  system  is  not  degraded  under  the  fairness  require¬ 
ment. 
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In  figure  7.10  we  depict  a  strictly  fair  transmission  pattern  implemented  on  a  six  station 
system.  It  is  easy  to  check  that  in  this  pattern  there  is  exactly  one  packet  transmission  from 
every  station  >  to  every  other  station  j  Thus,  if  the  pattern  is  repeatedly  applied,  the 

transmission  policy  is  strictly  fair.  The  throughput  achieved  by  this  particular  transmission  pat* 
tern  is  30/22.  It  is  easy  to  implement  this  pattern  on  a  system  consisting  of  an  arbitrary  (even  ') 
number  of  stations  N.  The  throughput  attained  by  such  a  pattern  can  be  calculated  as 
following:  First,  the  number  of  transmissions  in  the  pattern  is  N(N-l)  (from  every  station  to 
every  other  station,  exactly  one  packet).  Second,  the  time  it  takes  to  complete  the  pattern  is  the 
following  sum: 

time  -  2  +  2(4+6  +  8  +  -  +  JV)  -  ££±1£L±  (7.2) 


Now,  dividing  the  number  of  transmissions  by  the  time  we  get  the  system  throughput: 


5 

i 


N*-N 


(7.3) 


A  more  efficient  transmission  pattern  for  the  strictly  fair  system  has  been  suggested  by 
C.  Ferguson  [FergS3|.  This  pattern  is  depicted  in  figure  7.11;  the  throughput  attained  by  this 
pattern  is: 


4 

/V  +  2 


(7.4) 


From  this  result,  and  since  the  upper  bound  derived  in  sub*section  7  3  2  holds  for  the  strictly  fair 
system,  we  conclude: 


COROLLARY  7.6:  The  capacity  of  a  strictly  fair  ,Y  station  system  is: 


<  C  <  min(2.-^) 


Y  +  2 


1.5) 


7.3.5  Thu  Capacity  of  a  Polite  System 

In  this  sub*section  we  calculate  the  capacity  of  a  system  where  all  stations  are  polite.  As 
defined  above  a  polite  station  is  not  allowed  to  transmit  when  it  bears  a  transmission  originated 
from  another  station. 

The  following  lemma  states  that  the  number  of  transmission  points  on  a  diagonal  (in  the 
time-space  domain)  is  bounded: 

LEMMA  7.7:  Let  d  be  a  left  diagonal  in  the  time-space  domain  representing  a  polite  system. 


'  A  similar  pattern  can  be  used  for  systems  consisting  of  odd  number  of  stations. 
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2/2 


UNCLASSIFIED 


F/G  9/2 


Then,  there  exist*  it  most  one  transmission  point  on  d. 

Proof:  For  the  contradiction  assume  that  there  exists  a  left  diagonal  with  more  than  one 
transmission  points  on  it.  Let  d  be  such  a  diagonal,  let  Tx  and  T2  be  two  transmission  points  on 
d,  and  let  Tx  the  upper  of  these  points.  Clearly,  the  transmission  originated  at  Tx  must  be  heard 
at  the  point  T2,  in  contradiction  to  the  assumption  that  the  system  is  polite.  By  the  contradic- 
tion  the  claim  is  proved.  ■ 

From  lemma  7.7  it  is  now  easy  to  show  that  the  capacity  of  a  polite  system  is  exactly  1. 


THEOREM  7.8:  The  capacity  of  a  polite  system  is  exactly  t. 


Proof:  First  we  show  that  the  system  capacity  is  upper  bounded  by  1.  Let  Tft)  be  the  set  of 
transmission  points  (<',»')  such  that  ('</.  Let  R(i)  be  the  set  of  reception  points  (t'.i)  such  that 
('<<.  As  shown  in  the  proof  of  theorem  7.1,  the  size  of  T(t)  is  greater  or  equal  to  the  size  of 
/?((),  i.e.,  |  T(<)|  >/?(<)■  The  number  of  packets  transmitted  and  successfully  received  by  time  t  is 
P({)*|R(f)|.  From  lemma  7.7  it  is  obvious  that  the  size  of  P(l)  is  bounded  by  the  number  of 
left  diagonals  in  the  rectangle  <X*V,  i.e.,  |A(t)|<l  +  jV-l.  Thus,  the  throughput  of  the  system  is 
bounded  by: 


S  <  lim 

i— oo 


t  +  N-l 
t 


1  + 


lim 

1-30 


ILL 

t 


Therefore  for  every  <>0  and  for  every  throughput  S  attainable  on  the  system,  5<l+t  and  the 
capacity  of  the  channel  is  upper  bounded  by  1. 


Now,  it  is  easy  to  see  that  throughput  of  value  1  is  attainable  in  the  system,  this  can  be 
achieved  by  having  station  1  transmitting  all  the  time  and  all  the  other  stations  stay  silent. 
Thus,  we  conclude  that  the  capacity  of  the  system  is  exactly  1.  ■ 


After  calculating  the  capacity  of  a  polite  system,  we  next  discuss  the  capacity  of  a 
unidirectional-polite  system.  It  is  easy  to  see  that  if  the  direction  of  politeness  can  be  chosen  for 
every  station  independently  of  the  politeness  direction  chosen  for  the  other  stations,  then  the 
capacity  of  the  system  can  get  close  to  2.  To  verify  this  property  observe  figure  7  9:  Let  station 
1  be  polite  to  the  left  and  station  0  be  polite  to  the  right  (which  actually  implies  no  politeness  of 
these  stations),  let  station  2  be  polite  to  the  left  and  station  5  be  polite  to  the  right,  and  let  star 
tions  3  and  4  be  either  polite  to  the  right  or  polite  to  the  left.  Under  this  politeness  rule  the 
transmission  policy  depicted  in  figure  7.9  is  still  valid  and  the  system  throughput  can  get  as  high 
as  2  -2 /.V. 
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On  the  other  hand,  if  the  poiitenen  direction  is  chosen  to  be  uniform  (i.e.,  either  all  sta¬ 
tions  are  polite  to  the  left  or  all  stations  are  polite  to  the  right)  then  lemma  7.7  still  holds'  and 
the  system  capacity  is  1. 

7.3.6  Discussion 

From  the  analysis  made  above  it  is  evident  that  the  potential  of  the  fast  bidirectional 
bus  system  is  relatively  high.  The  capacity  of  similar  single  shared-channel  systems,  like  the  one- 
hop  packet  radio  network  or  the  relatively-slow  bidirectional  bus  system,  is  known  to  be  1.  In 
comparison  it  was  shown  above  that  the  time-space  event-separation  observed  in  the  very-fast 
bus  system  allows  the  throughput  of  this  system  to  get  as  high  as  2.  This  is  shown  to  hold  even 
if  (strict)  fairness  is  required  in  the  system. 

However,  as  shows  in  sub-section  7.3.5,  forcing  on  the  system  the  politeness  property,  a 
property  which  increases  the  actual  throughput  of  a  relatively-slow  bus  system  (like  in  the 
CSMA  access  scheme),  decreases  the  system  capacity  down  to  1.  Nevertheless,  applying  direc¬ 
tional  politeness,  does  not  necessarily  degrades  the  system  capacity. 

The  bounds  on  the  system  capacity  versus  the  system  size  (number  of  stations  in  the 
system)  is  plotted  in  figure  7.12. 


7.4  Thu  System  Performance  Under  Stochastic  Arrivals!  A  No-queuelng  Simplistic 
Model 


After  studying  the  bounds  on  the  system  performance,  next,  in  this  section  we  study  the 
system  behavior  under  the  assumption  of  stochastic  arrivals. 

The  system  model  is  the  one  given  in  section  7.2  above.  The  arrival  process  (i.e.,  the 
way  by  which  packets  arrive  to  the  stations)  is  modeled  according  to  the  "traditional”  model 
used  in  the  literature  (see  for  example,  (Abra73))  of  packet  radio  networks.  According  to  this 
model,  the  packet  transmissions  of  each  station  are  modeled  as  a  sequence  of  independent  Ber¬ 
noulli  trials.  This  sequence  represents  the  combined  stream  of  old  retransmitted  packets  and 
newly  arriving  packets.  Thus  we  have: 

G,  »  Pr\ s' th  station  transmits  a  packet  in  any  giveo  slotj  i  *  1,2,  -.Af 


'  Lemma  7.7  holds  for  a  a  left-polite  policy;  clearly,  a  symmetric  lemma  holds  for  a  right-polite 


UPPER  aOUNO 


the  destination  information  it  not  important  in  the  model  of  one  hope  packet  radio  network 
since  the  successful  reception  of  a  packet  does  not  depend  on  its  destination. 


Two  important  parameter!  are  considered  is  this  model:  the  avtrage  traffic  (per  (lot), 
called  also  the  afftred  toad,  aad  the  throughput.  The  offered  load  of  ftatioa  •  is  the  expected 
number  of  packets  (per  slot)  transmitted  by  this  station.  This  is  denoted  above  by  G,.  Similarly, 
the  offered  load  from  station  •  to  station  /,  denoted  by  G,;,  is  the  expected  number  of  packets 
transmitted  from  station  i  to  station  /.  From  the  assumption  made  above  it  is  obvious  that 
G1;  at  r.j-G,.  The  total  offered  load  of  the  system,  denoted  by  G,  is  the  average  number  of  pack* 

N 

eta  transmitted  ( per  slot)  in  the  system.  Obviously  we  have  G  £  G,. 

■  at 

In  a  similar  way  we  define  the  throughput  of  the  system.  The  throughput  of  station 
denoted  by  5,,  is  the  expected  number  of  packets  (per  slot)  originated  at  station  >  and  success* 
fully  received  at  their  destination.  The  throughput  from  station  •  to  station  j,  denoted  by  5,,,  is 
the  expected  number  of  packets  (per  slot)  successfully  transmitted  from  station  i  to  station 
The  total  system  throughput,  denoted  by  5,  is  the  expected  number  of  packets  (per  slot) 
transmitted  and  successfully  received  in  the  system.  Note  that  this  definition  of  throughput  is 
consistent  with  the  definition  given  is  section  7.3  above. 

7.4.1  Exact  Throughput  Analysis  of  a  Non  Polite  System 

We  start  the  throughput  analysis  of  the  system  by  studying  the  non-polite  scheme.  In  a 
non-polite  scheme  the  behavior  of  one  station  is  independent  of  the  transmissions  of  the  other 
stations;  thus,  using  the  model  described  above  it  is  easy  to  calculate  the  system  throughput. 

Let  i  and  j  be  two  stations  in  the  system  and  let  « < To  derive  the  throughput  from 
station  i  to  station  j  let  us  examine  a  time  slot  t  and  calculate  the  probability  that  at  this  slot 
station  j  successfully  receives  a  packet  from  station  i.  This  event  occurs  if  and  only  if  the  follow* 
ing  conditions  hold: 

1.  At  time  t  +  i-j  station  i  transmits  a  packet  destined  to  station  j.  This  occurs  with  pro 
bability  rt)  G,. 

2.  Station  ;  does  not  transmit  at  time  t. 

3.  For  every  station  k  such  that  k<j  and  kydi,  station  k  does  not  transmit  at  time  l  +  k-j. 
The  probability  that  station  k  does  not  transmit  at  that  slot  is  1  -Gt. 

4.  For  every  station  k  such  that  k>j,  station  k  does  not  transmit  at  time  t+j-k.  The  pro¬ 
bability  that  station  k  does  not  transmit  at  that  slot  is  1  -Gt. 

Now  since  ail  events  in  the  system  are  independent  of  each  other,  the  probability  that  station  j 
successfully  receives  a  packet  from  station  i  (at  time  <)  is  simply  the  product  of  the  probabilities 
given  above.  Since  this  product  is  independent  of  l,  the  throughput  from  station  i  to  station  j  is 
equal  to  this  product: 
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(7.61 


s,,  •  ^.  r./U(1-<3'*)  i7ri 

Mi 

From  (7.0)  it  follows  that  the  total  throughput  originated  at  station  i  is: 

5.  -  E5.,  -  ^.rKl-^t)  .-1,2,-,JV  (77) 

M.  M> 

This  is  exactly  the  throughput  of  the  slotted  Aloha  system  derived  by  [Abra73|. 

When  the  stations  assumed  to  be  symmetric,  i.e.,  when  G(J »  Gu  =*  G  for  every  iptj  and 
kjtl,  then  the  system  throughput  is: 

5  -  M7(l-G)**‘  (7  8) 

This  expression  is  maximized  when  G*«l/iV,  so  the  maximum  attainable  throughput  in  a  sym¬ 
metric  system  is: 

(?  9) 


From  equation  (7.8)  we  may  conclude  that  the  throughput  in  a  non  polite  system  is 
exactly  identical  to  the  throughput  in  the  slotted  Aloha  system.  For  this  reason  we  do  not  dis¬ 
cuss  in  more  detail  the  performance  of  this  system;  this  discussion  can  be  found  in  the  literature 
dealing  with  the  analysis  of  the  slotted  ALOHA  system  (see,  for  example,  [K.lei76|). 

7.4.1  Polite  System:  An  Exact  Analysis  of  a  three  Station  Symmetric  System 

After  analyzing  the  throughput-load  relationships  for  a  non  polite  system  we  next  study 
the  stochastic  behavior  of  a  polite  system.  The  system  mode)  is  similar  to  the  one  used  in  sub¬ 
section  7.4.1  above.  This  means  that  queueing  behavior  is  not  represented  in  this  model  and  that 
the  transmissions  of  each  station  are  modeled  "like”  a  stream  of  Bernoulli  trials.  We  say  like" 
since  the  politeness  rules  do  not  allow  the  transmissions  of  a  station  to  be  a  real  sequence  of  Ber¬ 
noulli  trials. 

For  this  reason,  the  transmissions  of  each  station  are  modeled  somewhat  differently  from 
their  modeling  in  sub-section  7.4.1.  For  station  :  it  is  assumed  (hat  at  every  slot  t,  in  which  sta¬ 
tion  i  is  oot  forced  to  be  silent  by  the  politeness  rule,  i  will  transmit  with  probability  G,.  Thus, 
if  we  observe  the  slots  at  which  station  »  does  not  obey  the  politeness  rule,  the  packets  transmit¬ 
ted  from  station  •  behave  like  a  stream  of  Bernoulli  trials. 

Two  symmetry  assumptions  are  used  in  the  following  analysis:  l)  The  transmission  rate 
G ,  for  symmetric  stations  is  assumed  to  be  identical.  Thus  we  assume  that  Gi^Gi^p  and 
Cj*?.  2)  The  destination  of  a  packet  transmitted  from  station  i  is  equally  likely  to  be  any  of 

the  other  .V-l  stations,  i.e.,  r  m  — ^ —  for  jyii  and  rM»0. 


Under  this  model  u  exact  throughput  analysis  of  a  three  station  symmetric  system  is 
given  next.  The  analysis  of  this  system  is  done  by  constructing  the  Markov  chain  representing 
the  system.  In  contrast  to  other  studies  of  communicatioa  networks,  in  which  a  state  represents 
the  status  of  the  stations  (like  "busy",  "idle"  or  number  of  packets  in  the  station's  buffer),  here 
the  station  status  is  not  sufficient  to  represent  the  system.  Rather,  it  is  required  to  include  the 
channel  status  in  this  representation.  The  reason  for  this  is  that  the  current  location  of  a  packet 
affects  the  future  behavior  of  the  system.  For  example,  observe  figure  7.3:  the  fact  that  during 
slot  t  a  packet  propagates  from  station  2  to  station  3  implies  that  station  3  will  be  polite  at  slot 
1  + 1  and  station  4  will  be  polite  at  slot  1+2. 

Under  this  requirement  it  is  convenient  to  represent  the  system  status  at  time  t  by  the 
packets  locations  on  the  channel.  In  figure  7  13  we  depict  all  the  possible  states  in  the  three  sta¬ 
tion  system.  The  number  of  states  in  this  system  is  sixteen  and  they  are  denoted  by  *,,»», 


To  better  understand  these  states  consider,  for  example,  state  t,;  this  state  represents 
concurrent  propagation  of  three  packets  in  the  system:  the  first  packet  propagates  from  station 
1  to  station'  2,  the  second  packet  propagates  from  station  2  to  station  3  and  the  third  packet 
propagates  from  station  3  to  station  2.  Note  that  these  states  represent  neither  the  origin  nor 
the  destination  of  the  packets.  In  figure  7.14  we  give  an  example  for  the  dynamics  of  the  system. 

stations 


1  2  3 


time 


Figure  7.14:  The  dynamics  of  the  system 

Three  packets  are  transmitted  in  this  figure:  station  1  transmits  at  slot  1  and  slot  2,  and  sta¬ 
tion  3  transmits  at  slot  2.  The  system  state  is  at  slot  1,  tf  at  slot  2  and  #c  at  slot  3. 

It  is  easy  to  see  that  the  sixteen  states  given  above  form  a  Markov  chain.  Id  order  to  find 
the  equilibrium  probabilities  of  the  system  states,  we  next  construct  the  transition  matrix, 
representing  the  the  transitions  in  the  system.  To  save  work,  note  that  some  of  the  states  in 
figure  7.13  are  symmetric  to  other  states.  Thus,  before  constructing  the  transition  matrix,  we 
first  merge  the  symmetric  states  to  be  represented  by  a  single  states.  This  is  done  by  mapping 
the  sixteen  states  »,,#,,•••,#,  into  ten  states  #,,#5, This  mapping  is  given  in  table  7  1. 

Now,  using  the  new  merged  states  we  construct  the  transition  matrix  P.  This  transition 
matrix  is  given  in  table  7.2.  An  entry  in  this  matrix  represents  the  probability  for  transition  from 
the  row  state  (of  the  entry)  to  the  column  state.  The  symbol  p  in  this  table  stands  for  1  -p  and  J 
stands  for  1-f.  When  the  probability  for  a  certain  transition  is  zero,  the  corresponding  entry  is 
left  empty. 


Table  7.2:  The  transition  matrix  of  the  three  station  polite  system 


Ssi-5IS  >  ^32  *  **12  '  ^2l=^ZS  (714) 

Using  numerical  methods  (required  to  invert  the  transition  matrix  P)  we  have  calculated 
from  equations  (7.10),  (7.11),  (7.12),  (7.13)  and  (7.14)  the  system  throughput  as  function  of  the 
transmission  rates,  p  and  f.  The  results  of  this  analysis  are  given  in  figures  7.15,  7.16,  7.17,  7.18 
and  7.19. 


'  /  /  / 


Figure  7.15:  The  sid^to-side  throughput  in  a  three  statioo  system 


Figure  7.15  ia  a  three  dimeaaiooal  plot  of  the  throughput  originated  at  a  side  node  and 
destined  to  the  other  side  node  (the  sum  of  •^u  and  ■^31 )  as  function  of  p  and  q.  To  uncover  the 
hidden  lines  of  figure  7.15,  we  give  in  figure  7.16  a  contour  map  corresponding  to  the  three 
dimensional  plot  given  in  figure  7.15. 


Figure  7.17  is  a  three  dimensional  plot  of  the  throughput  originated  at  a  side  node  and 
destined  to  the  middle  node  (the  sum  of  $12  and  5jj)  as  function  of  p  and  q.  The  shape  of  this 
plot  is  similar  to  the  shape  of  figure  7.15,  so  we  avoid  plotting  a  contour  map  of  it. 
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Figure  7  16:  A  contour  map  of  tb*  side-toside  throughput  in  a  three  station  system 


Figure  7.18  is  a  three  dimensional  plot  of  the  throughput  originated  at  the  middle  node 
and  destined  to  a  side  node  (the  sum  of  and  $33)  as  function  of  p  and  q. 

Lastly,  figure  7 .19  depicts  the  total  throughput  (5)  in  the  system  as  function  of  p  and  q. 

A  discussion  of  the  system  behavior,  as  observed  in  these  figures  is  given  in  sub-section 

7.48. 

The  results  reported  in  this  sub-section  are  important  for  the  understanding  of  the  sys¬ 
tem  behavior.  However,  the  drawback  of  the  method  used  here  is  that  it  cannot  be  used  to 
analyze  the  system  throughput  of  larger  systems.  The  reason  is  that  the  number  of  states  in  the 
Markov  chain,  according  to  the  representation  used  in  this  sub-section,  grows  exponentially  with 
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Figure  7.17:  The  side-to-middle  throughput  io  a  three  station  system 


the  number  of  stations.  It  is  easy  to  see  that  the  number  of  states,  as  function  of  the  number  of 
stations  is:  2<2,v'21.  Thus  the  number  of  states  for  a  four  station  system  is  64.  and  for  a  five  sta¬ 
tions  system  is  256  '.  Since  in  order  to  solve  the  Markov  chain  one  has  to  invert  the  transition 
matrix  (an  WxW  matrix  where  M  is  the  number  of  states),  it  is  obvious  that  the  exact  method 
cannot  be  used  to  solve  for  the  throughput  of  systems  with  more  than  five  statioos.  For  this  rev 
son  in  the  next  sub-section  we  suggest  a  method  for  approximating  the  system  throughput. 


'The  reduction  io  number  of  states  achieved  by  merging  symmetric  states  is  at  most  a  factor  of 
two,  thus,  even  after  this  reduction  at  least  2*2*‘s|  states  are  required. 


Figure  7.18:  The  middle-to-side  throughput  iu  a  three  station  system 


7.4.3  Polite  Systems  An  Approximation  for  in  N  itetioa  System 

Iu  this  sub-section  we  suggest  a  method  for  approximating  the  throughput  of  a  polite  N 
station  system.  This  method  is  derived  from  analyzing  the  time  space  domain  of  the  N  station 
system. 


Let  the  triple  denote  the  event  that  during  slot  (  station  k  hears  a  packet  arriv¬ 

ing  from  the  right.  Similarly,  let  the  triple  (L5,k, f)  denote  the  event  that  during  slot  <  station  k 
hears  a  packet  arriving  from  the  left.  Let  the  triple  (<?.*,{)  denote  the  event  that  station  k  is 
quiet  (does  not  transmit)  at  slot  t. 


To  derive  the  system  throughput  we  8rst  calculate  the  probability  for  the  event  ( LS,k,t ) 
occurs.  Clearly,  at  time  <  station  *  does  not  hear  a  packet  arriving  from  the  left  if  and  only  if  tot 
every  station  j,  such  that  1  <j<k,  station  j  does  not  transmit  at  time  t+j-k.  Thus,  the  proba¬ 
bility  of  the  event  ( LS,k,t )  can  be  calculated  as  following: 

Pr|(£SJU)|  -  Pr\(Q,k-l,t-l),\Q,k-2, t-2), I, <-t  +  l)|  (7.15) 

This  can  be  calculated  as: 

Pr[[LS,k,t)\  -  Pr[(Q,k-l,t-l)  |(9,*-2,f-2),--,(9,U-*+ 1)| 

Pr|(9.*-2.t-2),  ,(Q,U-*+l)|  (7.16) 

The  conditional  probability  given  above  can  be  calculated  as  following: 

Pr((<?,*-1,<-1)  |(9.*-2,t-2),-,(9,l,l-*+l)| 

-  1  -  C,.!  Pr((/?5,*-l,t-l)  |(<J,k-2,<-2).  ,(«3,l,f-*+l)j  (7.17) 

Now  to  calculate  the  expression 

Pr((*S,*-l,<-l)  |(9.*-2,< -2).  .(9,1,1 -*+!)) 
we  make  the  following  independence  assumption  on  the  system: 

The  independence  attumplion:  The  event  (RS.k.t)  is  independent  of  the  events 
(<?.*-U-l),  ■•,(<?, l,l-*+l). 


This  assumption  means  that  the  event  that  station  k  hears  at  time  (  a  transmission 
arriving  from  the  right,  is  independent  of  the  fact  that  stations  *-l,*-2,  ,1  are  quiet  at  times 
1-1,1 -2, •••,<-*+ 1,  respectively.  Obviously,  this  is  not  a  true  property  of  our  system  since  these 
events  are  correlated  to  each  other.  However,  it  is  easy  to  see  that  the  dependency  between  these 
events  is  relatively  weak  and  thus  we  assume  full  independence. 

Let  denote  the  probability  that  during  slot  t  station  *  does  not  hear  a  transmission 
arriving  from  the  right,  i.e.: 

Rk  £  Pr[(/fS,*,0| 

Similarly  let: 

Lk  £  Pr[(LS,k,t)\ 

Then  from  the  independence  assumption  and  from  equations  (7.16)  and  (7.17)  we  may  conclude: 

it  -  (1  -*» -i  <?»-, )  (1-A*.2  C, .,)  (!-«,  <7.)  :  *- 1.2,  .AM  (7.18) 


In  asymmetric  way  we  can  calculate  Rt: 


Thus  we  have: 

Pr\H(k,j,t)\  -  Pr\{LS,k, <). -{Q.j.t -*+j)| 

-  Pr[(LS,k,t),  \~{QJ.t-k+j)\  Pr[~(Q,j,t-k+j)\ 

From  the  independence  assumption,  it  is  easy  to  show  that: 

Pr\(LS,k,t),  HQj,t-k+j)\  -  Pr|(L5,*.0|  -  L> 

Again,  from  the  independence  assumption,  we  have: 

Pr\~(Qj, -  G,  L,  R, 

Thus,  we  finally  have: 

Pr[H[k,j,t)\  -  G,L,R,Rk 

From  the  definition  of  throughput  we  have  S;t  «■  Pr\H[k,j,t) |,  so: 

S,k  -  G,  L,  R,  Rk  :  j<k 

If  j>k  then  we  have: 

5;*  "  G)  R!  L>  :  *>k 


(7.24a] 


(7.24b) 


Thus  from  equations  (7.18),  (7.19),  (7.24a)  and  (7.24b)  one  can  calculate  the  system 
throughput  as  function  of  the  transmission  parameters. 


If  we  assume  that  the  system  is  symmetric,  namely,  that  G,«*Ga  = 
clearly  we  have: 

**-£*.»+ 1  !  *-1.2, "./V 


<Gn  —  p  then 


For  the  symmetric  system  let  us  denote: 


so  we  have  the  following  set  of  N- 1  equations: 

h  —  'Ifi-t+t  P) '"0  ~^s'P)  *“2,3 ,  -,N 


And  the  throughput  from  station  j  to  station  k  is  gives  by: 


m  P'l, 1 1*  ;  if** 


7.4.5  Polltn  Syatnmai  A  Verification  of  the  Approximation  Method 

To  verily  the  accuracy  of  the  approximation  method  suggested  above,  it  is  important  to 
compare  the  results  predicted  by  this  method  to  the  exact  throughput  in  the  system. 

Testing  the  accuracy  of  the  approximation  method  for  a  three  station  system  is  not 
difficult.  The  results  reported  in  sub-section  7.4.2  give  an  exact  calculation  of  the  system 
throughput  as  function  of  the  transmission  parameters  for  a  system  where  the  side  nodes  are 
assumed  to  be  symmetric.  The  approximation  method  yields  a  set  of  two  (only  two  due  to  the 
symmetry  of  the  side  nodes)  equations: 

/,-l-/jP  (7.28a) 

/s-U-W(l-M)  (7.28b) 

This  set  can  be  solved  analytically  to  yield  expressions  for  the  values  of  /2  and  /*  from  which  the 

system  throughput  can  easily  be  calculated: 

Sv,-Ssi-V 

^12  ”  Sj2  *  /jP '( 1  -fjP  ) 

Sn~Sn~P2q  (7.29) 

To  compare  the  approximation  results  to  the  exact  results  let  us  assume  that  the  system  is  fully 
symmetric,  i.e.,  Under  this  assumption  we  plot  in  figure  7.20  the  system  throughput  as 

function  of  the  transmission  parameter  p.  Four  throughput  curves  are  depicted  in  this  figure:  1) 

The  throughput  from  a  side  node  to  the  other  side  node  (S,s  +  5M).  2)  The  throughput  from  a 
side  node  to  the  middle  node  (S^S^).  3)  The  throughput  from  the  middle  node  to  a  side  node 
(523  +  521).  4)  The  total  throughput  (5).  The  solid  line  in  this  figure  represents  the  exact  value 
of  the  throughput  and  the  broken  line  represents  the  approximation.  From  this  figure  we  can 
make  the  following  observations  on  the  quality  of  the  approximation: 

1.  The  general  shape  of  the  approximation  curves  is  very  close  to  the  shape  of  the  exact 
throughput  curves. 

2.  For  the  range  p  <  5  the  throughput  values  predicted  by  the  approximation  method  are  a 
very  good  approximation  of  the  true  values.  For  the  range  p>. 5  the  approximation 
prediction  is  not  as  good. 

3.  The  values  predicted  by  the  approximation  method  for  the  total  throughput  are  very 
close  to  the  true  values  (three  percent  error  at  most!)  for  every  value  of  p. 


Figure  7.20:  The  throughput  ia  a  fully  symmetric  three  station  system 


Next  we  examine  the  approximation  method  when  applied  to  a  five  station  fully  sym¬ 
metric  system.  The  approximation  method  yields  a  set  of  four  equations  in  four  unknown  vari¬ 
ables,  a  set  which  can  be  solved  by  numerical  methods.  Since  we  cannot  derive  an  expression  for 
the  exact  throughput  in  the  system  a  simulation  program  is  used  to  Sod  the  true  values  of  the 
system  throughput.  Figure  7.21  depicts  the  comparison  between  the  approximation  results  and 
the  simulation  results  for  this  system.  Four  curves  of  throughput  are  plotted  ia  this  figure:  1) 
The  total  throughput  originated  at  station  1  (5,).  2)  The  total  throughput  originated  at  station 
2  (5j).  3)  The  total  throughput  originated  at  station  3  (5,).  4)  The  total  system  throughput  (5). 
One  to  symmetry  arguments  the  other  types  of  throughput,  S,  and  S4,  are  equal  to  5,  and  Sv, 
respectively.  The  solid  lines  in  this  figure  represent  the  results  predicted  by  the  approximation 
method.  The  points  represent  the  simulation  results.  The  observations  made  on  the  approxim* 
tion  of  the  three  station  system,  apply  to  thin  figure  too.  Nevertheless,  it  can  be  aoted  that  the 


Figure  7.21:  Tbe  throughput  in  a  fully  symmetric  Sve  station  system 


7.4.6  A  Discussion  of  the  System  Performance 

The  analysis  done  in  this  section  reveals  the  important  properties  of  the  very*fast  bus 
system.  These  properties  are  discussed  next. 

From  the  throughput  analysis  done  for  the  three  station  system  we  can  study  the  system 
behavior  under  non  symmetric  input  loads.  From  flgures  7.15,  7  16  aod  7.17  it  can  be  seen  that 
the  throughput  originated  at  the  side  stations  (1  and  3)  behaves  as  following:  1)  When  the 
offered  load  of  the  middle  station  (Gt)  stays  constant,  the  throughput  of  tbe  side  stations 
increases  with  their  offered  load.  Note  that  although  tbe  two  side  stations  compete  with  each 


Figure  7.22:  The  throughput  in  a  fully  symmetric  tea  station  system 


other,  their  joined  throughput  (51  +  53)  increases  when  both  stations  are  more  active  (oamely, 
when  p  increases).  2)  When  the  offered  load  of  the  side  stations  stays  constant,  the  throughput 
of  these  stations  decreases  with  the  offered  load  of  the  middle  station.  This  means  that  the  more 
the  middle  station  is  active  the  less  packets  originated  at  the  side  stations  will  be  received 
correctly  at  their  destination.  In  a  similar  way,  the  throughput  originated  at  the  middle  station 
behaves  as  following:  1)  When  the  offered  load  of  the  side  stations  stays  constant,  the 
throughput  of  the  middle  station  increases  with  the  offered  load  of  this  station.  2)  When  the 
offered  load  of  the  middle  station  stays  constant,  its  throughput  decreases  with  the  offered  load 
of  the  side  stations. 


These  properties  can  be  summarized  as  following:  When  a  certain  station  increases  its 
load,  the  throughput  originated  at  this  station  will  increase  while  the  throughput  originated  at 
the  other  stations  will  decrease.  This  behavior  is  quite  common  for  shared  channel  communica¬ 
tion  networks;  for  example,  the  slotted  ALOHA  system,  or  the  non-polite  system  described  in 
sub-section  7.4.1  above  behave  the  same  way  (see  equation  (7.7)  which  describes  the  throughput 
in  these  systems). 

While  at  the  individual  station  level  the  polite  system  behaves  very  much  like  other 
shared  channel  systems,  the  advantages  of  this  system  are  revealed  by  examining  the  global 
behavior  of  the  system.  From  figure  7.19  it  is  easy  to  see  that  the  total  throughput  in  the  system 
increases  both  with  p  and  with  q.  This  means  that  increasing  the  offered  load  either  of  the  side 
stations  or  of  the  middle  stations,  causes  an  increment  in  the  total  throughput.  The  importance 
of  this  property  is  that  the  system  is  very  stable:  whenever  the  system  load  increases  the 
throughput  increase  too.  This  property  is  not  very  common  in  shared  channel  communication 
networks.  For  example,  the  slotted  ALOHA  system  mentioned  above  is  not  stable  (see  (Klei76| 
for  example);  in  that  system  an  increase  in  the  offered  load  may  cause  the  throughput  to 
decrease. 

The  importance  of  the  stability  property  ia  that  no  special  mechanisms  are  required  for 
controlling  the  system  stability.  In  the  non  stable  systems,  like  the  slotted  ALOHA,  it  is  required 
to  control  the  offered  load  to  prevent  the  system  from  getting  into  unstable  situations  (situations 
in  which  the  system  blocks  itself);  here  these  mechanisms  are  not  required  since  the  system  con¬ 
trols  itself  in  a  natural  way. 

The  explanation  for  this  stability  property  can  be  given  by  observing  the  station 
behavior  in  the  time-space  domain.  Let  i  be  an  arbitrary  station  in  the  system,  and  let  us  assume 
that  at  time  <  station  i  transmits  a  packet.  Now.  let  us  examine  the  behavior  of  this  station  at 
time  (  +  1.  If  the  offered  load  of  station  i  is  relatively  low,  the  station  is  not  likely  to  transmit  at 
time  (+1;  if  the  offered  load  is  relatively  high,  the  station  is  likely  to  transmit  at  this  slot.  Thus, 
if  the  offered  load  ia  high,  a  successful  transmission  at  time  t  will  imply  a  sequence  of  successful 
transmissions  originated  at  station  i.  This  is  true  since  stations  who  are  polite  to  the  packets  ori¬ 
ginated  from  i  at  time  t  will  continue  being  polite  for  all  the  packets  transmitted  from  t  after 
time  (.  This  behavior  is  very  similar  to  the  behavior  of  the  exhaustive  scheme  studied  in  chapter 
5.  A  station  who  transmitted  a  packet  is  very  likely  to  continue  transmitting  additional  packets. 

It  can  be  observed,  therefore,  that  at  high  loads  the  system  is  very  likely  to  run  itself 
into  'self  synchronization'  states.  In  these  states,  a  single  station  will  successfully  transmit  a 
sequence  of  packets  while  all  the  other  stations  politely  listening.  In  contrast,  when  the  offered 
load  is  relatively  low,  the  system  is  not  likely  to  get  synchronized,  and  its  behavior  is  quite  ran¬ 
dom. 


When  the  ijriten  is  fatly  cytometric,  its  behavior  is  very  similar.  Figure  7.20  shows  that 
at  low  load  the  throughput  of  every  statioa  increases  with  the  offered  bad.  At  high  loads,  in 
contrast,  the  throughput  of  the  middle  station  increases  with  the  offered  load  but  tbe  throughput 
of  the  side  stations  decreases  with  the  offered  load.  However,  ae  total  throughput  always 
increases  with  the  transmission  parameter  9.  Similar  properties  can  be  observed  in  the  behavior 
of  the  five  station  system  and  the  tea  statioa  system.  This  can  be  seen  in  figures  7.21  and  7.22. 

Next  let  us  compare  the  throughput  observed  in  different  systems.  Figure  7.23  depicts 
the  total  throughput  as  function  of  the  transmission  parameter  9,  in  several  symmetric  systems. 


APPENDIX  A 

Random  Polling:  The  Analysis  of  the  Exhaustive  System 


A.1  Gambler  I  •  Ruin  Problem 

The  model  of  the  Gambler ’s  rntn  problem  is  closely  related  to  the  exhaustive  service 
model.  In  the  following  we  describe  this  model  and  review  the  important  known  results  related  to 
this  problem.  A  detailed  analysis  of  this  problem  can  be  found  in  many  references,  for  example, 
see  [Taka83,  Konh80], 

We  consider  a  gambler  who  starts  gambling  with  initial  capital  W0  (>0).  The  gambler 
plays  a  sequence  of  independent  and  identical  games.  The  gain  on  the  nth  game  is  Xn  and  the 
fee  for  the  nth  game  is  1  unit.  The  capital  after  the  nth  game  is: 

Wt  -  Wg+X,**,*-  ♦X„-n  n>l 

The  gambler  '•  ruin  time,  denoted  by  T,  is  the  smallest  n  for  which  the  gambler's  capital 
becomes  zero: 

T  »  min{n:  W„  —0} 

The  statistical  measures  of  the  initial  capital  and  of  the  gains  on  the  games  are  defined  to  be: 

H[z)  £  Ejz'l  ,  P{e)  £  £l/*|  ,  m  £  E\X,\  <1  .  £  M*,| 

An  important  role  in  the  analysis  of  the  gambler's  ruin  problem  is  played  by  the  z- 
transform  0(w).  This  is  the  z-transform  of  the  ruin  time  when  W0  =  1.  and  is  the  solution  of  the 
following  equation: 

0(w)- wP]©(u»)l  ”  0  |0(w)|  <1 

The  derivatives  of  0(w)  can  be  found  from  the  above  relation: 

e(i) -l.  0<lii)«-i-.  e«li) 

(l-nP  (i-m)5 

The  z-transform  of  the  ruin  time  can  be  shown  to  be: 


£lu>*l  -  //|e(w)| 


and  the  first  moments  of  the  ruin  time  are: 


E[T[ 


W 

l-n  ' 


V«\T\ 


Var\W0\  |  a*E\W0\ 
(1  -#*)*  (1-/*)* 


An  additional  useful  result  is  the  following  relation: 


\ 


A.J  Solving  for  f(J)< 


To  find  f{j)  we  differentiate  (4.19)  with  respect  to  This  yields: 

/(»)n. 

.|  ^  JW  T 

Rearranging  (A.l)  gives: 

P.M 


M  -  />/,»,  +  £»('./■,  +  IW  *  7“] 


M  -  *■{!>.'.  ♦  S~ 

P)  Lt=»l 


To  solve  (A. 2)  let  us  evaluate  /(*): 


Now.  subtracting  (A.3)  from  (A. 2)  gives: 

p./(>)  P./(*>  p./I;) 

■  "  1  ar  -  "  ■ 

u.  n»  in, 

which  can  be  rearranged  to  give: 

P./1»  i  fn,(l-nt)' 


'/*,(!  -H,)'  '  Pk  ) 


Now,  substituting  (A. 4)  in  the  right  hand  side  of  (A. 2)  for  ail  values  of  i  gives: 

£  .  r,  (  P-Ai)  ^ 

—  - *  .5,“'  (“) 

Manipulating  this  expression,  finally  yields  the  value  of  /(;): 
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-  ", 


A.3  Solving  for  f(i,I)i 


To  solve  for  /(*,*')  we  a(iii  note  the  similarity  of  (4.1?)  to  the  corresponding  equation  in 
ihe  analysis  of  JV  queues  exhaustively  served  in  cyclic  order  (see,  for  example,  (Taka83|).  For  this 
reason,  we  closely  follow  the  approach  taken  in  (Taka83|  to  calculate  /(*,*). 

For  the  ease  of  the  analysis  we  again  condition  our  calculation  on  the  queue  served  dur¬ 
ing  the  previous  cycle.  Differentiating  (4.17)  with  respect  to  r;  and  zk  gives: 


/</ 


<mo 


( n  *\(o)  •{  *7^  v-.^t.®.(  n  p.(*.))  |. .. 


(MO 


<mo 


(Mi) 


(A. 7) 


(MO 


Now,  evaluating  this  expression,  term  by  term,  gives: 

~-R,(rip.(0)]|..l-/?},,(lWl)-r,M?  1<><V 


(A.8) 


dzt  ^v"^®.(n^o),^i.---.*Ja|i.1  -  [^]tml  ♦  [‘^i],=i 


-  /o)  +  /(o-rir  *y» 

*  “Mi 


[*%-*.(n «  ,  •’*! 

► 

[  Jz  3z  ,*|-,,®,(  IT 

-  /(»)^i»je<,,(i)+e<*Hi)l+e<,Hi)(/(«./)/»t+/(»,*)ii;| 

+/I;.*)+/mj©!i)(i)1*jm»*  »y>.  »y*.  jy* 

+/(j.j)+/(»,*)I©!,’(iHV  »y;«* 


»»;  or  »=*fc 


The  equations  (A.8)-(A.ll)  can  be  substituted  into  (A  T)  to  yield  a  relation  between  f[j,k  |i)  to 
the  set  {/(/,*)}  and  the  set  {/(y)}.  This  set  can  be  solved  by  numerical  method  to  give  the  solu¬ 
tion  of  the  set  {/(»',/)}. 

Now,  let  us  assume  that  the  stations  are  symmetric.  I'nder  this  assumption,  we  can  now 
drop  the  subscripts  from  equations  (A.8HA.U)  and  substitute  them  into  (A.7).  This  gives: 

Ai.k  l>)  -  « + M/l» +/( *)l + ») + <*|/l »\y ) + /( •.*)! +/(>.*)+ *7( ». •) 


«r;.  ‘r  *.  >r* 


10  *  «  +  r(ffa-M)+2»/(7)+(~^  +  c]/(»)+/(y,<;)+2rf/(»,/)+i*/(»,i) 


/(•',*  10  -  4+ &(/(*)+ <*/(.)! 
/(•'.«  10  - 


4  £  d^  +  r1)  .  4 - +  -—•] 

I1-#'  (I  -ft}3  (l-a)*J 

/“ i /to - j5“riiI 

l-p  l -yv/* 

Summing  (A.  13a)  and  (A. 13c)  over  all  i,  we  have: 

/(;.*)  -  10 


-  E  M  «+M/(;)+/(*)l+c/(0+^!/(u)^/(».*)|+/(;.*)+^/(i.0) 

i*l 

+  /»*{<«+ M/U')+*/l*)l}  +  ?,{<«  + *(/(*) +<W;)|} 

Similarly,  summing  (A.13b)  and  (A. 13d)  over  all  i  we  get: 

-  E  P<fUJ  10  •  pl\a+r(<’2-i*)\ 


♦  E  p{‘  +  '(<?-M)  +  Wj)+[^^  +  ')Ai)+fljJ)+2dfli.j)  +  'Pf\i.i)}  (A.Hb) 

■  *i  *  7 


Equations  (A. Ha)  and  (A.Hb)  form  a  set  of  A4  linear  equations,  where  the  unknown 
variables  are  /(»,/),  »*i,  — ,  iV,  /«!,  -.N.  Now,  let  us  assume  that  the  pt’$  are  symmetric. 
Due  to  complete  symmetry  in  the  system  we  have: 


AO  -  fiJ) 


for  every  t  and  j 


/(*.»)  «  Ajj)  f°r  rrery  %  and  j 


fVJ)  —  MO  for  iyf;  and  tydf 


thus,  we  can  define: 


/»  £  AO  *»i,-JV 
/*>  £  MO  »-i.-/v 


M>  £  M.O  **< 

From  (4.25)  we  know  the  value  of  flh 


K l)  »  AMl-fO 
1  l-Nn 


(A. 15) 


Now,  due  to  symmetry,  p^l/N  for  every  i.  Using  this  fact  and  the  notation  defined  above, 
(A.14a)  and  (A.14b)  become: 

-/(;.*)-  S  -JrA>.*  10 

i  =  i 

*  ■^•  (a  +  2ft/(1>+c/<I>  +  2<f/,')  +  /,;)+d*/<5>)  ♦  ■^■(a+fl  +  rf)*/*1*)  (A.16a) 

/2)  *  /(;.;')  =*  mjjftij  10  *  —(a-Mo2-**)) 

+  :V/‘la  +  r(<73-»i)  +  26/<1)  +  f’7*^  )/*>  +  c/<ll  +  /2l  +  2d/(.;.fc)t  + if2/21  (A. 16b) 

*v  [  1 1  ) 

Rearranging  (A.  16a)  and  (A.  16b)  we  get  two  equations  with  two  unknown  variables  (/''*  and 

/*>): 

/2>  -  a  +  r(o2-M)+-^  [(2»4-^-  +  c)  /»'+(l  +  d®)/2)4-2d/<’'>]  (A. 17a) 

/■'<  -  a  +  ij<n+lL2.Li+e)j(i)+(l+2l(tf';)+  #/(!))  +  2-m/V)  (A.I76) 

*v  L  *V 

Solving  (A. 17a)  and  (A.  17b)  for  /2)  yields: 
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/*>  -  |r(<r*-jt)(l-M)(Ml+2d)-Af*d)  +  i{n-o2)J{l)Nt 

+  {2i</i+2W+c+2*Kx-l)/‘,+(l+2iKl-<^)/,)  (A.18) 

Substituting  (A.14)  into  (A.18)  and  manipulating  this  expression  Anally  yields  the  expression  for 

/«: 

,  g3rMl-(JV-Mlu-H2yV-llual 


A2)  _  gefMLid 


_  Nrull  -u\ 


APPENDIX  B 

Random  Polling:  The  Analysis  of  the  Gated  System 


B.S  Gated  Systems  Solving  for  f(J) 


To  solve  for  f{j)  we  use  equation  (4.60): 

N  y 

Ai)  -  ♦<»,/(»))  +  £  p,/U) 


1*1 

(•#>> 


Rearranging  (B.l)  gives: 


Thus,  we  have: 


pM 


I>,(r, +/(»)) 

I  *  1 


/(*)  -  M) 


P,t>» 

*,P> 


for  every  j  and  k 


Substituting  (B.3)  into  the  right  hand  side  of  (B  1)  we  get 

-  -  Lf, VI. 

", 

Solving  (B  4)  finally  gives: 


AJ)P,  £  „  J  M,  ^ 

•  £>,70) -  *  £>/, 

..i 


V 

5>.f. 

/(;)  - 

'  i-£m, 

•  si 


(B.l) 


(B  2) 


(B  3) 


(B  4) 


(B.S) 


B.S  Gated  System!  Solving  for  f(J  J) 

To  compute  f3)  we  use  (4  63a),  (4  63b),  (4  63c)  (4  63d).  .Assuming  fully  symmetric  system 
these  equations  become: 


fU.k  |.)  -M2(^  +  r2)+r/i/(y)  +  r,i/(*)+/(.V(2r  +  l)  +  /(;1*) 

+ m/(  «,*) + <i /(».;) + m*/(  ».  o  *y/.  «y*.  ;y* 

Am  10  -  /i2(5*+ri)  +  r(«7a-/i)+2rMAy)+A0K-M  +  MI(2r+l)| 

♦Am)4, 2^  a  *-» + m*A  ».  0  » ^ ; 

/(;.*  \j)  -  MV+ra)+r<*A*)+A;>*(2r+i)**-iiA;.*)+MaAM) 

;yt 

Am  I;)  »  ^*(<5*+ r*)+ r(<7a-n)+Ay)l^2-/‘  +^*(2r+l)|  +m2AjJ) 

Now,  assuming  that  p,  »  l/N  for  all  i,  and  unconditiooing  (B.0)  we  get: 

-  fU.k)  -  «,  +  a,/1'*  +  s^*) 

/J)  -  Am)  -  »,  +  *2/S>  ♦  »s/,,) 

where: 

o,  -  ^2((5»+r2))+rM/1)  +  -~-  r/i/<1)+/<nMi(2r+l) 
a,  -(l+/i)~  +  <» 


o,  s-  n2 

4,  =»  MI((42+r2))  +  ',(®3-<*)'+’2r/*-~-/n  +  /<l,[<72-M^M::(2r-+-l)| 


The  solution  of  (B.7a)  and  (B.?b)  is: 


as*»+*s-f  asU-4jM 


Evaluating  the  denominator  of  (B.8)  we  get: 


-  -^(I+mK^M-I)  (B.9) 

Evaluating  the  numerator  of  (8.8)  we  have: 

M®3~0~*1*S 

-|^2((^  +  r2))  +  r^/l>+-^.r*i/"  /*V!(2r  +  l)j-|20-^-j 

which,  after  some  algebra,  becomes: 


<y 

^di 

N2 


|iV(/1>+r)(o3-#i)(/<(iV-t)-l|-^2((ia  +  r2))-/»(2^Af(l+^)-2r^  +  ^JjJ 


Now,  substituting  /*’  from  (4.62),  we  get: 


Now,  dividing  (B.IO)  by  (B.9)  we  Anally  get: 


/a.  ,  ^rMl-(N-l)t»l  +  , 

(l  +  /i)(l-N/i)2  (l+ii)(l-Nn) 


+  lu  +  2r\\2rui  uNr  _  uzNr 

(1 +**)(! -W  "  (l+^)(l-iV^)  ■  (1+„)(1  -.v^)2 


(B11) 


APPENDIX  C 

Random  Polling:  The  Analysis  of  the  Non-Exhaustive  System 


To  solve  the  non-exhanstive  system  we  need  the  flnt  two  derivatives  of  P[z),  P[z)N , 
*(p(r)).  and  «(p(z)*).  These  are: 

w.-w  'c>*' 


.i  -<* 


(C.U) 


|»-i  * 


(C  lb) 


|,„  a>  ($*•♦•  r2)**1  +  rtf -it)  (C  lc) 


,  Nril  ,  .  (*+r*)*V  +  Nr(o»-n)  (C  Id) 


C.l  Solving  for  F(0,1,1,".,  1)« 

To  solve  for  /„  we  evaluate  (4.77)  at  *«*1.  Using  L'bospital's  rule,  and  differentiating 
both  the  numerator  and  the  denominator  of  (4.77)  we  get: 


1  -  ,1)  -  P(0,l,l,  ,1) 


1  -Mlt -Nth 


from  which  (4.80)  immediately  follows. 

C.S  Tbs  Derivation  of  Equation  (4.83)i 


•vhich  is  equivalent  to  equation  (4.84). 


C.4  Thu  Derivation  of  Equation  (4.85): 


To  solve  for  /t  we  use  (4.81)  to  equate  the  right  hand  side  of  (C.5)  with  the  right  hand 
side  of  (C.9).  This  yields: 


(^v-UA 

l-Np-Nrp 


N-  f rfiriL**  NuHl-Nu)l5i-r2)-2Nrii2  +  (o2* 

2(1  -iV/»)(l -Nn-Nrp)  1 


+  -INro3*  -A/n)  +  Sru(\  -  Wi« )( 1  -Nu-Sru)) 

2(1  -iV<s)(l  -Np-.Vrp) 

Manipulation  of  this  equation  gives  the  value  of  /,: 

,  —  (c^  +  tfliVr 
2(1  -Nn) 


(C.10) 


C.5  Thu  Derivation  of  Equation  (4.89)i 

We  recall  that  customers  arrive  to  the  system  in  bulks  and  that  A',(l)  denotes  the  size  of 
the  bulk  arriving  to  queue  <  at  time  t.  We  also  recall  that  under  the  symmetry  assumption  we 
have: 

E\X,(l)  |-M.  Var[XXt)\  - 


Now  we  look  at  a  tagged  customer,  let  say  C„  who  arrives  to  queue  »  at  time  I.  We 
denote  by  Vt  the  number  of  customers  arriving  to  queue  i  at  time  t  but  queued  behind  C,.  simi¬ 
larly,  V,  denotes  the  number  of  customers  arriving  to  queue  i  at  time  t  but  queued  in  front  of  C,. 
It  is  clear  that  V  and  V  have  the  same  statistical  characteristic  (symmetry)  thus, 


E[V.\  -  E[v,\ 


For  this  reason  we  can  calculate  E(V\.  To  calculate  E|  VJ,  we  condition  on  the  size  of  the  bulk  in 
which  Ct  arrives: 

E\V,  -  {-EM  -  {C 11) 

*  /-I  * 

Now,  unconditioning  (C.ll)  we  get: 


E[V\ 


”  1-1  kPr\X,(t)-k\ 
*"*  2  £l  Pr{X,(f)-l| 


P  Pr\XXt)-k\  -  Zk  Pr[X,(t)-k j 

»=i 


t^+ut-u 
2  Ji 


(C  12) 


which  is  identical  to  (4.89). 


APPENDIX  D 

Glossary  of  Notatioa  for  Chapter  4 

the  length  of  a  cycle  (system  in  equilibrium).  Sometimes,  when  the  context 
allows,  C ,  is  also  used  to  denote  the  ith  customer. 

the  i*transform  of  the  length  of  a  cycle  (system  in  equilibrium). 

the  z*transform  of  the  number  of  customers  found  in  the  system  at  polling 
instants. 

the  z-transform  of  the  number  of  customers  found  at  queue  i  at  polling  instants. 

the  expected  number  of  customers  found  at  queue  i  when  service  completed  at 
station  t  (applicable  only  to  non-exhaustive  systems). 

the  length  of  an  idle  period  (system  in  equilibrium). 

the  z>transform  of  the  length  of  an  idle  period  (system  in  equilibrium). 

number  of  customers  found  at  queue  i  at  polling  instants  (system  in  equili* 
brium). 

number  of  customers  at  queue  i  at  time  I. 

the  probability  that  station  i  is  polled  at  a  given  polling  instant. 


x- transform  of 


the  z-transform  of  the  number  of  customers  found  at  queue  i  at  arbitrary 
moments  (system  in  equilibrium). 


the  expected  length  of  the  switch-over  period  associated  with  station  i. 


z-transform  of  the  length  of  the  switch-over  period  associated  with  station  i 


the  probability  that  queue  i  is  empty  at  switch-over  instants  (symmetric  system). 


the  length  of  a  service  period  (system  in  equilibrium). 


the  x-transform  of  the  length  of  a  service  period  (system  in  equilibrium). 


the  waiting  time  of  an  arbitrary  customer  arriving  to  station  i  (system  in  equili¬ 
brium). 


the  z-transform  of  7*,. 


number  of  customers  which  arrive  together  (in  the  same  bulk)  with  a  tagged  cus¬ 
tomer  to  queue  i  and  which  are  served  in  front  of  the  tagged  customer. 


the  z-transform  of  V,. 


number  of  customers  which  arrive  together  (in  the  same  bulk)  with  a  tagged  cus¬ 
tomer  to  queue  •  and  which  are  served  after  the  tagged  customer. 


the  waiting  time  of  the  first  customer  of  an  arbitrary  bulk  arriving  to  station  » 
(system  in  equilibrium). 


the  z-transform  of  Wr 


the  probability  that  no  customer  arrives  at  queue  i  at  time  t  (symmetric  system). 


number  of  arrivals  to  queue  i  at  time  t. 


the  variance  of  the  length  of  the  switch-over  period  associated  with  station  i. 


the  instant  at  which  the  mth  service  period  of  the  system  iu  starts. 


the  instant  at  which  the  mth  service  period  of  the  system  terminates. 


the  instant  at  which  the  mth  switch-over  period  of  the  system  terminates. 


the  instant  at  which  the  mth  service  period  of  queue  iu  starts. 


the  instant  at  which  the  mth  service  period  of  queue  i  terminates. 


the  instant  at  which  the  mth  switch-over  period  of  queue  i  terminates. 


V- VV-' N'C--' V 


•-V- C’-V-'i  -"v'-v- 
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